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I am pleased to present this book before the readers. It is specially designed to help
the students preparing for JEE (Main & Advanced) & all other engineering entrance

examinations and strictly based upon the current pattern being followed in JEE. Each
chapter includes different types of problems, which are

(1) Key Concepts,

(2) Only One Correct Answer,

(3) Linked Comprehension Type,

(4) More Than One Correct Answers,
(5) Match the Columns Type,

(6) Integer Answer Type.

This book is complete solution for the students facing the problems in calculus. Here

I have made an effort to provide the unique and latest pattern problems from my
experienced teaching career.

I hope that this book will be more useful to the students and leamed teachers.
Suggestions for further improvement of the book will be gratefully acknowledged.

I would like to thank Shri Manoj Kumar Bathla, Proprietor of G. R. Bathla & Sons

and Mr. Sugam Bathla for their sincere efforts in bringing the present edition in such a
nice form.

Finally, I convey my best wishes to all aspirants for their studies and success in their
career.

May, 2018

Sameer Bansal
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- Functions

KEY CONCEPTS

|. GENERAL DEFINITION :

If to every value (considered as real unless otherwise stated) of a variable x, which
belongs to some collection (Set) E, there corresponds one and only one finite value
of the quantity y, then y is said to be a function (Single valued) of x or a dependent
variable defined on the set E ; x is the argument or independent variable .

If to every value of x belonging to some set E there corresponds one or several
values of the variable y, then y is called a multiple valued function of x defined on
E. Conventionally the word “FUNCTION? is used only as the meaning of a single
valued function, if not otherwise stated.

Pictorially : E;’:"JE’ f f;ﬁ?};g , ¥ is called the image of x and x is the
pre-image of y under f.

Every function from A — B satisfies the following conditions .

(a) fcAxB

b)VaeA=(a,f(@)ef and
(c) (a,b)e fand (a,c)e f=b=c )

2. DOMAIN, CO-DOMAIN AND WGE OF A FUNCTION :

Letf:A — B, then the set A is known as the domain of f and the set B is known as
co-domain of f. The set of all fimages of elements of A is known as the range of f.
Thus :

Domain of f={a | a € A, (a,f(a) € f}

Range of f= {f(a) | a € A, f(a) € B}
It should be noted that range is a subset of co-domain . If only the rule of functionis
given then the domain of the function is the set of those real numbers, where
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function is defined. For a continuous function, the interval f;
maximum value of a function gives the range.

GRB Problems in Caloy,
8

rom minimum by

3. IMPORTANT TYPES OF FUNCTIONS :

1.

Polynomial Function :
St " 4 -2
If a function fis defined by f(x) =ayx" +a, x"1 +a, x" "‘"'+“n-1x+an Wher,

n is a non negative integer and ag, ay, ay, ..., @, are real numberg an

dq
then fis called a polynomial function of degree n. 0*0,

Note: (a) A polynomial of degree one with no constant term is
linear function. i.e. f(x)=ax,a # 0

(b) There are two polynomial functions, satisfying the re]
fx).f(VUx) = f(x) + f (Ux). They are :
(i) f(x)=x"+1and

(i) f (x) = 1 - x", where n is a positive integer,

called gy odg

ation;

Algebraic Function :

Y is an algebraic function of x, if it is a function that satisfies
equation of the form

Po(x)y" +Py(x)y" 14 ...+P _ (x)y+ P, (x)=0where n is a positive j
and P (x), P, (@) ........... are polynomials in x.

an algehra;,

ntegel-

e.g.y = |x| is an algebraic function, since it satisfies the equation y2
Note that all polynomial functions are Algebraic but not the con

function that is not algebraic is called Transcendental Function.
Fractional Rational Function : '

—x%=),
verse. A

A rational function is a function of the form y=f(x)= &)

h(x)’
where g(x) and h(x) are polynomials and A(x) # 0.

Exponential Function :

Afunction f(x)=a*=e*Ita (g5 0, g2 1,x € R)is called an exponential function,

The inverse of the exponential function is called the logarithmic function, i.e,
glx) = log,_ x.

Note that f(x) and g(x) are inverse of each other and their graphs are as shown.

N 4o

+°° -
+ 0‘? 1/ \
&
E
2 (0, 1) .
\"'__&/ s ©, DX/ () =0, 0<a <1
Lo (1,0)
o* -\OQ” ‘,"‘
3 & ’ 3
& g(x) = log, =
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Functions
5. Absolute Value Function :
A function y = f (x) = |x| is called the absolute value function or Modulus

x if x20

function. It is defined as : y = |x|=
-x if x<0

Signum Function :
A function y=f (x) = sgn (x) is defined as follows :
1 for x>0 y
y=fx)=|0 for x=0 t>y=1ifx>0
-1 for x<0

Lt — X
0 y=Sgnx

It is also written as sgn x = |x|/x ;
x#20;f(0)=0 y=-1ifx<o‘?

Greatest Integer or Step Up Function : y
The function y = f (x) = [x] is called the 3
greatest integer function where [x] denotes &raphofy=Is] |
the greatest integer less than or equal to x .
Note that for :

-1<x<0 ; [x]=-1 0<x<1 ; [x]=0 — Tk
1sx<2 ; [x]=1 2<x<8 ; [x]=2 2 2 ...1111 i

and soon. : e—o 1.2
Properties of greatest integer function : ) g
(@) [x]<x<[x]+1and
x-1<[x]<x,0<x-[x]<1
(b) [x +m]=[x]+m if m is an integer.
) [x]1+[y)lsx+yl<six]+[yl+1
(d) [x] + [-x] =0if x is an integer
= — 1 otherwise.

Fractional Part Function :
It is defined as :

glx) = {x} =x ~ [x].
e.g. the fractional part of the no. 2.1is 2.1 - 2 = 0.1 and the fractional part of

-3.7i8 0.3
The per ad of this function is 1 and graph of this function is as shown.
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4. DOMAINS AND RANGES OF COMMON FUNCTION :

Function Domain Range
(y=F(x)) (i.e. values taken by x) (i.e. values taken by f(x))
A. Algebraic Functions
(a) x®,(neN) R = (set of real numbers) R, if n is odq
RT*U{0}, ifniseye,
(b) _17, (neN) R — {0} _ R - {0}, if n is odq
x
R+, if n is evey
() x¥n (neN) R, if n is odd R, if n is odd
R*u {0}, ifniseven R*U {0}, ifniseve
(d) —%,(neN) R-{0}, ifnisodd R-{0}, if n is odd
x
R*, if n is even Rt if n is even
B. Trigonometric Functions
(a) sinx R -1,+1]
(b) cosx R [-1, + 1]
(©) tanx R-(2k+1)g,kel R
(d) secx ' R-(2k+1)g,kel (oo, —=1]U[1,)
(e) cosecx R-kn kel (=00, —1JU[1, o)
() cotx R—-kn,kel R
C. Inverse Circular Functions (Refer after Inverse is taught)
(a) sin~lx [-1,+ 1) [__7_‘., E]
s .2
(b) cos~lx -1, +1) [0, n]
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F.

(¢) tan-lyx R

(d) cosec-lx (—e0,—1JU[1, )

(e) seclx (~o0,=1]U[l, )
() cot-lx R
Exponential Functions
(a) e* R
(b) elx R - {0}
(c) a¥,a>0 R
d) al*,a>0 R - {0}
Logarithmic Functions
(a) log,x,(@>0)@=1) R+
() log.a=—2 R*-{1)
log, x
@>0)@a=1)
Integral Part Functions
(a) [x] R
1
(b) — R-[0,1)
(x] :
. Fractional Part Functions
(a) {x} R
1
b) — R-1
{x}
Modulus Functions
(@) lxl R
b L R - {0}
x|
Signum Function

sgn(x)=£x—|,1¢0 R
x

=0,I=0

53]
2’92

nTr
[-E,E]-.lm

[0, 7] - {g}

(0, m)

R+
R*-{1}
R+
R+*-{1}

R - (0}

{l, neI-{O}}
n

[0, 1)
(1, =)

R* v {0}

{_ll 0 ] 1}
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J. Constant Function
say f(x)=c R {c}

5. EQUAL OR IDENTICAL FUNCTION :

Two functions f and g are said to be equal if :

(a) The domain of f = the domain of g.

(b) The range of f = the range of g and

() f(x) =glx), for every x belonging to their common domain. e.g.,

fx)= c and g(x) = _.‘%_ are identical functions.
x X

6. CLASSIFICATION OF FUNCTIONS :

One-One Function (Injective Mapping):

A function f : A - B is said to be a one-one function or injective mapping
different elements of A have different fimagesin B . Thus for Xy,%5 € Aand f(,,-l),

flxg) € B, f(x) =f(x,) Xy =xy0rxy #xy & f(x,)#f(x5).

Diagrammatically an Injective Mapping can be shown as

A B

Note : (a) Any function which is entirely increasing or decreasing in whole
R domain, then f(x) is one-one. :
(b) If any line parallel to x-axis cuts the graph of the function atmost at
: one point, then the function is one-one.
Many-One Function :
A function f: A — B is said to be a many
have the same fimage in B . Thus

one function if two or more elements of 4
f:A-B is many one iffor;:cl,x2 €A,flx))=

flxg)but x; #x, .
Diagrammatically a Many-One Mﬁpping can be shown as
A B

OR
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Note : (a) Any continuous function which has atleast one local maximum or
local minimum, then f (x) is many-one. In other words, if a line
parallel to x-axis cuts the graph of the function atleast at two
points, then fis many-one.

(b) If a function is one-one, it cannot be many-one and vice versa.

Onto Function (Surjective Mapping) :

If the function f: A — B is such that each element in B (co-domain) is the fimage of
atleast one element in A, then we say that fis a function of A ‘onto’B.Thusf:A—
B is surjective if Vb€ B,3somea € A such that f(a) =5 .

Diagrammatically Surjective Mapping can be shown as
A

B - A B
’r— \ /—. e \ AN
._0— I f_.. OR .-.: ) {—I
—— e . = S

Note : If range = co-domain, then f (x) is onto.

Into Function :
Iff: A — B is such that there exists atleast one element in co-domain which is not

the image of any element in domain, then f (x) is into .
Diagrammatically Into Function can be shown as

A B A
> \ 7 _o. & =y

Note : If a function is onto, it cannot be into and vice versa. A polynomial of
degree even will always be into.

Thus a function can be one of these four types :

(a) one-one onto (injective and surjective) C}

(b) one-one into (injective but not surjective) C‘;
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(¢) many-one onto (surjective but not injective) ‘.

(d) many-one into (neither surjective nor injective) %\J

Note : (a) If f is both injective and surjective, then it is called a. Bijective
mapping. ) ‘
The bijective functions are also named as invertible, non singula,
or biuniform functions.
(b) If a set A contains n distinct elements then the number of differen;
functions defined from A — A is n” and out of it n ! are one-ope,

Identity Function :
The function f: A — A defined by flz) =x V x € A is called the identity of 4 andj
denoted by I,,. It is easy to observe that identity function is a bijection .

Constant Function : . ,

A function f: A — B is said to be a constant function if every element of A hag the
same fimage in B. Thusf:A - B;f(x)=c,Vx€ A, c € Bis a constant functjy,
Note that the range of a constant function is a singleton and a constant functiy,
may be one-one or many-one, onto or into .

. ALGEBRAIC OPERATIONS ON FUNCTIONS :

Iffand g are real valued functions of x with domain set A, B respectively, then hot}
fand g are defined inA N B. Now we define f+g,f -g, (f.g) and (f/ g) as follows :
(a) (fxg)(x)=f(x) +g(x) » i

®) (£.8) (0) =f(x) . g(x) ] domain in each caseis An B

(c) L)(ac)=ﬂ-"-cl domainis {x| xe AnBs.tg(x)=0).
g g(x)

. COMPOSITE OF UNIFORMLY AND NON-UNIFORMLY DEFINED

FUNCTIONS :

Letf:A— Bandg: B — C be two functions. Then the function gof : A — C defined
by (gof ) (x) = g (f (x)) ¥ x € A is called the composite of the two functions fand g.

Diagrammatically —%_, [ 7 f@&) !

g |— g (fx).

Thus the image of every x € A under the function 8of is the g-image of the f-image
of x. Note that gofis defined only if V x € A, f(x) is an element of the domain of g 80
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that we can take its g-image. Hence, for the product gof of two functions fand g, the
range of f must be a subset of the domain of g.

Properties of Composite Functions :

(a) The composite of functions is not commutative, i.e., gof # fog.

(b) The composite of functions is associative i.e., if f, g, k are three functions such
that fo (goh) and (fog) ok are defined, then fo (goh) = (fog) oh.

(c) The composite of two bijections is a bijection i.e., if f and g are two bijections
such that gof is defined, then gof is also a bijection.

9. HOMOGENEOUS FUNCTIONS :

A function is said to be homogeneous with respect to any set of variables when
each of its terms is of the same degree with respect to those variables .

For example 5x2 + 8y2 - xy is homogeneous in x and y . Symbolically if, f (¢x, &y) =" .
f(x,y) then f(x, y) is homogeneous function of degree n .

10. BOUNDED FUNCTION :
A function is said to be bounded if |Ax) | < M, where M is a finite quantity .

1. IMPLICIT AND EXPLICIT FUNCTION :

A function defined by an equation not solved for the dependent variable is called
an Implicit Function. For e.g. the equation x3 + y3 = 1 defines y as an implicit
function. If y has been expressed in terms of x alone then it is called an Explicit
Function.

12. INVERSE OF A FUNCTION :

Let f: A — B be a one-one and onto function, then their exists a unique function
g:B—sAsuchthatf(x) =y = gly)=x,Vxe Aandye B . Then g is said to be
inverseof f. Thusg=f"1:B 5 A={({f(x),x)|(x,f(x) € f).

Properties of Inverse Function :

(a) The inverse of a bijection is unique.

(b) Iff:A > Bisabijectionandg:B—Ais the inverse of f, then fog =Ip and gof =
1,, where I, and I are identity functions on the sets A and B respectively.
Note that the graphs of f and g are the mirror images of each other in the line
y=x . As shown in the figure given below a point (x',y’) corresponding toy = x2
(x> 0) changes to (¥’, x') corresponding to y = +Vx , the changed form of x =y .
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g : y=x?

* 1 - X
* 0 Fig- 2 Fig.3
0 ;
Fig. 1
nisalsod bijection .

(¢) The inverse of 2 bijectio .A—B,g:B~ C, then the inverse of gof eXistg

(d) If fand g are two bijecltions f
and (gof)? =flog .

13. ODD AND EVEN FUNCTIONS :

1l x in the domain of * f* then fis said to be an even functiy

Iff(-x)= f(x)fora
e.g. f(x)=cos X; glx)=x*+ 3. .
If f (~x) = =f (x) for all x in the domain 0

eg.f(x)=sinx;gx)= x3 +x.

f:f" then fiS Sﬂid to be an Odd functicm.

" Note: (a) f(x)-f(-x)=0=>f(x) ig even and f (1) + f () = 0=> f (x) is 0dd,

(b) A function may neither be odd nor even.

(c) Inverse of an even function is not defined .

(d) Every even function is symmetric about the y-axis and every odg
function is symmetric about the origin.

(e) Every function can be expressed as the sum of an even and an odd

function. P i
= - f(—x
65, flx) = f(x) + f(=x) e
2 2
! T | I ]
EVEN ODD

() The only function which is defined on the entire number line and is
even and odd at the same time is f (x) = 0.

(g) Iffand g both are even or both are odd then the function f. g will be
even but if any one of them is odd then f. g will be odd.

14. PERIODIC FUNCTION :

A function f (x) is called periodic if there exists a positive number T (T > 0) called

the period of the function such that f(x + T) = f (x), for all values of x within the

don}am of x. e.g. The function sin x and cos x both are periodic over 2n and tan x is
periodic over .
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a—

Note: (a) £(T) =£(0) = f(~T), where ‘ T’ is the period.
(b) Inverse of a periodic function does not exist.

(¢) Every constant function is always periodic, with no fundamental
period.

(d) If f (x) has a period 7 and g(x) also has a period T then it does not
Imean that f (x) + g (x) must have a period T. e.g., f(x) = |sinx | +
cos x|.

(e) If f (x) has a period p, then }—(1—) and ./f(x) also has a period p.
x
() Iff(x) has a period 7, then f (ax + b) has a period T/a (a > 0).
15. GENERAL : '

If x, y are independent variables, then :
(@) fEy)=f@+ f@)=f&) =klnxorf(x)=0.

®) fay)=fx).f=fx)=x"nc R
(© fe+y)=f(x).f@y) = f(x) = a*.
(d) f(x+y)=f(x) +f(y) = f(x) = kx, where & is a constant.

EXERCISE -1

i Only One Correct Answer

1. Let f: R — R be defined as f (x) = 3-!x! —3* + sgn (¢~*) + 2 (where sgn x denotes
signum function of x). Then which one of the following is correct?
(a) fis injective but not surjective (b) fis surjective but not injective
(¢) fis injective as well as surjective  (d) fis neither injective nor surjective

2
2. Letf: D — R be defined as f(x) = —%——jﬂi&— where D and R denote the domain of

x°+4x+3a
f and the set of all real numbers respectively. If f is surjective mapping then the
range ofa is :
(a) 0sa<l (b) 0<as1l (¢) 0<ac<l (d 0<a<l

8. Iff(x)=x2+bx+cand f(2+8)=f(2-1) for all real numbers ¢, then which of the

following is true?

(@) FL<f(2)<f(4) ' ®) fFR<f)<f@
(c) f(2)<f(4)<f(1) d) Fd<f@)<f(1)
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10.

. 1ff(x)=n(-———‘””7"4

. Let f(x) = max. (sint:0< ¢ < x}, g(x) = min. {sin¢ : 0< ¢ S x} and A(x) =[f(x) -

. Let fbe a function defined as f: [0, e?

GRB Problems in Calgyy,
—t

} then the range of function y = sin (2 (x)) is :

x-9 .
(a) [0, 1) (b) (0’ 35]
b gl @ (0,1]
N 101 255 |
@ (o 5)v(5 1 -

8(x))
where [ ] denotes greatest integer function, then the range of i(x) is :

(a) {0, 1} (b) {1, 2}
(C) {0, 1, 2} (d) {_31 —21 ""1: 09 1: 2) 3}

. The sum of all possible values of n wheren € N, x>0 and 10 <n <100 such thyy

the equation [2x2] + x — n = 0 has a solution, is equal to :
[Note : [x] denotes largest integer less than or equal to x.]

(a) 150 (b) 175 (c) 190 (d) 210
. If the range of the function f(x) = —x—;}E does not contain any values belonging
p-x
to the interval [—L -_‘—31] then the true set of values of p, is :
@ =0 ®(=F]  ©o= (@) (-o0,0)
- The fundamental period of the function f(x) = 4cos* (%:2—“] ~2cos (.‘%*_22) is
n n
equal to :
(a) n® (b) 4n? (¢c) 3n® (d) 2n®

3
} s E oo). f&@) =(Inx)* +3Inx+2, then
! (x) equals :
(a) log (Z_3l_____ “24"‘”] (b) log (:g"_.__“ ";’“'1)
-3+dx+1 -3—dx+1
(c)e 2 de 2
Letf:X — Ybe defined as f(x)=sinx +cosx +2J2. If fis invertible, thenX - Y, is:

-3t -n -t 3n

(a) {T, —4—] - [Ji, 3J§] (b) l:?, —4-] - [\fé, 3J§]
-3x 3¢ T om
—_— 2, 342 = 1 e

© [ x, 4]—-»[«!‘ 343] @ [4 4]4[&,3\&]

Scanned with CamScanner



13

Functions
RS
2
11. If the range of function f (x) = Ao ek ,x€ Ris [-@, -3-], then c is equal to :
22 +2+c¢ 6 2
(a) 4 (b) 3 (c) 4 (d) 6
12. Let f : R = [1, =) be defined as f (x) = logyo (J3x% - dx+k+1+10). If f (x) is
surjective, then :
1 1 i |
k = - — 5 =
(@ k=3 () k< (© k>3 @ k=1
18. If the domain of function fx)=,[log, (; - 2) is [a, b), then the value of (2a-b)is:
V -x
(a) 2 (b) 3 (c) 4 d) 5
14. The range of function f (x) = sgn (sin x) + sgn (cos x) + sgn (tan x) + sgn (cot x),

x# "M neDis:
2
[Note : sgn k denotes signum function of £.]
(a) {-2,4} (b) {-2,0, 4} (c) {—4,-2,0,4} (d) {0, 2, 4}
15. If a polynomial function ‘f* satisfies the relation

log, [f(x)] = log, (2-!— 2 + g ot oo]-logs 1+ f(i) and f(10) = 1001, then the
‘ f __)

3
x
value of f(20) is : '
(a) 2002 (b) 7999 (c) 8001 (d) 16001
072
16. Ifx= : 4ll2 andy =21 2ll2 where ]’ is a parameter and range of f(x,y) =x2—xy +¥?
+ +
is [a, b] then (a + b) is equal to : :
(a) 4 (b) 6 (c) 8 (d) 12

17. If the equation [x — 2| — |x + 1| = p has exactly one solution, then number of

integral values of p, is :
(a) 3 (b) 4 (c) 5 d) 7

18. Let a, b are positive real numbers such that a — b = 10, then the smallest value of

the constant K for which (x? +ax) - J&® +bx) <K forallx >0, is :
(a) 2 (b) 3 © 4 @ 5
19. The sum of all possible solution(s) of the equation
(x—2) (x? +10x +24) []is_
@D+ E+4x-12))

(@) 0 (b) -8 (c) -10 (d) not applicable

[lx+2]-3|=sgn [1—-

[Note : sgn (y) denotes the signum function of y.]
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e

20.

21.

22,

25.

2 6‘

27.

. The maximum value of the function f (x) = —

=B Problems in g,
uly

If the equation (p2—4) (p2 - 9)x3 +[ : 2:!;:2 +(p-4)(P?-5p + 6)x + 2p- ~1. -
satisfied by all values of z in (0, 3] then sum of all possible integral valueg of'y
(a) 0 (b) 6 () 9 (d) 10 iy
[Note : {y} and [y] denote fractional part function and greatest integey fung Ctio

y respectively.]

The number of integral values of x satisfying the equation sgn [[_‘1*5\]}
1 + x2 :

[1+{2x}]is:

(a) 5 b) 7 (c) 15 (d) 16

[Note : sgn(y), [y} and {y} denote signum function, greatest integer functioy, ang
fractional part function respectively.] ;
Letf(x)=sin23x —cos?2x and g(x)=1+_ ok tan-! | x|, then the number of Valueg of,

in interval [-10n, 20n] satisfying the equatlon f (x) = sgn (g(x)), is :

(a) 6 (b) 10 (c) 15 =r (d) 20
x" -x
po B where x > 1 is equg] to:

1 1 1 1
(a) -3: (b) ‘6‘ (c) 18 (d) 5

. The sum of all positive integral values of ‘e’, a € [1, 500] for which the equatiop

[x]® + x — a = 0 has solution is :
[Note : [ ] denotes the greatest integer function.]
(a) 462 (b) 512 (c) 784 (d) 812

The function f: R — R defined as f (x) =%1n (ij/xz +1+x +\/‘\/x2 +1 —x]is.

(a) One-one and onto both (b) One-one but not onto
{c) Onto but not one-one (d) Neither one-one nor onto
dx(x® +1)
Iff(x) = m, x 2 0 then range of f (x) is :
8 8 8 8
(a) [-, w)u O b [o, —] (©) [o “} d [ —]
5 Ll 5 el 5

Iff(x)={x}+{x+[ xz]}+{x+[ = ]4. ,,,,,, +{x+ X ]thenvalueof
1+x 1+2¢2 1+99x>

[£(¥3)] is :
(a) 5050 (b) 4950 (©) 17 d) 73

Note : (k] and {k} denote greatest integer and fractional part functions of &
respectively.

el
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28. Let A = (1, 2, 3, 4). Number of function f : A — A are three satisfying fof (x)

=xVxeA,is:
(a) 10 (b) 11 (c) 12 (d) 13
29. Let a function fdefined from R - R as fx)= fipernl foR £S 1. If the function is
2mx+1 for x>1
onto on R, then the range of m, is :
(a) [-2, °°2 (b) [-2,0) (e {-2} (d) (0, =)
x? -3, xs-5
x+A -b<x< -1
80. Let f(x)=|(u -7 (11-x|+11+x]) -1<x<1
x+6 l1<x<b
3 3 - x2 x25

If f (x) is an odd function then the value of (A + p), is :
(a) 1 (b) 5 (c) 10 (d) 13

31. Set A consists of 6 different elements and set B consists of 4 different elements.
Number of mappings which can be defined from the set A — B which ‘are
surjective, is :
(a) 256 (b) 432 (c) 840 (d) 1560

32. If the functions f(x) = (k2 — 3k + 2) 22 + (k2 - 1) V x € R and g(x) = (k2 — 6k + 5) x% +
(32— 2k + 1) x + (k2 ~ k) V¥ x € R have the same graph, then the number of real
values of %, is : '
(a) O ) 1 (c) 2 (d 3

e —-e*

33. Let f (x) and g(x) are two functions such that f (x) = - tan-1x and g(x) = ——
T e* +e

then which of the following statement(s) is/are correct for the composite functions

fog:Ra[—%, %]andgof:R-—)[——l-, -1-] ?

2 2
(a) fog is a bijective function (b) fog is surjective
(c) gofis bijective (d) gof is into function
34. The function f: [0, 2] — [1, 4], defined by f (x) =x3 - 5x2 + Tx + 1, is .
(a) one-one and onto (b) onto but not one-one
(c) one-one but not onto . (d) neither one-one nor onto
35, Letf(x)= |x-2| and g(x) = Lf(f(f(f.....(f(x)))):} Ifthe equationg(x) =k, % € (0, 2)
n times

has 8 distinct solutions then the value n is equal to :
(a) 3 (b) 4 (c) 5 (d) 8
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\alcums .
(1-x),0<x<1.The number of solution of f(f(f(x))) < * -

3

36. Let f(x) = 4x
(a) 2 b) 4 (c) 8 d) 16
a - :

(et oo e

Paragraph for Qilestion Nos. 1 and 2
Consider a quadratic function f () = ax® + bx + ¢, (a, b
. satisfying the following conditions.

(a) fx=-4)= f(2 x)Vxe Randf(x)2xVxe R |
(b) f(x)-:("‘;l) Vre (0,2

’cER’a?ﬁo)and

- (c) The minimum value of f (x) is Zero.

L. The value of the leading coefficient of the quadratic polynomial jg :

(a) 14 (b) 1/3 () 12 d 1
2. ' (1) has the value equal to :
(a) 1/4 b 13 (c) /2 @1
' . Paragraph for Questlon Nos. Sto5
An even penodm function f: R - R with period 4 is such that

PO - max. (|x], 2*) ;0<x<1
7y ¥ g el

3. The value of {f (x)} at x = 5.12 (where {} represents fracti

onal part), is
(a) {f(7.88)) (b) {f(3.26)} () {£(2.12)}

. (d) {£(5.88))
4. The equation of circle with centre lies on the curve f(x)atx =9 angd touches x-axis,
i8 ;

(@) x2+y2-14x -9y 4 49 - ¢

: (b) x2 4+ y2_ 18x -4y + 84 =
(€) x24+92_18y— 2y+81=0 (d) x2 4 y2 _ 18+ 2y +81=0

5. Ifg(x) = | 3 sinx |, then the number of solutions of fX)=g(x)forx e (-6, 6), are:
(a) 5 ‘ (b) 7 (c) 3 d 9
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Paragraph for Question Nos. 6 and 7
Let fbe an even function satisfying

: : 6x* +13 8x, 0
(x—2)=f[x+[ v 2] 9% Sx<1
f 2 +2 D R s, e {4-:, 1Sx<4”

[Note : [y] denotes greatest integer function of y.]
6. The ;lrea bounded by the graph of f (x) and the x-axis from x = -ltox=9is:
@2 ® 16 © 12 @ 2

7. The value of £ (—89) —f (—67) + f (46) is equal to :
(a) 4 (b) 5 (c) 6 d) 7

Paragraph for Question Nos. § to 10

fx® +8, —o<x<-1 x+4, 0<x<8
t flx)= = -
Let f(=) {2x+u, ~lfx< i {—3::.-2,\ ~o< x<0’
8. The function g (f (x)) is not defined if :
(R) ae (10, ”)! B € (5, °'°) (b) oe (4, 10), B € (5, co)
(c) ae(10,=),Be(0,1) (d) ae (4,10),Be (1,5
9. If o =2 and P = 3, then range of g (f (x)) is equal-tv":
(a) (-2, 12] (b) (0, 12] (c) [4, 12] d) -1, 12]
10. If a = 3, then the value of x in interval [1, 3] for which f (x) + g(x) = 12, is
3 5 ;
1 b) = s d
(a) (b) . (c) : d) 3

Paragraph for Question Nos. 11 to 13
A line PQ parallel to the diagonal BD of a square ABCD with side length ‘@’

 unit is drawn at a distance x from the vertex A, where x € [0, v2a] cuts the
adjacent sides at P and Q. Let f (x) be the area of the segment of a square cut
off by PQ, with A as one of the vertexr. S '
11. Let g(x) = f -1 (x), then the domain of g(x) is :
(@) xe[0,v2a] (b)) xe€[0,2a21 () xe[v2a,a®] (@ x€[0,a%
12. For a = 2, the domain of the function ¢ (x) = N “(x) - f(x) is/are :
(a) xe [0, 1] (b) x € [0, 2] (c) x€[1,2] (d) x e [2, =)
13. If the equation £ (x) = f - (x) has exactly three solutions V x € [0, J2a], then the

value of a is :

(a) 1 (b) V2 - (© 2 (d) 22
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> ' jon Nos. 14 to 16

e " paragraph for QuestioR

o, 1s2<0
i‘?_:_l“li+2’ x21

4 =
gis defined such that gfx)) =xVx2-1angd f[g(-")l .

Consider, f %) =

One more function

xvVx20. .
14. The range of the function y = f(f(f(& (x)))is :
| ) 10, )
-1, )
22)) El o) (d) [2, )
15. The domain of ¥ = glg(g(f(x))is :
(a) [-1, (b) [0, =)
(o) I3, °°) (d) [2, )
16. The number of solution(s) of the equation f (x) = g(x) is (are) :
(a) O (b) 1
(c) 2 (d) 3

Paragraph for Question Nos. 17 to 19

Consider, f (x) = [x]2 - [x + 6] and g(x) = 3kx? + 2x + 4 (1 - 3k) where [
denotes the largest integer less than or equal to o.

Let A = {x |f(x) =0} and k € [a, b] for which every element of set A satisfix
the inequality g(x) 2 0.
17. The set A is equal to :

(a) {-2,3) (b) (-3,-2]UI[3,4)
¢ [-2,-1)ul(8,4) _ (d) [-2,4]
18. The value of (6b - 3a) is equal to :
(a) 1 (b) -1
(¢) -2 (d) 2
19. If k =a and g : A — B is onto then set B is equal to :
(a) [0, 5) (b) (-5, 5) |
(¢) (~5,0] (d) [-5 ,5]
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EXERCISE - 3

e e ————

|_°'c T}nn One Correct Answers

l_..__.{

R

1. The maximum value of the function defined by f (x) = min (e*, 2 + 2 —x, 8) is «t,
x(x—[al)

- then integral value of x satisfying the inequality —— —— — < 0, is :
x% -[a)x+12

[Note : [%] denotes greatest integer function less than or equal to 4.]
(a) 1 (b) 3 (c) 5 (d) 6

2, If graph of a function f (x) which is defined in [-1, 4] is shown in the adjacent
figure then identify the correct statement(s).

(a) domainoff(lx| -1)is[-5, 5] (b) rangeoff(|x| +1)is[0,2]
(c¢) range of f(—|x|)is[-1, 0] (d) domain of f(|x|) is [-3, 3]
3;‘ fx)
(1 R
11— \
< 0 > x
i 0 3 2 A o0
......... -1

8. Let f, g and A be three functions defined as follows :
f(x)=———-—§2-2—4, g(x) =9 + x2 and h(x) = —a2 - 3x + &.
442" +x

Identify which of the following statement(s) is(are) correct?

(a) Number of integers in the range of f (x) is 8.

(b) Number of integral values of & for which & (f(x)) >0 andk (g (x))<OVxe R
is 20.

(¢) Number of integral values of & for which & (f(x)) > 0*and & (g (x)) <OVxe R
is 19.

(d) Maximum value of g (f (x)) is 73. |

4. Consider, f (x) = {x +[logy 2+ )]} + {x + [10g5 2+ 2%)]} + .... + {x +[logz 2+ x')]}.
Identify the correct statement(s) :

(a) [f]=T

(b) f(m)=20n-60

(¢) the number of solutions of the equation f(x) =xis 9
(d) the number of solutions of the equation f (x) = x is 10

L]
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20 GRB Problems in Calc:u;US
[Note : {y} and [y] denote the fractional part function and greatest integ,
function respectively.] .

1 _ b ; ‘
5. Letf(x)= - glx)= and h(x) = = be three functions and &(x) = A ( gl f("‘)l).

10.

. Consider, P =

4x? -1
If domain and range of k(x) are R —{a,, a,, ag, ....,a,} and R — A respectively whe,
‘R’ is the set of real numbers then : .
(a) n+ ) a; =5 (b) n+Y a, =10

i=1 _ i=1
() number of integersinsetAis 5 (d) Number of integers in set A is 7

2
x° -2 =1 2
— = Q=—"—"—and R=—————whereux,y,
Zartl i 22 g de] ¥.2€ R,

Ifk =[P+ Q + R]-([P] +[Q] + [R)) then the possible value(s) of % is (are) :
(a) 0 (b) 1 (c) 2 (d 3
[Note : [A] denotes the greatest integer less than or equal to A.]

. Which of the following statement(s) is (are) correct?

(a) If fis a one-one mapping from set A to A, then fis onto.

(b) If fis an onto mapping from set A to A, then fis one-one.

(c) Letfand g be two functions defined from R — R such that gof'is injective, the,
f must be injective. :

(d) If set A contains 3 elements while set B contains 2 elements, then tota]
number of functions from A to B is 8.

Which of the following are identical functions?
(a) f(x)=sgn(lx| +1) (b) g(x) = sin? (In x) + cos? (In x)

(¢) h(x) =%(sin“1{x}+cos'1{x}) (d) k(x) = sec® [{x}]- tan®{[x]}

[Note : [x] denotes greatest integer less than or equal x, {x} denotes fractional
part of x and sgn x denotes signum function of x respectively.]

. Ifthe function f(x) = ax + b has its own inverse then the ordered pair (a, b) can be:

(a) (1,0) (b) (-1,0) () (-1,1) (d) (1,1)
Letf:A— Bandg: B — Cbe two functions and gof : A — C is defined. Then which
of the following statement(s) is(are) incorrect?

(a) If gof is onto then f must be onto

(b) If fis into and g is onto then gof must be onto function

(¢) If gof is one-one then g is not necessarily one-one

(d) Iffis injective and g is surjective then gof must be bijective mapping
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11. The function f:R — R, defined as f (x) =
following is(are) correct?
(a) Neither injective nor surjective
(b) Minimum value of f (x) is— 81
(¢) f(x)=0has 4 real and distinct roots
(d) f(x) is an even function.

12. Let f (%) = | lx® —4x+3 |—-2|. Which of the following is/are correct?

(x2 -x-21) (x2 —x — 39). Which of the

(a) f(x) =m has exactly two real solutions of different sign V m > 2

(b) f(x) = m has exactly two real solutions ¥V m € (2, =) U {0}

(c) f(x)=m hasno solutions V m <0

(d) f(x)=m has four distinct real solutions ¥V m € (0, 1)

Let f: A — B be a function where set A contains 4 elements and set B contains 3

elements. Number of functions defined from A — B which are not surjective is

also equal to :

(a) number of natural solution of the equation x +y +2 = 11.

(b) number of ways in which 10 children can be divided into two groups one.
containing 2 and other containing 8 children.

(¢) number of ways in which 4 boys and 4 girls can be arranged alternately in a
circle.

(d) total number of divisors of the number 3600.

2 —
14. Let the function f: (— oo, o) — [— ..TE, lr.] be given byf(x) = sin~1 10g3 5_2__3:_1'_1-
2 2 x°+x+1

13.

then:
@ f (1) e fil-2)
X

(b) f(x) is a strictly increasing function in (~ e, )
(¢) f(x)is a surjective function '
(d) f(x)1is a injective function.

15. Letf:R—[1,)bea quadratic surjective function such thatf(2 +x)=f(2-x)and
f(1)=2.1fg : (= oo, In 2] — [1, 5) is given by g (In x) = f (x) then which of the
following is(are) correct?

(a) The value of f(3) is equal to 2.

() g }x)=In(2- Jx-1)

(© g Hx)=In2+ Jx-1) |

(d) The sum of values of x satisfying the equation f (x) = 5 is 4.
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GRB Problems ing
, , A
18. The figure illustrates graph of the functiony = £ (x) d"ﬁ"m
correct statement(s) : ' *utig
A
2

01\/2 T

(a) Range ofy =f(~ |x|)is [- 2, 2]
(b) Domain ofy = f(|x|)is [~ 2, 2]
(c) Domain ofy=f(lx| + 1)is[-1, 1]
(d) Range of y =f(Ix] +1)is[- 1, 0]
17. Possible integral values of x which can lie in the domain of the functiop, .
f(x) =log (ax® +(a + b)x® +(b+d)x+c)if b2-4ac<0and g >0,is:
(a) -1 (b) 0 (© 1 d 2
18. If a}, a,, ag, ...., a, be the integers which are not included in the range of

1) 40

n
= ——m - Wherea,>q; ,Viandvalueof V' 5-0i¢c  _
(x-5)(x+1’ 1 kil < i-1 =%g , theny,

can be :

(a) 14 (b) 21 © 16
x+3 if xe[4,-92 6
19. Letfx)={ 1 if xe[-29 g"""‘[;:s "’:Othen:
3-x if xe[2 4] e =0

(d) 15

(a) gof (x) = k will have one atleast solution if & € [5, 8]
(b) Range of fog (x) is -1, 1]

() lin_12 fog(x)=-1

(d) gof (x) is an even function

|
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EXERCISE - 4

Match the Columns Type

1. Column I Column IT
(a) Letf:[-1, ) — (0, ) defined by (p) one-one
flx)= e’2+|"', then f(x) is
(b) Letf: (1, =) = [3, =) defined by f (q) into

f(x)=\}10—2x+x2,thenf(x) is

(c) Letf:R — Idefined by f(x)=tanSn[x>+2r+3]  (r) many one
where [ ] denotes greatest integer function,

then f (x) is
(d) Letf:[3, 41— [4, 6] defined by (s) onto
fe)=lx-1l+lx-2l+|lx-3]+[xr-4] thenf(x) (&) periodic
2, Column I Column IT
(a) f(x)=cos (% sin x + \/gn cos x) (p) Domain of f (x) is (— o, =)
(b) f(x) =1log, (Isinx] +1) (q) Range of f (x) contains only one
positive integer
(c) f(x)=cos {[x]+[-x]} (r) f(x)is many-one function
(d) fx)=[{lexl}] (s) f(x)is constant function
where [x] and {x} denotes greatest integer and fractional part function.
3. Column I Column IT
(a) Let f(x) = iil? . Let f,(x) denotes f(f(x)) and fy(x) (® 1
denotes f(f(f(x))). Number of distinct real in where
fsn(x) is not defined is : _
(b) A function f: R — R satisfies the condition, (q@) 2

x2 f(x) + f (1 —x) = 2x — x%. The value of |f(2)] is :
(c) Afunctionf:[—zl-, oo)-—) [—2, oo] defined as, f(x)=x2-x+1. (r) 3

The value(s) of x satisfying the equation f (x) = f~1(x), is (s) 4
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GRB Problgn, . |

(p) many-one, into and even

4. Column I

(@) f:R - (~=,0]
f(x) =In (Y1+2* wx)
(b) g:R—R
g(x)=In 1+2° -2°)
(¢) h:R-1[0,)
h(x) =L+ fixD + (il 12D
(d) k:R—1[0,4]
k(x) =

(q) many-one, onto ang even
(r) one-one, onto and oqq

(s) one-one, into and odq

2 -x?+1

. Let £’ be a function defined in [-2, 3] given as :

[ 3(x+ DV, -25x2<0
“'(I“D2, OSI<1

FO=1 oe-1?, 152<2
2% +4x-8, 2<x<3
Column I Columy, I
(a) The number of integers in the range of f (x) is (p) 2
(b) The number of integral values of x which are in the (q) 4
domain of f(1 - |x]), is
(¢) The number of integers in the range of |f(-|x])|, is ()

(d) The number of integral values of & for which the equation (g) 7
f(1x1) = k has exactly four distinct solutions is

. Column I gives functions and column II gives the nature of the functions,

Column I Column 1
(@) £:10, %) — [0, ), f(x) = —— (p) one-one onto
1+x

() f:R-{0} >R, f(x)=x —% (q) one-one but not onto

(© f:R-{0} >R, flx)=x+ % (r) onto but not one-oné

(d f:R-R,f(x)=2x+sinx (s) neither one-one nor onto

. Column I Column II
(@) f:R-R,f(x)= [x + %] + [ -~ %] +2[-x] (p) one-one
where [ ] denotes greatest integer function

(b) f:R-R,f(x)=x+x2+8x + sin x (q) many ol

__-‘
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l-tl -x
© f:RoR flxy=2_=2

= (r) onto
(@ f:R-R,f(x)=e™" 4 gipn (g [x]) (s) into

where {} and [ ] denote fractional part function and greatest integer respectively.

EXERCISE -5
[ Integer Answer Type I

1. Let d be the number of integers in the r :
4, if -4<x< _2g ange of the function

fx)=3lxl, if -2<x<7 . Also roots of P(x) = x2 + mx — 4m + 20 are o and f.
Jr, if T<x<14

d 3 d-3
5 <P and the smallest integral value of m is k, then find the

value of (k — 5).
2. If f: [2, =) — [8, =) is a surjective function defined by f (x) = x2—(p-2)x+3p-2,

pe€ R then sum of values of p is m + Jn, where m, n € N. Find the value of )
m

3. Let f (x) = — x10, If f (x) is divided by %2 + x, then the remainder is (x). Find the
value of r(10).
2
4. f:R->R,f(x)= -3-'5—-—-'-;-—7?%—4"—'—1 . If the range of this function is [~ 4, 3), then find the
x° +

value of m2 + n2.

5. Let f(x) =ax®+ bx +c(a <b)and f (x) 20 V x € R. Find the minimum value of
a+b+c
b-a

6. Letf(x) = |x2 ~9]~|x — al. Find the number of integers in the range of a so that

f(x) = O has 4 distinct real root.
7. Iff(x) =23+ 3x2 + dx + b sinx +C COS X V x € Ris a ouciui Snctier, then find the

maximum value of (b2 + c?).
8. Let the range of the function f:1{1,2,8,4,521{1,2,3,4, 5} assumes exactly 3

distinct values. If the number of such function is N, then find the value of E;%
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ey,
lity [3] + [4] 5 (wh ‘
] 3 1 ua == —|=
9. The set of real values of satisfying the ed x] lx “rell denotes
b )
; to the interval (a, —~] whereq,
the greatest integer function) belongs - e N -

10.

11.

12.

13.

14.

15.

16,

17.

18.

19.

be.
éis in its lowest form. Find the value ofa + b +c+abc

¢
Let [x] = the greatest inte

1] [x +}] is prime, belongs to the set [x,, Xo) U [xa,
2

er less than or equal to x. If all the values of x such
g t}lat
the product [x -5

xtl): ﬁnd th&

§ , 2 ol
value of x} +x3 +x3 +%;-

-1 .
where [y] and {y} denote greatest integer and fractjopy; pax

Let f(x) = [cos {x}

functions respecti;rely and g(x) = 2x2 -3z (k + D+kGBk+1).Ifg (f(x) < Ve,
then find the number of integral values of k. ]

The polynomial R (x) is the remainder upon dividing x2%07 by x2 — 5y 4, ¢ 1 R(
can be expressed as ab (a° - b°), find the value of (@ +b +c). ‘
Let function f (x) be defined as f (x) =x% + bx +¢, where b, c are real numbers 4,
F(1)-2£(5)+£(9) = 32. Number of ordered pairs (b, ¢} such that |f(x)| <8 fo, all
in the interval [1, 9].

Find the largest integral value of ‘a’ for which every solution of the equatig
x([x]-5) +2{x} + 6= 0 satisfies the inequality (2 —3) x2 + 2 (a + 3)x -84 <, wher
[y] and {y} denote greatest integer and fractional part functions respectively,
Let f (x) = Vsin® x + 4cos® x — Vcos* x + 4sin® x and g (sin 2¢) = sin ¢ + cos ¢ v te

[:4-15 5 jﬂ Ifthe range of g (f(x)) is [a, b] then find the value of a2 + b2.

b

Find the number of integers in the range of the function

f(x)=cosx (sinx«{- 1/s&in2 x +%}

Let fbe an odd periodic function from R to R. If the period of fis 2 and it is given

1 1 1
th-at f{(355 HOgi’— [_23_5 \/6 = 'ﬁ J 6 ‘,‘2;7—5 ------ oo D = 1, then find the absolute

value of £ (0.85).

LetA={1,2,3,4}and B= (3,4,5,6,7) are two sets. Let m is the number of one-on¢

;uﬁc?ons f ‘A—> Bsuchthat f(})#i Ve A and n is the number of one-on¢
ctionsf: A — B such that| f(i) - |<3Vie A, then find the value of (m +n)-

:‘;zzi::t sum of all integral values of ¢ where a & [~ 10, 10] such that the graph¢
ion f(x)=||x~2]-q |- 3 has exactly three x-intercepts.
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20. Fmd the value of expression [%}%] + [18(2)} + [18(3)] . P + [18(33)] +[18(34)}

35 35 35 35

[Note : [y]l denotes the greatest integer function less than or equal toy.]

21. Find the number of functions that can be defined from the set A = {1, 2, 3} to the
set B=11,2, 3, 4, 6}, such that £ (i) < f () for i <J.

32 +mx+n
22. f:R-R,flx)= 57 - If the range of this function is [~ 4, 3), then find the

value of m2 + n2.

28, Letafunctionf:R — Rsuchthatf(1)=2andf(x+y)=2:f(y) + 4" f(x) Vx,y€ R.If
f’(2) =k In 2, then find the value of k.
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[ANSWERS

EXERCISE 1 : Only One Correct Answer

| \
}

1. d 2.(d 38 b 4. (@ b5 (o
11. (¢) 12. (a) 18. (a) 14. (b) 15. (o)
21. (b) 22. (c) 23. b) 24. (d 25. (d)
81. (d 32. 1 83. (d) 34. (b) 35. (b)

EXERCISE 2 : Linked Comprehension Type

1. (8 2. @ 8 (@ 4 () 5 ()
11. (d 12. (a) 18. (b) 14. (d) 15. ()

EXERCISE 3 : More Than One Correct Answers

6. (c)
16. (c)
26. (b)
36. (c)

6. (b)
16. (d)

1. (a,c,d) 2. (a,b,c) 3. (a,c,d)
6. (a,b, 0 7. (c,d) 8. (a,c,d)

11. (a,b,¢) 12. (a,b,c, d)
16. (a,b,c,d) 17. (b,c, d) 18. (a, )

EXERCISE 4 : Match the Columns Type

1. (a) (g) (r), (b) (p) (q), (¢) (@) (r) (), (d) (p) (s)

13. (a, b, d)

7'
17.
27.

17.

2. (a) (p) (g) (r), () (p) (q) (r), (c) (p) (q) (r) (s), (d) (p) (r) (s)

3. (a)(q), (b) (r), (c) (p)

4. (a)(qg), (b) (r), (c) (p), (d) (p)

5. {(a) (r), (b) (8), (¢) (q), (d) (p)

6. (a)(qg), (b) (1), (e) (s), (d) (p)

7. (a) (g) (s), (b) (p) (r), (¢) (q) (s), (d) (q) (s)

EXERCISE 5 : Integer Answer Type

1. 8 2. 2 3. 10
6. 17 7. 1 8. 6
11. 1 12. 2011 13. 1
16. 3 gt 17. 1 18. 94
21. 35 22. 16 23. 28

4.

14.
19.

() 8. )
() 18. (d)
(d) 28. (d)

(a) 8. (a)
(c) 18. (d)

{a, c)
(a, b, c)

. (a,c)
. (a,b, ¢, d)

16
20

18.

19.

10.
15.

10.
15.
20.

(d)
(d)
(b)

(c)

(a, d)

—

10. (q)
20. (b
30. (a)

10. (¢)

(a, b, d)
(a,b,d)

0aa
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Inverse ™~

Trigonometric Functions
'

|. GENERAL DEFINITION(S) :

=1 i - g .
sin'x, cos™! x, tan~! x etc. denote angles or real numbers whose sine is x, whose
cosine is x and whose tangent is x, provided that the answers given are
numerically smallest available. These are also written as arc sinx, arc cosx etc.

If there are two angles one positive and the other negative having same numerical
value, then positive angle should be taken.

2. PRINCIPAL VALUES AND DOMAINS OF INVERSE CIRCULAR
FUNCTIONS : .

(a) y =sin"lx where-1<x < 1;-——;—5ysgand siny =x.

(b) y=coslx where-1<x<1;0<y<mandcosy=x.

(¢) y=tan"lx wherex € R;~g<x<gand tany =x.

(d) y =coseclx wherexs—lorxz1;—gSys-g,y¢0andcosecy=x.
(e) y=seclx wherex<-1 oerl;OSySn;y:&—g-and secy =x.

(f) y=cotlx wherexe R,0<y<mandcoty=x.

Note:
(a) 1* quadrant is common to all the inverse functions.

(b) 8™ quadrant is not used in inverse functions.
(¢) 4** quadrant is used in the clockwise direction i.e. —g <y<0.
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GRB Problems in Calculyg
— 8

3. PROPERTIES OF INVERSE CIRCULAR FUNCTIONS :

P-1 (a) sin(sin~!x)=x,-1<x<1
(b) cos (coslx)=x,-1<xs1
(c) tan (tan-lx)=x,x€ R
n T
d) sin~1(si =x,-—<x<—
(d) sin"1(sinx)=x > x 5
(e) cosl(cosx)=x;0<x<m
n n
tan-1(ta =y ——< X< —
() tan-!(tanx) 5 5

P-2 (a) cosec~lx =sin-1 l,xs-l,xz 1
x

(b) seclx = cos1 ~1-, x<-1,x21
: 2

(e) cotlx =tan! E, x>0
x

=1t+tan“1-1-,x<0
x

P-3 (a) sin"1(-x)=-sin"1x,-1<x<1
(b) tan1(-x)=-tanlx,xe R
(¢) cos1(-x)=m—coslx,-1<sx<1
(d) cot'l(-x)=n—-cotlx,xe R

P-4 (a) sin-1x+c05'1x=g,—15xsl
(b) tan-1x+cot‘1x=g, x€R

(c) cosec*lx+sec‘1x=-g—, lx| 21

P-5 tan-lx +tan-ly = tan-1 XY
1-xy

I+J’

=Xy

tan'lx—tan"1y=tan-1£:l, wherex > 0,y > 0
1+ xy

P-6 (a) sin"lx +sin"ly = gin-1 [x{/1- y2 + yWi-22]

wherex 20,y >0 and (x2 +y9)<1

» Wherex > 0,y > 0 and xy < 1

=7+ tan-!

,Wherex>0,y>0andxy > 1

No'te:x2+y2_<.1=>0$sm'1x-+éin‘1yslt- :
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m—

(b) sin"lx + sin-ly = 5t — gin-1 [,;‘/1 A e b

wherex >0,y 20 andx2+y25 1

Note:x2+y251 :g« sin-lx +gin-ly <m

(c) sin-lx —sinly =sin™" [x/1- y2 - y\[1-2%], wherex>0,y >0

(d) cos1x % cos1y = cos~1[xy F V1 - x2 Jl—yz],wherexzo,yzo
x+y+z—xyz]

l-xy-yz—2zx

if,x>0,y>0,z>0andxy +yz+2zx <1

P-7 Iftan!'x + tan-ly + tan-12z = tan-! [

Note : (a) Iftan"lx+tan'1y+tan“1z=ﬁthenx+y+z=xyz i
(b) Iftan-1x+tan‘1y+tan"1z=g-thenxy+yz+zx=1 ;

2
P-8 2 tan-lx = sin~! 2x2 = cos-1 = tan-1 21:2
1+x l+x 1-%
Note:
2tan~! x if |xl<1
Sin‘11 5= n-2tanlx if x>1
+x

~m+2tan~lx) if x<-1

1—x2__ 2tan'x if x20

#[-—Ztan'lx if x<0
2tanx if [xl<1
tan-1 2r2= n+2tanlx if x<-1
1-2" | (z-2tanln) if x>1

Remember : ;
; i i

(a) sin"lx +sin"ly + sin~1z = 5 = x=y=z=1

(b) cos!x + cos™ly + cos1z =3n — x=y=z=-1

1 1 =
(c) tanl1+tan"12+tan13=nm and tanl1+ tan-l-é + tan-! o = =
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D |

SOME USEFUL GRAPHS

1. y=sin-lz, |x| 51,ye[-~’f f]

2’2
Y
ury:arcsinx
/2 J
1 y=sinx
-2 -1
o 12
y=sinx =)
y=x ; -n/2
y=arcsinx

2. y=coslx, |x| <1,ye[0,n]

y
y=arccosx 1

n

y=x

/2

19
w2 = H
-1 0 1 E
-1
yYy=x y=cCcos8x

8. y=tan-lx,xe R,ye(_ff’lr.)
2’2
Y

? y=tanx
n-
y=x

w2

Yy =arctanx

e Pt X
y=arctanx 0 n2

Y=x
Y=tanx

$-n

GRB Problems in Caleyy,
\s
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4, y=cotlx,xe R,ye (0,n)

Yy
) y=x
e LI
y=arccotx
/2
Y=arccotx
P
0
/24
_‘R 5
y=cotx

5. y=seclx, |x| 21,_')1:5[0,%)L.}(—-TE u]

2’
y
T
-— 00 ’sz
T ) R aki
6. y=coseclx, lezl,ye[—g,O)u(O,g]
y
[ ]
/2
-— o __1 0 1 R
-1/2

)
(b) y = sin (sin-1x),

=x
z€ [~1,1],y € [- 1. 1), y is a periodic
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-1 45°
i (0] 1

H A __1

(a) y = cos1(cos x)

=X
xe R,yel0,n], periodic with period 271

(b) y = cos (cos "1 x),
| =x - -
ze[-1,1,ye[-1,1l,yisa periodic

)
-1 45°

S P |

'(a) y=tan (tan-lx),x€ R,y € R, y is a periodic

=X

(b) y=tan-1(tanx),
=x
n T T g :
xeR*{(2n—l)§ne1},ye(—E,E),penodlcmthpenodn
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y
n/2

x/ i 4 Ry
s !_1'. “3* ; 5/ i3n
= | 2 YR

-4 e O X 7x | Jom
2 | 21
H i 1
2 —

10. (a) y =cot -1 (cotx),
=x

x€ R-{nn},y e (0, n), periodic with x

—2n -n - Jo
(b) y = cot (cot 1x),
=x
x€ R,y € R, yis a periodic

t

11. (a) y=cosec1(cosecx),
=X

xeR-—{mt,neI},ye[—-g,ﬂ)u(o, %]

y is periodic with period 2n
y
we]
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(b) y = cosec (cosec ~1x),
=x \
Ix|2 1, |yl= 1,y is aperiodic

] A

1

-1

)

12. (a) y =sec1(secx),
=x
y is periodic with period 2m;

xeR —{(2n-1)12‘-ne1}, y e[o,

GRB Problems in Calcu|

¥
[
T
H
o s, Bl
oy : \\42 Y
: H H :
g i i : -
I I |
2n_3t - _x_ |0 =& o
2 2
(b) y =sec (sec1x),
=
|xI2 1; |y|= 1], y is aperiodic
. y 0.5'
[ ]
; 45°
1
-1 > x
o1
-1
&
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EXERCISE-1§

Only One Correct Answer |

L . o J5-276 .
1. The value of tan " tan v equal :
T T
(a) 6 (b) 1 (c) g (d) none of these

2. Number of solutions of the equation log,,(v5cos ™ x — 1) + %308'1 o(2cos1x+3) +

logm 4/5 =1is: -
(a) O (b) 1
(c) more than one but finite (d) infinite
8. The number of solutions of the equation |y| = cos x and y = cot™! (cot x) in
3n 511:) :
o —{in
By
- (a) 2 (b) 4 (¢ 6 (d) none of these
4. Equation of the image of the line x + y =sin-1 (@ + 1) + cos~! (a* + 1) - tan-!(a%+1),
a € R about x axis is given by : ‘

(@) x-y=0 (b) x—y=12c- (€) x-y=m (d)x—y=§—
4 6 8 12
5. If sin1 (x2 —%—+% — T - J + cos! (x" —%+f~é—— ]=g, where 0 < |x]< +/3,
then number of values of ‘¢’ is equal to :
(a) 1 (b) 2 (c) 3 d) 4
6. Ifa sin-! x — b cos~1 x =c, then the value of a sin-1 x + b cos™! x (whenever exists) is
equal to :
(@ 0 gy, SRS iy B oy Zele= 0
a+b 2 a+b
7. The range of f (x) = cot~1 (- x) — tan~lx + sec’l x is : .
p (a) l:_‘g’ %E] (b) [‘g’; TC)U (TE, :}2'2_‘
: T 3n T 3n)
o o (5)ofe
(C)(z’z) ad Vil Sy
T . 4 ) Y
8. letf:R—> (0, —6-:, be defined as f (x) = sin™1 (4x2 erarer) then f(x) is:

(b) surjective but not injective

(a) injective as well as surjective
(d) neither injective nor surjective

(c) injective but not surjective
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9.

10.

11.

12.

13.

14.

15.

16.

17.

—u

The value of sin-! (cos 2) — cos™1 (sin 92) + tan-1(cot 4) — cot-1(tan 4) + sec-1 (cose,
4

- cosec-! (sec 6) is :
(a) 0 (b) 3n

2
T m. et £ 0 i
= _.) is defined by g(x) = sin™! (1 = } Then the possible valyeg of

Letg:Ii’—)[6 5
_1 1
i { 2} i ["5’1)

oo, then the sum of int@gm

(c) 8-3n (d) 5n-16

for which g is surjective function, is:
1 1
@ {3 ® (- 2]
If f (x) = tan~1x — -2 (tan-1x)% + ;42- (tan-1x)3 — ........
n

values of a for which the equation f2(x) + (sin-! x)2 = @, possess solution, is :
(c) 9 (d) 10

(a) 6 () 7
Letf:R— (—g, 0] be a function defined by f (x) = tan~! (2x —x2 + A). If fis ont,
then A lies in the interval :
(a) (-2,0) (b) (0,2) (c) (-1,1) (d) none of these
The value of lim Z(:Ot_l (2”1 + 21'_) is equal to :

ol
(a) tan-12 (b) cot-12 (c) sec12 (d) cosec12

If the equation 5 arc tan (x2 + x + &) + 3 arc cot (x2 + x + k) = 2r, has two distingt
solutions, then the range of &, is :
5

5 5 5
0’ o= —oo’ i d (—-— , oo) d (—-oo, ___}
(a) ( 4] (b) ( 4) (d) n (d) 1
Number of solutions of the equation |sin X(sinx)] = cosx, for x € 4—2-, 12:-} is

equal to:
(a) 0 (b) 2 (c) 4 (d) 6

@m° . |
3 then the value of (2x — 8y + 42) is equal

If (sin-1x)3 + (sin~1y)3 + (sin-1z)3 =

to:
(a) 2 (b) 3 (c) 4 d) 9
= S nerter
Let S, = Y, cos” , then the value of
r=0 Jn“ +rt+2r3 +2n2r% +2nr+n? +7r?
Siopr 18 ¢
n n T T
X b X n b
(a) TS (b) 3 (c) 5 (d) y
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18.

19.

20.

21.

22,

23.

25.

26.

27‘ .

Letf:(=c,—-1]— ( 5" n] be defined as f(x) = sec! (- x2 + x + a). If f (x) is surjective,

then the range of a is :

-5 -H
1 b) { = —o0, — oo
@ (1 (){4} (c)( 4] (d) (oo, 1]

Let f (x) =sinl x + cos~1 x + 1 (|x| ~2). The true set of values of & for which the
equation f(x) = km possesses real solution is [a, b] then the value of 2 |a|+4 5]
is equal to :

(a) 2 (b) 3 (c) 5 d 7
Forxe (0, 1), let a =sin-lx,B=x,y=tan1x, § = cot-! x — g, then identify the

correct relation :
(@) a>p>8>y () B>a>y>8 () a>B>y>d (d B>a>8>y
) 1 "

x% —3x+5
integer and fractional part functions of % respectively, then the value of
£7150) - £(50) + f(F(100), is :

(a) 0 (b) 25 (c) 50 (d) 100
The sum of series cot™! (g) +cot™! (33) + cot™1 (}?) b imains ~is equal to :

afx? -8x-1 717
Iffx)= [{x}] tan v +83-x'| . where [k] and {k} denotes greatest

(a) cot1(2) (b) cot1(3) | (c) cot1(-1) (d) cot1(1)

The number of solution of the equation 2 sin-! (1 2x 5 )— nx3 = 0 is equal to :
+x '

EVRY (b) 1 (c) 2 (d) 3

. Ifx,, x, and x; are the positive roots of the equation 23 — 6x2 + 3px—-2p =0, pe R

then the value of sin-! (i + -—}—) +cos™? (—!— + -1~J — tan-! (i + ——1—) is equal to :

X7 X9 Xo X3 X3 Xp
(a) (b) - (c ) — (d) =
If range of f (x) = cos™1 (x .cosl+sinl-Vv1-x )1s la, b], then (b-a)isequal to:
@3 () 7 (© 6- 3?" @ 1
-1 . :
The value of tan (;1 tan (4r2 3 3)] is equal to :
(a) 1 (b) 2 (c) 3 (d) 4

Number of integral values of k for which the equation 4 cos! (~|x|) = k has

exactly two solutions, is :
(a) 4 (b) 5 (c) 6 d 7
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28. The exhaustive set of values of ‘a’ for which the function f(x) = tan-1(y2_

OVxeRis: I&HQ)’
() (81, =) (b) [81, =) (c) (—, 81) (d) (-, 81)
= 3 8n
29. The value of tan™! ( ) :
e value o sumngi n =Y py equals
(a) tan-1(2) (b) cot-1(2)

(c) cot1(2) + cot-1 3)

30. If ‘o’ is the only real root of the equatio
of tan-! o + tan-! (o) jg equal to :

(d) tan-1(2) + cot-1(2)
nxd+bx24cx41=0p <c¢), then thevalu
e

-n n
(a) — b) =
) 2 (b) 5
(c) 0 (d) can’t be determined
31. The number of non zero roots of the equation v/sin x = cog-1 (cos x) in (0, 2m) .
() 0 (b) 1 () 2 (d) infinite
32. Letf(x) =sinx + cos x + tan x + arc sin x + arc cos x + arc tan x. Ii‘IlIaLndmane
maximum and minimum values of f (x) then their arithmetic mean is equal ty.
(a)E-i-cosl ) £ 4sin1
2 2
(c) E+tau1+cosl (d)g+tan1+sin1
i -1 1 =1 1 <1 1 (1 L :
38. Forne N, iftan 3 + tan S +tan = + tan & =Z,thenn1sequalto;
(a) 43 (b) 47 (c) 49 (d) 51
34. LetS, =cot™ (31: ¥ -2-) +cot™! (ﬁx + ?—) +cot™! [lﬂx + -2—) B cinomens +n terms, where
x x X
x>0.Iflim S, =1, then x equals :
@ % " ®) 1 (© tan1 () cot 1

35. Letf:R —»[-1,1]landg: R — B, where R be the set of all real numbers andg (x)=

sin™! [ﬁgl 4~ (x)] * g’ -Ify =f(x) and y = g(x) are both surjective, then set Bis
given by : .
T & = .
3’3 b} (G5 0X @ [0, 7]
@ [-2.2] ® [0, Z] @ o]

§tan'1(—lxl+3), lx]>2
36. Let, f(x) = n[

2—
3x°-|x|+8 lx]<2
2 +1

—
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Number of integers in the range of f (x) is
where [ ] denotes greatest integer function.

(a) 5 (b) 6 (c) 7 (d) more than 7
o (r_gee-! Maled -1 a1
7. If the sum of the series z roee wixkl—cosee yixlbl ), is finite, where
n=1 na
x € R and a > 0 then a lies in the interval :
1
(@ (L =) ) (o, _) © (L o.,) a [} m)
2 ) % (d) 5’
88. Ifk times the sum of first n natural numbers is equal to the sum of squares of first
2 2
n natural numbers, then sin-! (u is equal to :
+4n
(@) ™ m I @ X . z
2 3 (d) 5

89. If sin~! (e7) + cos™1 (x2) = %, then find the number of solutions of this equation :

(a1 (b) 2 (c) 3 (d o

o 1-cos2 x| x#0
. Iff(x) =tan™! ( ] +x° - i
40, If f(x ( Tr— x° |and g(x) ¥ % =B then number of solution(s)

of the equation f (x) = g(x) is (are) :

(a) O (b) 1 (c) 2 d 3
Eangel 4x 4 .
41. If f(x) =sin’ [4 +x2)then the value off(ﬁ—2)—f(‘ﬁ“2]1s -
|4 3n
0 - ek
(a) (b) 5 (c) m (d) 2
42. The maximum value of the function f (x) = (sin " (sin x))? - sin-! (sin x) is :
(a) g(n+2) (b) g(n—2) © g(mz) @ %(n—2)
43. Iftan~! (—1—) tan~! (3) +tan™? (-3-) = E, then the value of tan (n — 2 tan-1 x) is :
2 3x 4) 2
24 7 25 7
L4 ‘ " 2% d -
(a) 7 (b) 54 () 7 (d) G2

44, The complete solution set of the equation

gin ! l%{ -J2-x -——coi:"l(tan-\/.?.—:z:)——sin'1 J-l_Tx is:

2 2
(a) [-1,1] (b) (2— 1;—, 1) (c) [—-1, &= %—) (@ [0,1]
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45. If the equatmn x3 4+ bx?+cx+1=0,(b <c), has only one root g
2tan ! (cosec o) + tan-! (2 sin o sec? o) is :

(@) —n (b) -——2- (c) -2— (d) =

then the vay, of

46. Let m be the number of elements in the domain of f (x) and n be the numbe
elements in the range of f(x) where f(x) = sin-! [sec(3 tan"lx)] 4 c;‘ \f
[cosec(3cot™ x)], then the value of (m + n) is : S

(a) 3 (b) 4 (¢) 5 (d) 6

47. If the minimum value of function f (x) = 85" * +8%  jg m, then the valye
log, m is equal to : o

3n In
(a) 1+Z (b) -1+2% P B 14T
a 1 ) +4 (c) +4 (d) 1+2

48. The value of x satisfying the equation (sin-! x)3 — (cos™! x)3 + (sin-! x) (cog-1 %)
3

(sin”! x — cos ™! x) = %s- is :

(a) cos & (b) cos = (c) cos ki (d) cos -~
5 4 8 12

EXERCISE - 2

Paragraph for Question Nos. 1to3
Let fbe a real-valued function defined on R (the set of real numbers) such
that f (x) = sin-! (sin x) + cos™! (cos x).

1. The value of f(10) is equal to :

(a) 6n—-20 (b) Tn—-20 (¢) 20-7n (d) 20-6mn
2. The area bounded by curve y = f (x) and x-axis from g <x £ m isequal to:
2 2 2
T T : T
o b) — 2 L
(a) : (b) 5 (c) = (d) 3
3. Number of values of x in interval (0, 3) so thatf (x) is an integer, is equal to:
(a) 1 (b) 2 (c) 3 (d) 0

Pai'agraph for Question Nos. 4 and 5
Let fbe a monic biquadratic polynomial satxsfylng (-x) = f(x) forall xe R
and having minimum va.lue datx =22,

4. The number of integral values of k for which the equation f(x) =% has f‘our distinct
real solutions, is :

(a) 2 b) 7 © 15 @ 21
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5. The value of lim i tan~! (

n—oo
r=1

ro).
e +5) is equal to :

(@) 2n—tan14  (b) m—tan-14 @ ZE ot (@) E-tandd
2 2

Paragraph for Quéstion Nos.6to 8

Sy SRS '
Let o= 2tan l§ + sin-l = and B=Bin‘l% + cos-lé+cot‘1%‘—36— be such that

2 sin@and cos f} are roots of the equationxﬁ—dx+b =0, wherea, b € R.

6. The value of tan-1 (sec(cos = (sin %D - 1) is equal to :

@ 3 b) 2 © 5 @&
7_. The range of function f(x) = cot-1 (x2 + bx) is equal to :
(a) (0, —;E] (b) (0, m) () (0, 3_7‘] (d) [3_“_, n)
4 4
8. The number of solution(s) of the equation |5] sin-! x = (a — b) x, is equal to :
(a) 0 (b) 1 (c) 2 (d) 3

Paragraph for Qﬁestion Nos. 9 and 10
V1-42° —2/3x
V3-124® +2x

Consider, f (x) = tan-! (

9. Ifxe (:;_@ ; 321.) then range of f(x) is :

T - T -7t -T T
(@) [o, E] (b) [—3—,-6-) B [—3—,0) @ [?,5)

10. The value of f (—————g‘) +f (ﬁ) is equal to :
-5m -n ~n 5m
il i : S @ 2E
(a) T (b) = () 3 ) >

Paragraph for Question Nos. 11 to 13
If o is the minimum value of the expression
_4x® _4x+17 1002 - 1003 - 1004 - 1006 - 1007 - 1008
» andp = 1
7+dx -4x° = (1005)°

- where [y] denotes largest integer less than or equal to y.
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11. a+ Pisequal to:
(a) g . (b) 7 (c) 5 -(1d) -2
12. Ifk € [o, Bl then least integral value of k for which f(x) = tan™" (sin(kcos x)) has jj,
range [_—_1: 1 E] is:
4 4
(a) -1 M) 0 (¢) 2 (d) 4

18. If g(x) = log ; (x + " ™" 1G+42-°W) and x € [, B] then range of g(x) is :
. =log;

9
1
(a) (—oo,) (b) [1,°) (¢) [-1,%) (d) [log%l (2 + EJ’ m]

Paragraph fof Quéétion Nos. 14 to 16
3% +6x” - 1) and g(x) is defined as

‘ kel
Letf(x) =sin ( = +13

f(x)+8sec'(x*+D Ixls1

el [f(x)+3cosec 1t +D Ixl>1

14. The value ofg(1ftan22 J+g(«/cot15°) + g(¥sin18°) is equal to :

n
(a) 2n (b) 4xn (c) o (d) _5 |
15. If h(x) = 1 (3sin x + 4 cos x) then domain and range of g(h(x)) are respectively :
3 n 3n
(@) [ 1J; [, 3x] (b) R; () © R; {é‘-} @ [-1, 13; [ e ]

ETIER NP
16. Number of solutions of the equation g(x) = tan (cot 10 e D is

(a) O () 1 (c) 2 (d) 4
' ‘ Paragraph for Question Nos. 17 to 19

T -1 X -1 ) : ’
=—+ "'t d 3 3 V =1,2 3 .. be
Let f (x) A cos (m} an" randa; (@; <a;; Vi s By corsy 1)

the positive integral values of x for which sgn (f (x)) = 1 where sgn( - )

- denotes ngnum functxon

17. If P(x) = x2 — 4kx + 3k2 is negatzve for all values of x Iymg in the mterval (al, a,)
then set of real values of % is :

1
(a) (5, 1) () E 2) © (—;- 2) @ [32- z]
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W =i
-18. The function g(x) = e , where [ - ] denotes

Sec_l [-—-__.2___...___.._. + CcoSs -1 [ﬂzﬂ]

greatest integer function, is discontinuous at x = ...... .

(a) a]_""}- (h) 02+2 (C) ap,—ay (d) 402_01
19. The number of points where h(x) = xl(x—(a, - 1) (x~(a; -2 is non-
x% —2a,x +5
differentiable is/are :
(a) O (b) 1 (c) 2 (d) 3

EXERCISE - 3

1. Let f(x) = J(sin Tx—-cos2),glx) = \/(tan'l x—cot™ x)
and h(x) = y/(sec™ x — cosec ) then correct statement(s) is(are) :
(a) Domain of f (x) + g(x) is {1}
(b) Domain of g(x) + h(x) is [v2, =)
: o 1
(¢) Domain of h(x) + f (x) if [ﬁ' 1]
(d) Domain of f(x) + g(x) + h(x) is ¢
2. If[y), 2 and x are the first three terms of a G.P. where x is an integer in the domain
of f (x) = sec”! x and [k] denotes greatest integer less than or equal to k, then
identify the correct statement(s) :
(a) Number of such G.P.s are 3
(b) Number of such G.P.s are 6
(¢) The set of values of y is [-4, 5) — {0}
(d) The set of values of y is [4, -3) U [-2,0) L [1,3) U4, 5)

3. Iff:R— [—— -z : %) is a function defined by f (x) = tan-! (x4 —x? - % +tan™ a) andf

is surjective then :
1 1—(12 1
(a) cos” =2 (b) oo += =2cosec2
1+a? o
= 20
(c) sin‘“‘( 22& )=1c~2 (d) tan 1( = 1)=2~—n
a° +1 o -
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4. Iff(n) = cot-1 (n + 3) - 2 cot-1 (n + 1) + cot-1(n — 1), n € N, then z_‘iﬂn) is equal ¢,
3 (1 ~ —sin(x)
(a) Y tan 1(5) L e
= n(x - m)®
(¢) lim cot™ X (d) lim
gyt p - 4(cosx+1)

i = tan ! E) ) = sin~! - J and A(x) = tan (cos (i,
5. Consider, f (x) = tan (x , &) m 1))
Identify the correct statement(s) : g
(a) Forx > 0, (A(f(x)) + h(g(x))) is equal to 5

(b) Forx <0, (A(f(x)) + h(g(x))) is equal to 0
(c) Forx > 0, (h(f(x))+h(g(x))) is equal to::c
(d) Forx < 0,(h(f(x)) + h(g(x))) is equal to -

6. tan-lx,tan-ly,tan-lzareinA.P.andx,y,zarealsoin A.P.(y#0,1,-1) then:
(@) x,y,zarein G.P. (b) x,y,zarein HP. |
€ x=y==z (d x-y2+@-2P+(z-x2=0

7. Letf(x) = cot"l(sgn (x)) +sin ! (x - {x}) which of the following is(are) correct?
(a) Domain of £ (x) is [-1, 2)
(b) f(x)is an even function V x € [- 1, 1]
(¢) f(x)is bounded
(d) Number of solution of the equation f(x) = g is zero

[Note : {y} and sgn (y) denotes fractional part of ¥ and signum of y respectively.]
8. Which of the following functions represent identical graphs in x-y plane

Vxe[-1, 1]?
afViex? — 142 V1-2?
(@) f(2) = tan 1( M) fo(x)=T—tan1| V2%
V1+x? +1- 22 . 4 V1+x2
x 1
(©) f3(x) = 7 508 12 d fi(x) = %sin'l %2
9. Ifx2+2x+n> 10 + sin-1 (sin 9) + tan-1 (tan 9) for all real x, then the possible value
of n can be :
(a) 11 (b) 12 (c) 13 (d) 14
10. Let o = 3cos™{_2_ -1 +B (7
i T

which of the following does not hold(s) good?

AN s e O s g
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(a) a<nbutf>n (b) a>nbutf<n
(c) Both a and P are equal (d) cos(a+P)=0
11. Ifaisareal root of the equation x3 + 3x — tan 2 = 0 then cot-1 at + cot-1 1 T cannot
o
be equal to :
|3
(@) 0 ® 2 i) % @ =
V), (]
12. If sin 1[-——2-— +sin ! ( 1- %) +tan~l y = _2_,3_1;_’ then : e
i . 4
(a) maximum value of x2 + y2 ig _39 (b) maximum value of x2 + y2is 4
(c) minimum value of x2 + y2 is % (d) minimum value of x%'+ y2is 3
' _1f V8x-3x
18. If f (x) = tan l[m + tan‘l(%) ,0<x<3, then :
o
(a) the least value f(x) is - 3 (b) the greatest value of f(x) is %‘E
(c) the lfeast value of f(x) is 0 (d) the greatest value of f (x) is g

_lx 2 . e o
U | i J(sm ' y)* —2(sin™! )2 +2 = 1, then the value of (x — y) can be :
1 _ ; _
@ 1-3 (b) 1+-g (¢) 1-sinl @ 1+sinl

2
15. Consider a function f(x) = Sin"l( 2752]_“:05—1 1-x +tan“1( 2x )
l+x 1+ %2 1-x2

-atan! x where a is any real constant. Find the value of ‘@’ if f (x) = 0 for all x :
(a) 6 (b) -6 (c) 2 (d) -2

1
l-x+x% —x® 4+ ...+ 0

16. Let f(x) =tan1 (1 + x + x2 + ......+ =), g(x) = cot-1 [ ) , then

find the correct statementVx e (0, 1) :

(a) Range of f(x) € (g, —g) (b) Range of f(x) € (0, g)
(c) Range of g(x) € (coi:‘1 2, -E) (d) Range of g(x) € (g, 1:)

17. Which of the following is(are) correct?
(a) Domain of f (x) = sin~1 (cos~1 x + tan—! x + cot~! x) is null set
(b) Domain of f (x) = cos~! (tan~1x + cot~! x + sinx) is [- 1, — cos 1]
(¢) Domain of f (x) = sin-! (cos~' x) is [cos 1, 1]
(d) Domain of f (x) = cos~! (sin~! x) is [~ sin 1, sin 1]
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EXERCISE - 4
| Match the Columns Type I
Rt e e

1. Column]l
(a) 2cot(cot1(3) + cot™1(7) +cot™1(13) +cot™1(21)
has the value equal to

-1 -1 1) ‘1(_1_) —1( 1
(b) Iftan(tan (3)+tan (7 tanl( )t tan E’ED

— 21—, where m, n € N, then the least value of (m + n) is
n

divisible by
(c) Number of integral ordered pairs (x, y) satisfying the

equation arc tan l +arctan 2 = arctan —, is
x y 10

(d) The smallest positive integral value of n for which
(n-2)x2+8x +n +4 > sin-! (sin 12)
+cosl(cos12) Vxe R, is

2. Column I

(a) Letf:R — R and f,(x) = f(f,_;(x)) ¥V n. 22, n € N, the roots
of equation f,(x) f(x) f (x) — 25 fy(x) f (x) + 175 f(x)=375.
Which also satisfy equation f (x) = x will be

(b) Let f: [5, 10] onto [4, 17), the integers in the range of
y = f(f(f(x))) is/are

(c) Let f(x) =8 cot-!(cot x) + 5 sin-! (sin x) + 4 tan~! (tan x)
— sin (sin-1x), then possible integral values which f (x)
can take '

(d) Let ‘a’ denotes the roots of equation cos (cos=1x)
2

+ sin-! sin [ e ): 2 sec"1(sec x) then possible values

of [| 10a |] where [ - ] denotes the greatest integer
function will be
3. Let f: R — [, o), f () = 22 + 3ax + b, g(x) = sin-! i(a € R).

Column I
(a) The possible integral values of ‘a’ for which f (x) is many
one in interval [~ 3, 5] is/are

C()llun_n H
(p) 3

(@ 4

(r) 5

(s) 8

(t) 10
Column I
(p) 1

(qQ 5

(r) 10

(s) 15

Column II
(p) -2
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(b) Leta =—1and gof (x) is defined for x € [ - 1, 1] then possible (q) ~1
integral values of b can be

(c) Leta=2,a=-8the value(s) of b for which f (x) is surjective () 0
is/are

(d) Ifa =1, b = 2, then integers in the range of fog (x) is/are (&) 1
4. IfS, Zr' then forn > 6 (glven Y r1=873

r=1 r=1

‘Column I Column IT
)
(a) sin-1 (sin (Sn - [E"—D (p) 5-2n
7)) .
)
(b) cos™ (cos( [-'g’l]) (qQ) 2n-5
7 ) ‘
SN
(c) tan ! [tan[ - 7[7"- ] (r) 6-2n
J
(d) cot™ (co{sn [ D (8) 5-n
(where [ ] denotes greatest integer function) (t) n—4
5. Column I Column I1
(a) Let f(x) = flog(cos[{x}]), then fx)is  (p) Even and Periodic function
(b) Letf: (-1, 1) - R be defined as (q) Bounded

100
f@)=Y[x*] then f(x) is

r=1

(c) Letf(x)=cos™ ([e*]- D +sin" ([e*]), (r) Domain contains at least one
then f (x) is integer and atmost 3 integers

(s) Bothmanyone and odd function
[Note:[y]and {y} denote greatest integer and fractional part function of y

respectively.] o
6. Consider three functions, f(x) = x3 + x2 + x + 1, 8(x) = - and A(x) = sin-1 x -
-x
cos~l x + tan-1 x — cot-1 x.
Column I Column I
(a) Ifrange of f(g(x)) is [a, b] then (a + b) is equal to (p) 1
(b) The number of integers in the range of g(f(x)is (q 2
(©) The maximum value of g (A(x)) is equgl to (r) 3
@ If the minimum value of h(g(f(x)))is -’;‘ZE then 1| () 4
is equal to (t) 5
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N

2
e A2 -2)x J and m and M are respectively Minimyp, a
N

m. Consider f(x) =tan” pOET P

maximum values of f (%) and x = a (a > 0) is the point in the domain of f (x) Whe
f(x) attains its maximum value. "

Column I Coly h
(a) Ifsin ! 2J/x =3 tan -1 (tan(m + M)) then 8x equals (® 0

_ ™ 4 3
(b) Ifeos ' x+cos™ly=3 {tan I(tan——z-—]-!-tan l(m-i-tang)} (q) 2

then (x + y) equals

(¢c) The value of tan (sec"l ( __2_2_) +M ) equals (r) =9
a
(d) If aand B are roots of the equation (s) 1

x2 = (tan(3sin “(sin M))) x + a* =0, then of — (o +B) equals
(t) -1
Let ¥’ be a quadratic polynomial such that f(~<1-x)=f(-1+x)Vxe R and

(F(L) =52+ (D =-1)2=f"(1).

Column I Column 11
(a) The value of [sin-1 (f (x))] whenever defined, is equal to (p) O
(b) The value of [1 + sgn (f (x))] is equal to (@ 1
[ 7
(¢) The value of tan! (~—L] is equal to ) 2
i f(x))]
i \
(d) The value of |2cot™ (2 fl(,) ]is equal to (s) 3
_ J

[Note : [y] denotes greatest integer less than or equal toy. ]

. Match the entries of Column-I with one or more than one entries of column-IL

Note that [x], {x} and sgn x denote largest integer less than or equal tox, fractional
part of x and signum function of x respectively.

Column I Column II
(a) Letf:{-1,1]— R be defined by f (x) =%/x + sin-1x (p) Odd
then f (x) is
(b) Letf:R— {-1, 0,1} be defined by f (x) =sgn (————1 = :x :] (q) Even
+|x
then f(x) is

(¢) Letf:{-4,2]— [0, 3] be defined by f(x) = V8 - 2x — x® (r) Onto
then f (x) is
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(d) Let f: (=20, 0] = [0, «) be defined by (s) One-One

£4]

_27 bl
flx)= o ~2" then f(x) is (t) Many-One

EXERCISE - 5|

Integer Answer Type

fxe |0 T )satisfies the in ualit 2 i
1. ifze |03 equality |tan x — /3 [+|4sin x-f3]+itan(tan‘1x)———
<0, then find the value of [tan [cot‘ (ﬁ' ——cos (3x )
30x 4 )

[Note : [-] denotes greatest integer function.]

2. If x and y are positive integer satisfying tan ! (_1.) +tan™! (_1_) = tan ! (E) then
x y 7
find the number of ordered pairs of (x, y).

8. Consider f (x) = cos™! x + cos-! [«/_x el } If%f[ ( ) } = L7 where p
q

and g are relatively prime number, then find the value of (p — 16q).
4. Find the number of ordered pairs (a, b) where a, b € R and satisfying

1 1
2—3a+[3-l— ] b? —2b—[1+ ]b 3
@ 2+a?) _ P A
sgn(cot™ a) sgn(1+{bl)
[Note : [k] denotes greatest integer less than or equal to 2 and sgn(k) denotes

signum function of &.]

5. If the solution set of the inequality tan-1x + sin-1x 2 g is [ &1, 1], then find
Ml

the value of (A + ).
6. Findthenumber ofsolutionsofequation sin-1(4sin?0+sin 0) + cos~1(~1 + 6sin B)=g,

in @ € [0, 5m].
7. The value of cot (120‘ cot (1 +k + k2 )J: % where a and b are coprime, find the value
k=1
of (@ + b).
8. If ﬁtan'l (__?_’__._) = cot™? (ﬁ) (where m and n are coprime), then find
e 9r? +3r-1 n
(@m + n).
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10.

11.

12.

13.

14,

15.

16.

17.

18.

. Let S be set of domain of

‘Ifthe lim Zcos

the function f (x) =\g— tan~ V-x® +80-6. 1 Aw |

where o € S and A is an integer then find the value of (A2). 4

" [1 + J(k-Dk(k+D(k+ 2)] = 12:“ then find the value of

k(E+1)
-1
Consider, f(x) = lx—11 + |12x—%| +12= 3|andg(x) sin~'x +tan-lx. Theva]u

of x for which f(g(x)) is minimum is ‘/ksm x T where k and A € N then find the vl

ﬂ-—%ﬂﬂk D)

of (k + A).

Letf(x) =sin"1x + cos~1x2+ sin
=cos-1x + sin-!x2 + cos~1x3 + sm-l.r‘ +

sum of least value of f (x) and greatest va

be.
If x2 + ax + b = 0 has two distinct negative integral roots and

2 tan~lx .
(](}guz (E cot™l x + 1)) +alogyy [1 e ) = a — b has no real solution. Tp,
T |

find the minimum value of a. |
= 16(2n+1) . a |

=% tan™! andsina = —wherea, b € N, thenfip |

5 Z; ! {(2n+1)“ ~4@2n+1° +16} b |

the least value of a2 + b2. :
If cos-1 (.’E) + cos-! [Q’_) = 0, (where x, y > 0) then find the maximum value of |

-1 x3 +cos~lxt+....... + sin~1x27-1 + cos~1x27 gpg g&
........ + cos-1x27-1 4+ sin-1x2" wheren ¢ N
lue of g(x) be 8n then the value of 5 “Tll

z

— 12xy cos 6 + 4y2.
For x,y,z,t € R, if sin-1x + cos-1y + sec”1z > ¢2—- JV2nt + 3m, then find the value uf {

sec(tan Tyt+tanty+tanlz+ tan'l(\/gt)}

Let o and B be the roots of the equation 3x? - [2a + 4sin " (J[a]+ [-a]Dk +\[3 ~lal
=0, a € R* (the set of all positive real numbers). Find the sum of all values ofa for
which o, B € R (the set of all real numbers). ‘
[Note : [k] denotes the largest integer less than or equal to &.]

2
] is (o, &]'thien find the valGabe
a

If range of the function f(x) = cot™ | -
x2 +1
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(‘.O'S_1 -_l_tf_.__ <
19, Let f (x) = J2@+22) | = 0. If the range of values of & for which the
tan~! x, x>0

equation f(x) =k has exactly two solutions is [a, b) then find the value of (—1— Iy %] .
a

-
20, Iff(x) =sin [ , then find the absolute

pn+gsinlx, ~1<x<0

x2@2x% + -1 - an+becos™lx, 0<x<1
1+x2

of@+b+p+9q).
(P
21. Let f(x) = = (sin! x + cos~lx + tan-1x) + —-—iﬂ— If the absolute maximum

x% +2¢+10
value of f (x) is M. Find 52M.
10 10 i
92, If the sum 2 Etan‘ (-;) = km, find the value of %,

n=1m=1

23. Let m be the number of solutions of sin 2x + cos 2x + cosx + 1=0inx € {0, -TE) and
2
- n E
n =sin [tan 1(tem —6-) +cos ™! (cos 1375)], then find the value of (m + n).

n 41 _ ' 10
24, Letf(m) = Y (cot X B tan™? k), k # 0. If the value of Y [f(n) + f(n - D}is mn
k=-n n=2

then find the value of m.
25, Iff(x)=x3—38x +sin~1(a? - 3a + 2). Then the smallest positive integer ‘a’ for which
f (x) = 0 has three distinct real solution.
o . 2n+1)
26. Let S, = ) sin 1
" 2 I:n(n+1)(Jn(n +2) +J(n+1)(n—1)

} Find the value of

n=1
100cos (Sgg ).
27, Letf(x) =x2—2ax+a -2 and g(x) = [2 +sin~! ; e 5 ] If the set of real values of ‘@’
+x

for which flg(x)1< 0 V x € R is (ky, k,) then find the value of (10k, + 3k,).
[Note : [£] denotes greatest integer less than or equal to &.]

2
28. Consider f (x) = sin™? (;135), glx) = sin'l(a;z :Sb]' If 11_{:1 (f(x) - g(x)) =0 and

lim (f(x) + g(x)) = .Z-, then find the value of (a + b2).
x50

2 2 2
< -1 X . -1%X n 2
29, If range of the function f (x) = (COS . '2') PR B (Sm §) i ﬁ(x +6c+8)

is [an2, bn?), then find the value of 2 (a + b).
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80. Consider, a =sin™! (

. a
that (§ +y) is minimum thenx + tany + z =

value of (a + b + ¢).

mz}xe (-1, 1],B=°°S_1(
+X

c

EXERCISE 1 - Only One Correct Answer

L 2w 3 (8 4. () 5. () 86 (d
. @ 12, @) 13 (b) 14. (b) 15. (b) 16. (b)
2L @ 22 (1) g3 d) 24. (a) 25. () 26. (b)
3L ) 32 (a) gg (b) 34. (d) 35 (b) 86. ()
1. @) 42. (@) 43 (8) 44. (b) 45. (a) 46. (¢
EXERCISE 2 - Linked Comprehension Type

-® 2.m g © 4 © 6 @© 6 (a)
1L ® 12, (¢) 13, ® 14. ©0 15 @) 1. (d)
EXERCISE 3 - More Than One Correct Answers

1. (a,b,d) 2. (b,d) 3. (a,b,0)

6. (a,b, c,d) 7 (3,0 8. (a,h,c,d)
11. (a, b, d) 12. (a,¢) 13. (b, ¢)

16. (a,c) 17. (a,b, ¢, d)

I

EXERCISE 4 : Match the Columns Type

1.
2!

o

(@) (p), () (q) (r) (s) (t), () (q), (d) (r)
(a) (g) (s), () (q) (r) (s), (c) (P) (9) (1) (s), (d) (p) (r)

(a) (p) (q) (r) (s), (b) () (@) (1), (c) (s), (d) (r) (5)
(a) (p), ) (q), (c) (p), (d) {(s)

(a) (p) (q) (8), (b) (q) (r) (8), (c) (q)
(a) (s), (b) (r), (c) (p), (d) (t)
(a) (8), (b) (r), (c) (8), (d) (@

) (r) (t), (¢) (r) (1), (d) (t)

8. (a){q), () (1), () {p), (d) (s)
9. (a) (p)(s), (h) (q
EXERCISE 5 : Integer Answer Type
1. 31 2. 6
6. 6 7. 11
11, 12 12. 8
16. 1 1. 5
21. 47 22, 25
26. 1 27, 20

3.
8.
13.
18.
23.
28,

i -

3cosy—4siny

7
17.
27,
37.
47.

17.

b

14.

14,

BXE

10

(b)
(d)
(c)
(c)
(c)

(c)
(d)

. (a,d)

(b, c,
(c,d)

41

99

8. (b)
18. (a)
28. (a)
38. (d)
48. (c)

8. (d)
18. (d)

d)

Y=2tan}z2 -4z +5),z e R.If o, B and y are interior angles of a triangle Sucl,

9. (d)
19. (o)
29. ()
39. (a)

9. ()
19. (a)

6. (b,¢)

10,
20,
30.
40,

10.

10. (a,b, q)
15. (a,c, d)

5. 7
10. 720
15. 36
20. 4
25. 1
30. 38

b wherE, a, b, ce N. Find the IeaSt

(c)
(¢)
(a)
(d)

(c)

0ol
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Limits,
Continuity ~
and Differentiability

KEY CONCEPTS

LIMIT

(x) is said to exist as,x—a when

Chaptér‘

|. Limitof 2 function f
lim f(x) = lim f(x) = finite quantity.
o x—a

2. INDETERM!NANT FORMS:
’Qr f,OXco, Oos °°°’ o "'°°and 1°

0
Note : (a) We cannot plo
number. It doe

t  on the paper. Infinity (=) is & symbol and not a

s not obey the laws of elementary algebra.
(b) ot 0=

(c) oo x 0o =00

(d) (a/) = 0 if a is finite

(e) %is not defined, ifa # 0.

(f) ab=0,ifand onlyifa=0orb=0anda and b are finite.

9 FUNDAMENTAL THEOREMS ON LIMITS :

Let lim f(x) = and lim g(x) = m. If I and m exists then: R
x—a

x—a

(a) lim f(x)xgx)=lxm

(Remember : lim = x # a)

(b) 1i_1;'ﬂ fx)- glx)=1.m
(c) lim @ _ —l——, provided m # 0
x—a g(x)
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(d) kim Ef(x)=klim f(x); where k is 8 constant.
i ~ ded fis continuous at g (x) =m.

(©) lim flgto) = £ (im gt = (m); provi

For examplelim In (f(x)) =1n| lim f(x)]lnl(l>0).
-0

4. SQUEEZE PLAY THEOREM :

i i =1,
If f(x) <glx) < h(x) V x and 111_113 fx)=1= }:I_IE h(x) then 3:1—1»13 g(x)

5. STANDARD LIMITS :

i tanx ..

(a) lllilll—s—EE =1=lim—— =11n(1)
x=0 x -0 X -

[Where x is measured in radians]

. 1\ : _B) =
(b) 1int1] A+ =e= }}_!.I.l. (1 + ;) note however there }g% (1-A)"=0and
b o | gptet

-1 sin!x
tan X =lim —
x 0 x

H A+h)" >

e _ o _ lm OGKF-D

(¢) Iflim f(x)=1andlim ¢ (x) =<, then;h_l’:r: [f(x)]** = ex=a
x—a X

x—-a

(d) Iflim f(x)=A > 0 and lim ¢ (x) = B (a finite quantity) then; :lrglg (f () o0 = e
—=a x—-a 3
where z =lim ¢ (x). In (f (x)) = eBIn4 = AB

x=a
X

© lim® Y =1na (a > 0). In particularlim & 2 = 1
-0 x -0 x

n

= na™?

41 limxn =2

—a x—-a ¥
6. The following strategies should be born in mind for evaluating the limits:
(a) Factorisation
(b) Rationalisation or double rationalisation

(c) Use of trigonometric transformation; appropriate substitution and using
standard limits

(d) Expansion of function like Binomial expansion, exponential and logarithmic

expansion, expansion of sin x, cos x, tan x should be remembered by heart and
are given below :
; Ina x*In%a x%WIn3q
() a* =1+% Sl
1 + 21 + 31 +...a>9
2 .3
(ii) e* = 1+£ L . G §
1!+2!+3!+ ..... yx€ R;
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-._-—-"'_-—-—
(i) In (1 +2) =x A
iil =S Pt o essa JOL = <
3 5 t3 4+ for-1<x<1
5 7
g e, . B T N
(iv) 31 5! 71 +""’xe("2"’ E)
2 4 6
i X X
1% ,x _x . T
(v) cosx 21 2 YT +....,xe(—-2—,§)

3 5
X 2x

vi) tanx =x+—+——+ ....; BT

( 3 15 ,xe[ 2’2)

3 5 7
(v.ll) tan'-lx::x'—x—B'-'*‘%_'x"'7—"+n..;xE("—,—)

CONTINUITY

. A function f(x) is said to be continuous at x = ¢, iflim f (x) = f (c). Symbolically fis

continuous at x =¢ if};i.% fle-h)= },I_I,% fle+h)=f().

ie.LHL at x =c = RHL at x = c equals value of f’at x = c. It sh-ouid be noted that
continuity of a function at x = a is meaningful only if the function is defined in the
immediate neighbourhood of x = a, not necessarily at x = a.

2. REASONS OF DISCONTINUITY:

(a) lim f (x) does not exist, i.e., lim f(x) # li“!, f(x)

x=¢ x—=c” x—c¢

(b) f(x)is not defined atx=c

(c) E_Ig fx)#f(c) 2 /»\

Geometrically, the graph of the function will exhibit 1Y
a break at x = c. The graph as shown is discontinuous

3 ¥ )

o=
s s e e

atz=1 2and3. ofb 1~

3. TYPES OF DISCONTINUITIES :

Type-1 : ( Removable Type of Discontinuities)

In case lim f (x) exists but is not equal to f (c) then the function is said to have a
X—=C
removable discontinuity or discontinuity of the first kind. In this case we can

redefine the function such that lim f () = f (c) and make it continuous at x = c.
x—C

Removable type of discontinuity can be further classified as :
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Note : From the édjacent graph note that

GRB Problems in Caq,,

I
4 . \\I
(a) Missing Point Discontinuity : Where lim f (x) exists finitely but f (a) jg Ny

x—=a

2 , .
defined,e.g.f(x) = (120 -% ) has a missing point discontinuity at x = 1, n
’ (1-x)

fx)= i has a missing point discontinuity at x = 0.
x

(b) Isolated Point Discontinuity : Where 11_{1; f (x) exists and f(a) also existg but;

2 ,
X —16, x # 4 and f (4) = 9 has an isolated Poiy

0 ifxel b .
discontinuity at x = 4. Similarly f (x)=[x1+[=]= 1 ifxel as an lsolated

lim # f (a). eg. f (®) =

point discontinuity at all xe I.

Type-2 : (Non-removable Type of Discontinuities)
In case lim f (x) does not exist then it is not possible to make the f“ncliun

x-¢ o
continuous by redefining it. Such discontinuities are known as non-removay,

discontinuity or discontinuity of the 2nd kind. Non-removable type of
discontinuity can be further classified as :

. al
(a) Finite discontinuity e g.f(x) =x - [x] at all integral x; f (x) = tan 1 = atx =0y

f@)= 1 —at x =0 (note that f(07)=0;f(07)=1)
1+2%
(b) Infinite discontinuity e.g. f(x) = ;}—Z or g(x) =

1
-'x-'_4)23tx =4;f(x)= 2lan:cat

x=£andf(x)=1$-£atx=0.
2 X
(¢) Oscillatory discontinuity e.g. f (x) = sin L atx=0.
x

In all these cases the value of f (a) of the function at x = a (point of discontinuity)
may or may not exist but lim does not exist. -
x—a

[ ]
~fis continuous at x = ~ 1
— [ has isolated discontinuity at x = 1

~ f has missing point discontinuity
atx=2

~ [ has non removable (finite type)
discontinuity at the origin.

* Nature of discontinuity
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e
4. In case of discontinuity of the second kind the non-negative difference between the
value of the RHL at x = ¢ and LHL at x = ¢ is called The Jump of Discontinuity.
A function having a finite number of jumps in a given interval I is called a Piece
wise Continuous or Sectionally Continuous function in this interval.
5. All Polynomials, Trigonometrical functions, exponential and Logarithmic
functions are continuous in their domains.
6. If fand g are two functions that are continuous at x= ¢ then the functions defined
by : Fy(x) = (x) £ g(x); Fy(x) = K f (x), K any real number; Fy(x)=f(x) . g(x) are also

continuous atx =c. Further, ifg (c) isnot zero, then F,(x) = f% is also continuous
glx

atx=¢C.

7. THE INTERMEDIATE VALUE THEOREM

Suppose f (x) is continuous on an interval I, and a and b are any two points of I.
Then if y, is a number between f(a) and f (b), their exists a number ¢ between a and
b such that f (c) = y,.

f®)

f(a)

S,

> X

0 a c b

The function f, being continuous on [a, b)
takes on every value between f (a) and f (b)

Note : (a) If f (x) is continuous and g(x) is discontinuous at x = a then the
product function ¢(x) = f(x) - g(x)is not necessarily be discontinuous
atx=a.eg.

T 0
f(x) = x and g(x) =[smx ik
g .x=0
b Iff (.i:) and g(x) both are discontinuous at x = a then the product
function ¢ (x) = f (x) - g(x) is not necessarily be discontinuous at
x=a.eg., { bl
f(x)=-g(x)=|:#1 0
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(¢) A continuous function whose domain is closed must have a rang,

also in closed interval. .
(d) If fis continuous at x = ¢ and £ 18 contin

composite g [f(x)] is continuous at x
continuous atx =0, hence the composite

uous at x = f(c) then the
xsinx
Ca 2

=ceg flx)= ang

glx) = |x| are
(gof) (x) = x:i:_l: will also be continuous atx=0. :
x

8. CONTINUITY IN AN INTERVAL :
(a) A function fis said to be continuousin (@, b)i
point €(a, b). - -
(b) A function fis said to be continuous in a closed interval [a, b] if :

(i) fis continuous in the open interval (a, b) . -
(ii) fis right continuous at ‘a’ Z.e. lim f(x)= f (a) = a finite quantity.

x—-a

ffis continuous at each and every

(iii) fis left continuous at ‘b’ i.e. lixil_ f(x) = f (b) = a finite quantity.
-

Note : A function f which is continuous in [a, b] possesses the following

properties:

(a) Iff(a)and f(b) possess opposite signs, then there exists at least one
solution of the equation f (x) = 0 in the open interval (a, b).

(b) If K is any real number between f (a) and f (b), then there exists at
least one solution of the equation f(x) = Kin the open interval (a, b).

9. SINGLE POINT CONTINUITY :
Functions which are continuous only at one point are said to exhibit single point

x ifxe@ x ifxe@

tinuit 2 — d = i y
continuity e.g. f (x) [_x fre Qan g(x) [0 fre Qare both continuous only

atx=0.

DIFFERENTIABILITY
I. RIGHT HAND AND LEFT HAND DERIVATIVES :

By definition : f(a) = }lim fla+h - fla) if it exist
-0 h

(a) The right hand derivative of f* at x = @ denoted by f“(a*) is defined by :
f(a*) = lim fla +h) - fla)
h

Jim , provided the limit exists and is finite.
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mm—
y=f(x)

(a+h), f(a+h)

Right secant through A

Left secant through A a, f(a)
A

™
le— F(@+h) - f(a) —]

(a-h), f (a=h) : f*(a),f(a k)
. et o P y
T
5 % pos— > %
—a»l g-h je—
fe— a >|

l& »l
e a+h |

(b) The left hand derivative : of f at x = @ denoted by f“(a*) is defined by :

f@)= hli%‘l+ = h)h" f (a)’ provided the limit exists and is finite. We also
e

write f’(a*) =f' (@) and f(@") = f'_ (a).

¢ This geometrically means that a unique tangent with finite slope can be
drawn at x = a as shown in the figure.

(¢) Derivability and Continuity :
(i) If f(a) exists then f (x) is derivable at x = @ = f (x) is continuous at x = a.
(ii) If a function fis derivable at x then f'is continuous at x.
For : 1760 w limd it 0= 10
h>0 h

exists.

Also f(x+ h) - f(x) =

Therefore :
y_l’% [f(x+h) - f(x)]= }H}%

f‘“’;:“f‘x’.k[h;w]

f(x+h’z“f(x)'h=f'(x)'0=0

Therefore
lim [fx+h)-f®]=0 = lim fx+h)=f(x) = fis continuous at x.

Note : Iff(x)is derivable for every pomt of its domam of deﬁmtlon then it is
contmuous in that domain. ;

The converse of the above result is not true
“IF fIS CONTINU! OUS AT x, THENfIS DERIVABLE AT x” ISNOT TRUE.

e.g. the functions f (x) = |x| and g(x) =xsin —1-; x # 0 and g(0) = 0 are continuous at
X

% = 0 but not derivable at x = 0.
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Note : o
(a) Letf’, (a)=p and f’_(a) =q wherep and ¢ af'e finite 1; e:‘ :
(i) p=gq = fisderivableatx=a = fis continuous at x =a.
(ii) p # ¢ = fis not derivable at x =a. | ' i
It is very important to note that f may be still continuous at x = a.
In short, for a function f: - Bl
Differentiability = Continuity; Continuity ===> .enva ility; 5 A
Non derivability = discontinuous; But discontinuity = Non derivability
(b) Ifa function fis not differentiable but is continuousatx=a lt.) geometrically
implies a sharp corner at x =a.

2. DERIVABILITY OVER AN INTERVAL :

£(x)is said to be derivable over an interval if it is derivable at each and every pojp,
of the interval f (x) is said to be derivable over the closed interval [a, b] if :

(a) for the points a and b, f (a+) and f (b -) exist and

(b) for any point ¢ such thata <c <b,f ‘(c+) and f (c -) exist and are equal.

Note :

(a) Iff(x) and g(x) are derivable atx =a then the functions f (x) + g(x), f (x) -
g(x), f(x) - g(x) will also be derivable at x = a and if g(a) # 0 then the function
f (x)/g(x) will also be derivable at x =a.

(b) Iff(x) is differentiable at x = @ and g(x) is not differentiable at x = a, then
the product function F(x) =f (x) - g(x) can still be differentiable atx =a,eg.,
fx)=xand glx) = |x].

(¢) Iff(x)andg(x) both are not differentiable at x =a then the_ product funection;
F(x) = f (x) - g(x) can still be differentiable at x = a, eg., f (x) = |x|and
glx) = |zl. :

(d) Iff(x) and g(x) both are non-derivative at x = a then the sum function F(x) =
f(x)+ g(x) may be a differentiable function, e g.,f(x)= | x| andg(x) =- | x]|.

(e) Iff(x)is derivable at x =a = f’(x) is continuous at x = a.

o i) x sini- ifx=0
0 ifx=0

() A Surprising Result : Suppose that the function f(x) and g (x) defined in
the interval (x, x,) containing the point x,, and if fis differentiable at x = x,
with f(x,) = 0 together with g is continuous as x = x, then the function F (x)

=f(x) - g(x)is differentiable at x =Xy, e.g. F (x) =sinx - x23 is differentiable at
x=0.
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EXERCISE -1

Only One Correct Answer

1. If a, B are the roots of the quadratic equation ax2 + bx + ¢ = 0 then

1-cos(ax® + bx +¢)

}ri—r’ré .y equals :
@ 0 ®) L (a-py & L (op By g
9 ?(a_ﬁ) (d) ‘—"é—(a"‘ﬁ)

2. ABC is an isosceles triangle inscribed in a circle of radius r. If AB = AC and k is
the altitude from A to BC and P be the perimeter of ABC then lim - equals
h-0 P

(where A is the area of the triangle) :

1 1
(a) 3o (b) 8ar (c) 1218r (d) none of these

3. Letf:R>R b.e a continuous function such that f(x) = 19 V x € @ and g(x) =
¥39 +x2, then the value of g(f(x)), is
(a) 18 (b) 20 (c) 25 (d) 17

4. Let fbe an injective function with domain [a, 8] and range [c, d]. If o is a point in
(a, b) such that f has left hand derivative ! and right hand derivative r at x = a
with both / and r non-zero different and negative, then left hand derivative and
right hand derivative of f-! at x = f (a) respectively, is :

e M) r.1 e (i @ I,r
rl l'r

5. If f(x) = max. (x“ , X2, gli) V x € [0, <), then the sum of the square of reciprocal of

all the values of x where f (x) is non-differentiable, is equal to :

i) 1 (b) 81 (c) 82 2 g%

6. Lety =f(x) be an even continuous function on R whose graph is passing through
the point (1, 1). If lim f(x) = 2 and g(x) be a function defined on R such that
x—0

lim g(x) = 3, then which one of the following statement is incorrect?

x—0

(@) lim f(z-1=1 ' (b) lim g(~x) = 3

(c) lim[f(2x) + g(—x)]1=5 (d) lir% [6f(x-1-2g(-x)]=1
x—0 =
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Uy

7. If f (x) is a differentiable function such that £'(2) = 6 and f'(1) = 4, then

. fhe +3h+2) - f(2
h-+0f(2h -2h% +1)- f(D

() g (b) 5 ©) §» @ 2

equals :

. Let P(x) = a,x + apx? + agx® +...... + @,59x1%, whereal-landa eRV:-—z 3,4

™y

1005~ —
ks, has the value equal to :

100, then lim
x
100 b) — 1
(a) (b) - 0 5 (c) (d) 5050
log(x* +kx+k+1)
9. Letf(x)= \F)g - :; . Iff (x) is continuous for all x € R, then the rang, d
kis:
(a) (=0, 0) L[4, ) (b) (0, 4]
(c) [0,4) (d) [0, 4]

10.

11.

12.

13.

Let f (x) = max. {| x? -2lxl}, I} and g(x) = min. {|x2 ~2fxl}, Ix|} then :

(a) both.f(x) and g (x) are non differentiable at 5 points

(b) f(x) is not differentiable at 5 points whether g (x) is non differentiable at 7
points

(¢c) number of points of non differentibility for f (x) and g (x) are 7 and 5
respectively

(d) both f(x) and g (x) are non differentiable at 3 and 5 points respectively

Iflim [sin'1 2 2] does not exist, then the number of possible values of a, is:
x—a 1+x

[Note: [ k] denotes the greatest integer less than or equal to %.]

(a) 2 (b) 3 (c) 4 (d 5

Let {P,} be a sequence of points determined as in P §° P

the figure. Thus |AP,| =1, | P,P,, ;| =2"-1 and S

angle AP, P, ,isaright angle. ,1,1_?3. £P AP, equals: 8 " ;,

[ /4 T 5n
i B L L a%
(a) (b) (c) (d) :

Let cand P be the roots of the equation,ax2+bx+c=0 5
where 1 <a < §,
lax? +bx +c|

then lim B
. xsm gx“ +bx+e

=1 when:
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(a) a>0andm>1 | (b) a<Oandm<1
(c) a<0anda<m<p (d)l—a—|=1andm>a
a

14. Iffisa diﬂ‘erem.:iablc.a function on R such that f+y),f&)f@),f(x-y)(taken in
that order) are in arithmetic progression for all x,y € Rand £(0) # 0, then :

(@) f'O)=-1 M) F O =1
© f(D-f'D=0 @ FD+fD=0
15. Ifgraphsof |yl =f(x) and y = |f(x)| are given as below (a, b > 0).
y y

AT D AN

3
lyl=f(x) y=|f(x)]

Then identify the correct statement,
(a) f(x)is discontinuous at 2 points in [-b, b] and non-differentiable at 2 pointsin

(-b, b).
(b) f(x)is discontinuous at 2 points in [-b, b] and non-diﬁ'erentiable-at 3 peintein
(-d, b). '
(¢) f(x)isdiscontinuous at 3 points in [-b, b] and non-differentiable at 3 points in
(b, b).
(d) f(x)is discontinuous at 3 points in [-, b] and non-differentiable at 4 points in
(b, b).
16. If oy, a;, a1y, @, ..., &1, are the roots of equation x"*1 - 5x2 + 6x — 8 = 0 and (o) — o))
(0, - ag) (@) — @p).... (o) — @) = &, then n(r +1) a;»! — 2k equals
(a) 5 (b) 10 (c) 12 (d) 5
3
17. Let f(x) = cos 2x - cos 4x - cos 6x - cos 8 - cos 10x, then lim 1-(f=)” equals :
70 5gin® x
(a) 660 (b) 135 (c) 132 (d) 66
18, If im ({9272 |, (2 sin T 2e| [8%ainTBx| [nfsinlne]) o0 o
-0 x X X ' x : i}

the value of n, is :
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19.

20.

21.

22,

GRB Problems in Cak:u]uﬂ
[Note : (k] denotes the greatest integer less than or equal to k.]
(a) 2 (b) 3 (c) 4 (). 5

(), if  xeQ | "7
Let f:R — R be defined by f(x) = v, if xeR-Q

Iflim f(x) exist, then the true set of values of o is
x=a

[Note : {k} denotes the fractional part of 2 and @ be the set of all ratj,

ng]
numbers.] :
(a) (-1,1) (b) (-1, 0] (@ O,1 (d) [0, 1)
. +
Let f: R — R be a differentiable function satisfying 2f (x 5 L4 ) -f@y = f (xy
Xx,yeR.

Iff(0)=5and f'(5) = -1, then :
1

(8) im(f(x))*4 =¢
x—4

(b) f(lx1)is non-derivable at exactly 2 points

(c) area bounded by f (x), x-axis and y-axis is 25 sq. units

(d) 1f(1x])|is non-derivable at exactly 3 points !
. 4" 4 ) T

If }II_I)Il @B 1ome™ exists and is equal to p (p # 0) where 6 (0, 5)’ then the

value of [p +;°SBJ is equal to :
@7 ®s ©) 9 @ 10
( 2 \
-5
([xkt—x]]
ol
Given f (x) =| °8a (@llz]+[~2]D) 1| for lx=0a>1
3 +alkd
\ ) ,
0 , for x=0

where [ ] represents the integral part functio

(a) fis continuous but not differentiable at x =
(b) fis continuous and differentiable at x = 0
(c) the differentiability of

: : Tatx=0 depends on the value of ¢
(d) fis continuous and differentiable atx =0 and forg = e only

n, then :
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23, LetObe the center of a circle of radius 1. P, @ are the points on the circle such that
g=2/POQ is an acute angle and R is a point outside the circle such that OPRQisa -
parallelogram If the area of the part of the parallelogram that is outside the

circle is f (), then Li_)n;x) -[-(:—).is equal to :

3 2 1
3 b) £ 4
(a) (b) - (c) - (d) 1

24. Number of values of x € [0, n] where f (x) = [4 sin x — 7] is non-derivable is :
[Note: [k] denotes the greatest integer less than or equal to &.]

| . (b) 8 , () 9 . - (d) 10

25. Let P(x) =x10 + a,x8 + a3x6 + ax* + a,x2 be a polynomial with real coefficients. If
P(1)=1and P(2) =-5, then the minimum number of distinct real zeroes of P(x) is

(@) 5 (b) 6 we (d) 8
26. Let a sequence of number is as follows
. 1 |
3 5
7 9 11

------------------------------------------------------------------------

--------------------------------------------------------------------------------

Ift, 1s the first term of n" row then lim (\/—— n) is equal to :
-1

(a) (b) Y (c) 1 (d) -1
27. Let f be a composite function of x defined by f (v) = 21 , where
-6u® +11u—-6
u(x) = = . Then the number of points x where fis dlscontmuous is:
(a) 4 (b) 3 (c) 2 d 1
e(z" o
28, The value of lim —5——5-18 equal to:
0" [(x )‘c 1P
(a) 1 M © 2 @+
8 2 4

29, If f (x) = max. {sin x, sin~! (cos x)}, then :

(a) fis differentiable every where
(b) fis continuous every where but not dlﬁ'erentlable

i
(c) fis discontinuous at x = %—, nel

(d) fis non-differentiable at x = fg-t-, nel
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= — \“’* .
5 2 .
e ¢ e+ Vx>0, thenlim flx)jg .
30. Letf:R—=(0, o) be such that f (x) + o lim
(b) 1 (c) e (d) 2
(a) 1 -
i ?

31, Which of the following statement is trué o (E _15)

(a) Theequationsinx-—x=0hasarealroo 0

N
tin —_—
®) Theequaﬁontanx—x=0hasarealroo (6 3)

(¢) Iffx)isa real-valued continuous function in [0, 2] then there exist some 2]
c

tf)zcforallxe [0,2] :
(d) ;1:?1?: afreal-valued function defined on [3, 5] and g(3) - g(5) < 0 then th,
exist some a € (3, 5) such that gla)=0 |
82. Iff(x) =8 sinxr and glx) = [f ()] then number of values of z in [0, 8] where f(y);,
an integer but gix) is continuous, is : |
(a) 4 b 5 (c) 8 d 9
[Note : [y] denotes greatest integer function of y.] :

i
33. ff(x)=(p?-1) [tan-! z] + 4 (g2 + 29 — 3) {2+x2

coptinuous in R and f(x,) = (x,) V x;,%, € R then largest value of |p +q| is:
(2) 0 (b) 2 (c) 4 d) 5 :

[Note : sgn (y), [y] and {y} denote signum function, greatest integer function and |
fractional part function respectively.] ‘:

In(sec(ex)sec(e®s)....sec(e®x)) . ’

}+(p+q)8gn(x2—x+2)isf

34. The value of lim is equal to :
0 82 - 8209617
100 _ 100 _ 50 _ 2,100 _
@ © 2 1 e ) 1 © 2(e 1) @ e“ (e 1)
(2 -1) . 2(e® -1 e? -1 2(e® -1

(p? -Dx}+20x) -2 -2<x<-1

35. Iff(x) = T i i in (-
q[e +2e ]+|pl(x-1), __1<x<2,p,qeR is continuous in (- 2,

G

(a) -2 (b) -

© 0 (d) not defined

[Note : [k] d_enotes greatest integer function less than or equal to & and W
denotes fractional part function of k.]
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rr-1 2(r+2 2015 3a,
36. IfA.=| T 1 —6 |then lim =L is equal to :
r 4r 0 -
(a) 2 (b) 3 (c) 4 d 5
. x+sinx—-xcosx—tanx

37. If lx}_'nll) o exists and is non-zero finite value, then the value

ofnis:

(a) 3 (b) 4 (c) 5 (d) 6

) 2 -1 -2 -3
38. Let < a,, > be the m*h term of the sequence, (& _2 i _8 _4:4_ .
1) '\2® 2) ’\s* 3)°
The value of lim (a,)V™ is equals to : :
m—es
(a) e+1 (b) e-1 (c) 1 (d) 1
e-1 e+1
39. If 1im [((2009)2°1%)" +((2010)2°°)" V" g equal toab wherea,b € N thena - b is
n—ee
equal to :
(a) 2009 (b) 1 () -1 (d 0
=In {x}
t~1a

40, The value of 11131 (Eo__(nn_{x})) isequal to:

41.

[Note: where { } denotes fractional part function.]

1 -1 & 2
(a) e~ (b) ex (c) er (d) em
cot x cotx 1+cot x '
The value of hm - = i g e is :
(2cot.:c) +(900tx)]l2 5cotx +1
(a) 5 (b) 2 (c) non-existent (d) -

_ Let R be the set of real numbers and f: R — R, be a differentiable function such

that |f @) -f®) | <lz— y1® V 2,y € R.Iff(10) =100, the value of (20) is equal to:
(a) 0 (b) 20 . (c) 100 (d) None

Letg(x) =e™ where g(x)is a differentiable function on (0, ) such thatg (x + 1) =
(x+ 1) g(x). Then forn =1, 2, 3........ fn+1)-f'AD=

121 1 1 1 1
(a) "4[1?'{'52—4' ..... +-r—l§') (b) 4{—""‘"‘2‘5' +‘——}
11 1 1 1 1
—+= - d) S+=+..t—
(c) 1+2‘+3+....+n . (d) 743 -
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44. Let f(x),f: R > R be a non-constant continuous function such that (ex _ Df (%

Iy

%
(a) e (b) el2 (c) e (d) e2

45. Iff(x)is defined V x € R and is discontinuous only at x = 0 such that f3x)~g %
+11f(x) -3 =8 V x € R, then the number of such functions is equal to - s
(a) 4 (b) 8 (c) 16 (d) 24

1
(e% — 1) f (x). If f'(0) = 1, then l:ﬁl}% (@)x equal to :

ax.(f(?)), x-1<t<y, 05y,
3-x, l<x<2 “l_
Number of points where g(x) is non-derivable in [0, 2], is :

m
46. Let f(9) = |t|+|t-1IVteR and gx) = {

(a) 0 (b) 1 (c) 2 (d) 3
{x?}, : -1<x<1
47. Let f(x) =11 -2x|, : 1<x<2

(1—:::2)sgn(a:2 -3x-4), 2<x<4

If m denotes the number of points of discontinuity of f (x) in [- 1,4landn deng
- the number of points of non-derivability of f (x) in (- 1, 4) then (m +n) equals:'
(a) 2 (b) 4 (© 5 (d) 6

[Note : {k} and sgn(k) denote fractional part function and si

gnum function o
respectively)]

48. Consider, f(x) =min {x3 % % (lx-21+[x+2]),7 - xa}p and q denote nugt

of points where f (x) is discontinuous and non-derivab

le in [-2, 3] respective;
thenp +qis:
(a) 0 () 1 (c) 3 (d) 4
49. Let g-‘< A< % and a function f(x) is defined as :
'r ax® (sin A -sin® A) - (5x - b) Isin A ~sin3 A"
im - s - yXeQ
fo=1 (sin A -sin® A)~ |sinA —sin® A"
. ax”(sin A +sin® A) + (5x - b)|sin A + sin® Al
| nsee (sin A +sin® A) +|sin A +sind A" RS
If f (x) is continuous at x = 2 and x = 3 then the value of b - q, is :
(a) 3 (b) 4 {c) 5 d) 6
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/_

50. Letf bea differentiable function on (0, ) and suppose that lim (f(x) + f"(x)) = L
1

where L is a finite quantity, then which of the following must be true?

b | £

@ limf@=0andim F'W =L () lim f() = = andlim () =

() lim f(x) = Land lim f*(x) =0 (d) nothing definite can be said
r—0c0 X—oo

EXERCISE - 2

: Paragraph for Question Nos. 1 and 2
Let f() =10g; (x2 + 5x) - 2 log,(ax + 1) wherea > 0

d 8(cos® x)-1, x<0and m—
and gW¥) = —sin®x, x20and n-—> «

1. Iflim (f(x) + 2) = 0, then a equals :

(a) 2. (b) 4 © % @ i_
9. Which one of the following is true for function g(x)? '

(a) g(0")#g(0) (b) g(07)=g(0)

(c) g(07)#g(Q") (d) g is continuous atx =0

Paragraph for Question Nos.3to 5

14«

where o, B, y are integers and m, n and r are the number of values of o, and
Y réspectively which satisfy the above equation.

Consider an equation log, (a8 - 16a® + 66) + J4B‘ -88%+13 +

[Note : [y] denotés greatest integer function of y.]
3. The number of ordered triplets (o, B, Y) 18 :
(a) 2 (b) 3 (c) 6 (d 9

4, The value of lim i [Sm (Yix)] is equal to (where Yy, Yy, ------ ¥, are the values of )
x—0 i=1 X ;

'(a)-17 (b) 18 (c) 19 (d) 21
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5. If B, - By —Bg— .-+ —Bn-zpwhereBI:-Bz) ...... > B, and
. E@ Po)x |
lim [3 -2tan (Ex - Bl)rn(a % } = e then A equals :
x=-3p 8
(a) . (b) -2 (c) 2 (d) 4
2

‘Paragraph for Question Nos. 6 and 7

Let P(x) be a polynomial of degree ‘6’ with leading coefficient unity ang
p(-x) =p(x) V x € R. Also (P(1) + 8)? + P3(2) + (P(8)-5)* =0

sin(Px))

! i alto:

6 ’I‘hevalueof:!_igx2 (x-—2)tan(x+2)ls equ | ‘

(a) 26 (b) 16 (c) -14 (d) —49

2 P(x)
a2
7. The value of lim is equal to
Do xtan ]..
x .
(a) 10 (b) 5 (c) 3 (d) -4

Paragraph for Question Nos. 8 to 10

Consider P(x) = ax? + bx + c,wherea,b,c € R and P(2) = 9, Let o and Bbethe -
roots of the equation P (x) = 0. | )

X
8. Ifa—eooandP’(3)=5thenlim( Pa) ] is equal to :

x-ee | H(x - 1)
1 4
(a) 1 (b) b (c) eb (d) eg
9. If a and B both tends to infinit im Y2 -3 |
y then lim X~ "% :
: eart P is equal to :
(a) 0 (b) 1 (c) 9 (d) non-existent
10. If o. = B, then the value of lim | lim Az -
e L is equal to :
1-~tan (~ —x+0t):|(e"‘“ 1)
3 9
(a) — b) — 5 .
e (b) e () Ry @ &
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f

‘ Paragraph for Questxon Nos. 11 to 18
utp(,)u.ﬁ -8x% + px - 27x? + qx + r (p, q, r € R) be divisible by 22 and o, f

| and ¥ are the positive roots of the equation I::) =0.

11. The value of (p + ¢ +r) is equal to :
(a9 (b) 27 (c) 81 (d) 108

12. Ifa—1,B+ 3 andy+7 are the first three terms of a sequence whose sum of first n

térms is given by S, then 2 h is equal to :

A 1
(a) 1 | (b) - (c) 5 d 2
1 1 1 1
The value ofhm( + + +.iet ————is
13. noe|\ p+Q+T p2 +q2+r2 p3+q3+r3 pn+qn +r"

equal to:

1 1 25

— (b) — (c) — d) 22
® % 27 “ % @ 3 27

Paragraph for Question Nos. 14 to 16
' 4
Letf(s)be a polynomial satisfying lim * 2 -3, £(2)=5,7(8)= 10, f1) =2

= x% +1

- and f(-G) = 37.

14. The value of £ (0) is equal to :
(a) 1 ' M) 0 (c) 109 (d) 119

— 2 —
15. The value of lim @——f———l, isequal to:
-6 3(x+6)

6! - 6!
(a) - 6! (b) 6! (c) 3 (d) ~g
16. The number of points of discontinuity of g(x) = 3 s in [—15 ; §] ,1s equal
x° +1- f(x) 2 2
to: |
(a) 4 (b) 3 () 1 (d o
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Paragraph for Question Nos. 17 to 19

Consider f, g and & be three real-valued continuous functions on R (the "
of all real numbers) defined by

74

x2-x+3, —o-o<x5-1-
2 a+bcosx -
. TR,
f@={ p  lexc1,gw={""43 and
2 a-1, x=0

| gx +4, l<x<oo

x2+], x<1
Mx)_{xsﬂ, x21

17. Which of the following statement(s) is(are) correct?

(a) The value of (p + q) equals % ~ (b) The value of (p + q) equals 5

(c) The value of (a + b) equals 1. (d) The value of (a + b) equals 0,
18. Which of the following statement(s) is(are) correct?
. (@) Number of real roots of equation f (x) = 0 is one.
(b) Number of real roots of equation A(x) = 0 is zero.

(c) The value of g(rn) equals ;42—
n

(d) The range of function A(x) is R.
18. Which of the following statement(s) is(are) correct?

(a) There exists some Xy > 1 such that h(x) > f (x) is true for all (x4, o).
(b) Both f(x) and h(x) are not injective.

(¢) Number of real roots of equation g(x) = 0 in {0, 47] are 3.
(d) Range of f(x) is R. :

Paragraph for Question Nos. 20 to 22
Letf,g,h be real-valued functions defined on R. Consider f(x)=-1 +4sin’s,
8x)=2x-1and h(x) =2¢ + 1.

20. The range of function y = h(f(x)) .

27 0) is equal to :
17 7
= (3 ; 5] (®) (=, 1) U[g: W)
! | . Iq
©) [1, —] (d) (_m, n] [_ m)
5 3 U 5 ]
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— e ' .
91. The value of 11_1’1_1% L(—Sér%;)—x_) is equal to :
(@ 0 o D2 4 (d) 10
29, If ]in31 f (smmgx) =4 exists and has value equal to/ then |k| + |I| is equal to :
-—
2
(a) 6 (b) 8 (¢) 10 (d) 12
Paragraph for Question Nos. 23 and 24
x2+2(x+1)2" 1 Zf(x)
=l ’ = —gin~t'J 21\
Let f(x) fim PP n e N and g(x) = tan (2 sin {1+ f”(x)}}

28. Ifx € (- 2, 0) then range of g(x) is

4y 40 5\ B 25
(a) (o, -5-] ) (o, -3) © (o, Z) @ (o, —)

16
. sin(x +3)- g(x)

. lim is equal to :
24-:—)-3 x2+4x+3 = ;
(a) 0 (b) -2 (c) % (d) non-existent

Paragraph for Question Noé. 25 and 26

Consider a circle x2 + y2 = g2 gnd a point P on it in 1%t quadrant. Another
circle is drawn concentric with the given circle and radius is ‘6’ more than
the x-co-ordinate of point P. This circle intersects positive x-axis at Q and

- line OP at R (where O is the origin).

25. If angle subtended by arc QR at origin is ‘0’ and {.1_?(1, Length;f arc QR

is a non zero finite quantity, n # 0) then the value of (@+n+1)forb=1isequalto:
5 ' 7 9 11
2 b) L s 4y =2

(a) 3 (b) 5 (c) 5 (d) 2

=[ (where !/

26. Iffrom a point M on the x-axis perpendicular is dropped on the line OP with foot, of
MN +Length of arcQR
PY)

finite quantity) then co-ordinates of M for b = 2 is equal to :
(@) (~1-gq, Q) (b) (-2~a,0) () (-a,0) (d) 1+a,0)

perpendicular as N and if Ll_,n?)

= K (where % is a non-zero
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paragraph for Question Nos. 27 to 29 s

Let fbe a differentiable function satisfying the relation

flet 9= [+ [ -2+ (=D (=D VHIE Rand f(0) <y,
27. {f(2)} is equal to :
(a) e2-5 e
[Note : {y} denotes the fraction part function o y.]
f(2x) + 42" -2
22
(a) 2 (b) 4 (c) 8 : (d 16
29. Let g (x) = f (x) + x2 — 2. If the equation |g (1x1)] =k has four distinet BOluﬁ%

then the set of values of & is : _
(@) (0, 1) (b) (-2,2) (¢ (0,3) (d) (0,2

(b) e2-6 (c) e2-7 (d) e2_g

28. The value of lim
=0

Paragraph for Question Nos. 30 to 82 '

.' .P.f'n["z"e-r"'r'l +A, x>0
‘H—m(n Z{ rir+l) )

Letf(x)=1{ q, x=0
limi{r”-;r-&-e’—l} oy
(nse = r(r+1)

is differentiable in R (the set of all real numbers)

[Note : [y] and {y} denote greatest-integer and fractional part function ofy.]
30. The value of p + g + A is equal to :

(@ -2 () 2 @1 @ 3
31. The value of f* (In 2) + f* (m %) i f (ln .2?2_) ,f (1:1 553) 4 ...o0 i5 equal to:
(a) 3 (b) 4 . ©6 (@ 2
82 If g is the inverse of f then g’ (%) isequal to: '
(a) In2 (b) -In2 (¢ 2 (d) 3
2
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f

EXERCISE - 3

More Than One Correct Answers

In(1+2x) -1
——x““—, —<x<0
, 2cos x, =
Lief=] B0 *=0

, O<x<1

x
{ e® -1, xel

then :
(a) f(x)is continuous at x =0 (b) f(x)is not differentiable at x = 0
(¢) f(x)is continuous atx =1 (d) hm [fx)]=1

[Note : [£] denotes greatest integer less than or equal to k.]
2. Let fbe a biquadratic function of x given by f(x)=Ax4+Bx3+Cx2+Dx +E, where

A,B,C,D,Ec RandA+0.Iflim (’;;:’)i e™3, then :

@ A+4B=0 () A-3B=0 (0 f()=8 (d £’ (1)=-30
' Bx+l . x<2 : R
3. Letf(x)= j(5+ L-t)dt, x>2°
0

then which of the following statement(s) is (are) incorrect?

(a) f(x)is continuous but not differentiable atx=2.

(b) f(x) is not continuous at x = 2.

(¢) f(x)is differentiable for all x € R.

(d) The right hand derivative of f (x) at x = 3 does not exist.

4. A right angled triangle has one leg of length 1 unit, another leg of length x units
and hypotenuse is of length y units. The angle opposite to the side of length x
units is 6 then :

(a) y3-x3=sec3 0 —tan3 O (b) hm(y -x)=0
. 3_,_
() hm(y -x )—‘ (d) hm(y -x%)=-1

5. Let f (x) = max. (lx|, [x], COS X), -——<x<-§then

[Note : [x] denotes greatest integer less than or equal to x.]
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/ \ :

(@) F(0)=1 ® f©=0 |
= n .

() f (x) = 1 has 3 solutions @ f [2)— |

2-|xl, - —15::.<_1and £) = sinx -1, ngdz _

6. Consider, f (x) = [Ix—Ql'xs 1<x<3 [x]-cos(x~2), Esx<2, |

ALl

otes greatest integer function of k. Identify the correct statemem(s)

where [k]den
(@) lim g(f(x)=-1 (b) lim g(flglx)) =
x-1" x.-}?
; =) _1

flgx) _1 & lim g(f(x 1

© Lo a-2 2 @ % Fw-2° 2
1-cos {x}
=— Ifl"llmf(x)m—hmf(x)andn lim
7. Let f (x) s +bx ve) o1* ot f),

where [, m and n are non-zero finite then :

(@) lim, ) = 316 (b) a+b+c=-1

© l+m+n—% @ lim f2)=0

[Note : {y} denotes fractional part of function of y’. ]

8. The graph of a function y = f (%) fx)
is shown in the figure. One more
function y = g(x) is defined as :

[ f(x)-2, %<0

f(x), x=0

g=1-1_1 4 3 ' T‘ :
@2 °<*<z ¥ il

3
- (:c) o et
L f * 2

e X

Identify the correct
statement(s)?

[Note : [k] denotes greatest
integer less than or equal to £.]

(a) Range of g(x) is [- 4, =) (b) lim [g(x)]= -1
i ‘ =0~
(c) g(x)is continuous atx =0 - (d) g(x)is discontinuous at x = :t%-

9. Let fbe a differentiable function on R satisfying f (x + y) =f (x)-f (y) V x,y € R, and

f()=2.1fin a triangle ABC,a.={(3), b = f (1) + f(3 hf
the following statement(s) is(are) correct? f@)e=f(3)- f (1), then which©

et
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10.
_ (b) The value of .

11.

12.

13.

[Note : All symbols used have usual meaning in triangle ABC.]

(a) Area of triangle is 24,

(b) Radius of circle inscribed in triangle ABC is 2.
(c) Distance between orthocentre and circumcentre of triangle ABC is 5.

(@ The value of tan % o %

Letf(x) i eln(ln:r) .ln(k2 +25) and g (x) = I_:!'l:-_l Iflm}(f(x))g(:) = k(2 sin2 0 + 3
x X

cos p+5),k>0and a, B € R, then which of the following is(are) correct?
(a) The value of & is equal to 5.

0 5

a+cos” P .
) b is equal to 1.
sin® a + cos

inl

(c) cos?P +sinto =2,

(d) sin20 > cos .

Let fbe a non-constant differentiable function satisfying f (xy) =f(x) f(y) Vx,y € R
and f (1+2) =1 +x (1+ g(x)) where lim g(x) = 0 and f (1) = 1, then which of the

. following statement(s) is(are) correct?

(a) Maximum value of f(x) in [0, 1] is 1.
1

) f_(lx_) is unbounded. (@) lim(L+ f)* = :
(d) The function AC) is a continuous function.
x
2y .2n s 2
Let f(x) =lim o ol ). Which of the following statement(s) is(are)

n—peo 1+x2"

correct? '

(a)- f (x) is discontinuous at two points.

(b) Minimum value of f (x) equals — sin 1. |
(c) There exists some c-€ R for which f(c) = 1.

"(d) The equation f (x) = 0 has atleast one real root in (1, ).

Which of the following statement(s) is(are) correct? _

(a) Iff(x) and g (x) are continuous for every x € R and fog-(x) is defined, then the
fog (x) must be continuous for everyx € R.

(b) Letf: R — R be a continuous function such that 11_12 f(x) =0and }-lglm fx)=0
then f (x) must be bounded.

(¢) The equation cos 1t — 3x + 1 =0 has no root in (0, 1). -

(d) Iff (x) is continuous function in [a, b] then there exists some c € [a, b] such
that f (x) < f (c) for every x € [a, b].
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14. Let {a,}, {b,}, lc,} be sequences such that
WDa +b_+c.=2n+1 (ii) anbn+bncn+cnan=2n._1
n n n ;
- (1id) annén =-1and (ivia, > bn >c,
then which of the following ig/are correct? _
: an s d) ]- an
(a) 1im£“—=1 (b) hm =2 (¢) lim —=0 (d) lim -2 =9

n—yee I R n—-= n Ll
1 dx
" X = COS X _1: . Then
15. Letl, =lim ,|~———— and [, = 111(‘)1,, WE 452
x| X +8inx h—=0" %,

22
(a) both I, and [, are less than =

(b) one of the two limits is rational and other irrational.
(€ I,>1
(d) I, is greater than 3 times of l,.

16. Let f be a differentiable function on R satisfying f (t) = e (cos? ¢ — sin 2¢) o4
f(0) = 1, then which of the following is/are correct?

(a) fis bounded in x € (~ s, 0). ;
(b) Number of solution satlsfylng the equation f(¢) — et = 0 in [0, 2n] is 3.

N (c) The value of ltu%(f(t))‘ =],

(d) fis neither odd nor even.
17. Let f: R — R be defined as

([x] , 8k 5[x] +(2n—1)[x]} e

fx)= "—*"1+n 2+n2 3+n2 7 pan? P)

i, where [y] denotes

. 8 x=—2—

largest integer <y, then which of the following statement(s) is(are) correct?
(@) f(x)is injective but not surjective,

(b) £ (x) is non-derivable at x = g—

(¢) f(x)is discontinuous at all integers and continuous at x =

2
(d) f(x)is unbounded function.
18. Which of the following limit vanishes?
a) 1 = i
@ lim G -x%) ® xli%len\g
(c) L In (x#) . 10% - 9% _5% 17
1+ e

=4 x+tanx

¥ &
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b — .
19, The possible value(s) of & for which lim 2" - (tan”! »)° =~ is:
= Zx%cot kel + k228 sin L —3kx? 2
.4 %3
(@ 0 (b) -1 (c) 2 @) 4

90, Consider the function f: R — A given by f (x) = x + [x] where [x] denotes greatest
integer less than or equal tox and A is the range of the function. Then which of the
following is/are correct?

() f"l(x) exists and is given by f~1(x) = x - E’;—] Vxe A

() f}(x) exists and is given by f(x) = x-[x] Vx € A.
(c) f(x)is a continuous function.
(@ f\(x)is a continuous function. ‘
91, Letf(x)=min. (le-x|, n— |x|). Then which of the following statement(s) is (are)
“correct?
(a) f(x)is many one but not even function.
(b) Range of f (x) is (-—oo, %]
(o) flo)is continuous and derivable at all integral points.
- (d) f(x)is continuous everywhere but non-derivable at exactly two points.
92, Which of the following statements is(are) correct?
" [Note : [x] and {x} denote greatest integer less than or equal to x and fractional
part of x respectively.]
(a) fx)=[Inx] + J{lnz}, x > 1 is continuous at x =e.

A2
(b) Iflim(ax :ax+a+1]existsandequalsl, thena+l= 10.
=2\ x“+x-2 . . l
(© f:[-1,1]-[-1, 1],f (x) =x2sgn (x) is a bijective function, where sgn x denotes

signum function of x.
(d) Iffis continuouson[-1,1],f(-1)=4andf(1)=3, then there exists a number

r such that|ri< land f(r) = 7. ‘
23. Let f: R - R be defined as f (x) = max. (x, x2, x3), then :
(a) f’(x) is continuous for allx € R. '
®) f ils neither even nor odd function.

(c) sjf(x)dx=5
-1

(d) f(x) is neither injective nor surjective function.

2 X 2 b, - .
A T A I Aty
‘ vy o e R Sy Bl e B s
e + o gy A LS4, % # °
A 3 % R L&
R PR IE i o -5 Ui g SN Sy $ N ,.r"ls_‘
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24. In which of the following cases the given equations has atleast one rog in l}k‘, ._
indicated interval? I
(a) x—cosx=0in (0, n/2)
(b) x +sinx =1 in (0, W/6)
© -2+ —0,4,b>0in(13)
, x-1 x-3 .
(d) f(x)-g (x)=0in (a, b) where f and g are continuous on [a, b] ang fla) s |
and f(b) < g (b). | {
25. Which of the following statements is (are) correct for any function £:00,2] S0, 2l
(a) If g is onto then g must be continuous. 2
(b) Ifg is continuous then g must be onto.
(¢) g must be bounded.

(d) Ifg is continuous then g must be bounded. ['

-3+]x], —w<x<l 2=l-xl, -w<x<2 ,
26. Let = d =
f &) {a+|2—xl, Ik G e &) {—b+sgn(x), 2< x< oo’ Vhem f
sgn(x) denotes signum function of x, If h(x) =f(x) + g(x) is discontinuous a exactly ﬁ
one point, then :

(@) a=-3,b=0 (b) a=-3,5=1
1
27. Iflim — PCOSX +xex

TP

© e=2,b=1 (d) a=0,b=]

o T 0, then which of the following is/are incorrect about
l1+sinx+qcosx-ex

p,q?

(@ p=0geRr ®) p=4g=29

() p=2qgeR d p=0g=2

1
28, LetkeNandaeR‘”(atl)thenlimn" an 1 /E:l.. f’”l i8:
N—pes n n+2 |
(a) Oifke {1, 2)

(b) ~lnaift =3
(c) non-existent if k > 4
(d) non-existent if k » 4 andg > 1.
29. (Iiff(x) = 88N ((sin?x — gip » _ D) (sin2x 4 gjp o + 1))
iscontinuity for x ¢ 0, nm), n e N )
» NT), then the v
T i ae alue of

and q ¢ 0, 1)

0 has exactly 4 ;;ﬂints o |
may be equal to : ]
d) 5
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inui
imits, continu
s COnD —
) . ‘ I -] B A x#20
30. Let P(x) be a polynomial of n degree and f (x) = (xs)e X#0 then
0, x=0
(a) f(x) 18 discontinuous at x =0 (b) f(x) is continuousatx =0

(©) f (x) is non differentiable atx =0 (d) £%(0) = ]ir% f(x)

EXERCISE - 4 ‘
mhe Columns Type

1. Note:[x] and {x} denotes the largest integer less than or equal to x and fractional

part of x respectively.

Column I Column I

() f@)=E+1) lx-1| (p) continuousin (- 1, 1)

(b) gv) =min. (Ix], 1- |x|) (q) differentiable in (-1, 1)

(c) h(x)={x}+2[x] (r) non-differentiable for atleast one

pointin (-1, 1)
(s) discontinuous at one point in (- 1, 1)
2. Column I Column II
(a) Letfbe a real valued differentiable function on R such that (p) 4

f’(1)=6and f’ (2) = 2. Then lim f(3cosh + 4sinh - 2) — £(1)
' k-0 f(3e* —5sech+4) - f(2)

is equal to
(b) Fora > 0,letf: [~ 4a, 4a] - R be an even function such that (q) 5

@) =fda -2V x € [2a, 4a] _and}‘intl)f(za"-’:_ﬂza) - 4,

- then }gr(l} fUh - 2a2)}: -2, gqual to (r) 3
(c) Suppose fis a differentiable function on R. Let F (x) = f(e® (s) 2
and G(x) =e™ . If f(1) = e3 and £ (0) = £ (0) = 3,
G'(0)
F’(0) ;
(d) Let f(x) = max. (cos x, x, 2x — 1) where x 2 0. Then number (t) 1
of points of non-differentiability of f (x), is equal to

then is equal to
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( } are greatest integer function and fractiop,

. In the following, [ ] and in column-I with the prope,, "

. e functions 1 . Ttigg .
function respectively. Match th\vwer by darkening the appropriate bubh]eq 1'11s b

column-II and indicate your ans .
4 x 5 matrix given in ORS. ca L
e discontinuous at more than 3
g (p) discontin : angpy
el i [_rt{] agn (518 400 but less than 6 points in [-2, 9) lma
2-1 D (q) non derivable at more than 2 Dol
kel (sgn ("03 f but atmost 5 points in [-2, 9] : |

(r) range contains atleast one intege,
_but not more than seven and y,
irrational value in [-2, 2]

() fyx)=max. ({x+ 1}, 5D

=z +[xP (s) many one but not even functio j, |
(d) fyx) =2® +[x syt
(t) neither odd nor periodic in [-2,9)
. Column I Column 1

(a) Number of integral values of x satisfying (Po
|x2-9]| + |x2-4]| =5, is :
-5, —eo<x<-1
(b) Letf(x)=4x-4, -1<x<6, (q) 2
2, 6<x<oo

[xF - 13[x]+42

then lim is equal to

—n (x-T7)(x-6)

[Note : Where n is the number of integers in the range of f(|x1),
[x] denotes greatest integer less than or equal to x.]

. asinx +bxe* +3x%
(c) If:l:{il‘lj sinx—?xxitanz exists and has value equal to L, (r) 3 i

then the value of , i8 equal to
a

' R 1 .
(d) LetP, = !;[2(1 - —m—az—} If ll_llxn P, can be expressed as (s) 4

lowest rational in the form

%, then the value of (b — a)
is equal to

(t) non-exis §
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- Limits,
lumnl Col
5. Co Sk e olumn II
. tanx, O<x<2gx -
(a) Let f(x) = SOHE, DS i then number of points (p 1
- =i, x=3n
where f (x) is discontinuous in [0, 3], is (@ 3
2( = + 4
T —3x+2 =% _ppyg) P **L23
59 4 \ xsl
 (b) Let f(x) =+ o - ) 5
ln(l) =15 r=2
e sec‘l(tﬁln Y ]
\ Y J
10, x=3
If f (x) is continuous at x = 2, then the value of k, is (s) 8

(c) Letf(x) =x—2 then the number of points where
tan~! (1fUx) D is non-differentiable, is

6. Column I ) Column IT
sinx, x<0
[f], O<x<2x
(a) Let f(x)=4{ L3 then number of points 1
cosx, 2n<x<3n
| -1, x23n

where f (x) is discontinuous in (—, «), is equal to
[Note : (] denotes greatest integer less than or equal to k. ]

2 n
(b) Iflim e x Eorx ) exists and is equal to 1 then (q) 2
-0 nx 5
the value of n, is equal to
(c) Letg (x) = |4x3 — x| cos (rx) then number of points (r) 3
where g (x) is non-differentiable in (=, <), is equal to
(d) Letfbe a differentiable function such that f @)=~ (s) 4
4 4
thenl [ﬂ2+3h )~ f(2 ~5h’) ]13 equal to t) 5
h—-»O ht
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x4

7. Consider, f (x) =x —sin x, glx) =

Column I
(@ 1im [P = 8D 5 equal to

x—0 x

(b) lim g(x) - xh(x)

-0 x

© lim [ i cqual o

x=0 X

is equal to

=1 _2
(@ lim cot™ (h(x)) - 2g(x)

X—poo 1
cos™! (x(l — oS -—n
x

8. Column I

is equal to

1
(a) Iflim ! (sm x)"‘”“ is L then In (L) equals &.
- x

The value of -kiz is equal to

1
2 tan-j_;
(b) The value of lim («-n——] is

noe\pn-1

(c) Number of solution of the equation 8 sin*x + 8 cos“x 5

in the interval 0 < x < 2n is

(d) Let f(x) be a non-constant polynomial function and

gx)=|x(x-1)(x-2) f(x)]. If g(x) is differentiable V x € R,
then minimum number of distinct roots of f(x) =0 is

| Integer Answer Type

T -1 2
——c08 " (1-{x )).( 11 = 2
o ) (081 - a1y

= cos-1(e 2 )and h(x)=tan!

2 ({x} - {x}%

find the value of | 2%
q

[Note : {£} denotes the fractiona] part of .]

-If f(0*) = p and f(07!) = g, thes J

Cohuhhn |

(p) ~1

(q) 22

(@ 1

(r) 3

(s) 8

) 9
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g I and P (a < B) are the roots of the equation

Jim cos™ sin(tan"l[ - Jex -
(R \/tx -3tx+t-1-x

then find the value of (8% +2° —ap).

;A

the number of points in [0, 2n] where g(x) is discontinuous.
[Note: [y denotes greatest integer function less than or equal to y.]
Letf(x)=sgn (x2 - 4x + 4 + k2), x € R. If f (x) is discontinuous at exactly one point

then the value of (tan™ & +cos ™ &+ cosec™(2k — 1)) is equal to ‘n;_n e

whole number. Find the value of m.

[Note : sgn(k) denotes signum function of &.]

n _1[ 2(2r-1)
n

=Y ta
5. 115, = % 4+r2(% -2r+1)

r=1

} then find the value of

lim i(cot(S,,_l) - cot(S,)).

R n=2
2 1.2
6. If the equation Ix—ll—6}i_1)n Vot —t-1-4¢ t+1. =k has four distinct
t(tang)

solutions then find the number of integral values of k.
7. Letfbe a differentiable function satisfying the functional rule f(xy) = f@+f)+

£49-1 ¢ 45 0 and £/(1) = 2. Find the value of [f(e'*)]

xy
Note : [k] denotes the greatest integer less than or equal to k.
2
8. Let lim 1+ien = 1 If ¢ < o < B where o and f are the roots of the

ne(2n+3 +2sinn)? 2
quadratic equation x? — 2px + p

of p.
(l—cos {l—tan(z-—x)})(x-rl)" + Asin((n-vn? —8n)x)

2 x+D" +x

—1 =0, then find the minimum integral value

9. Iff(x) = lim ,x#0is

N—3ce

continuous at x = 0, then find the value of (£(0) +21).
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‘ 3
ly, &
. e N
r A
10. Istin“lct,rz '_g}.for anyn € Nandp =H((I,.) . k-
r=1 r=1
V3 V4
V% —(3-2)
Iff(x)= g , x# Djg continuous at x =P,
x=p
then find the value of 6(k + p). - ;
in> 3 (sin®+cos6)” — 2 Find
- |8y t :
llc IJet l -—'—10‘1']-:)%81!1 eestan e and m= {:—?i [ 1-—Sinm he VallIe Uf
4

(% + m?](where[x] denotes largest integer ]ess than or equal to x). _
n . Find the valy, |

12. Férp,ne N,letf(x)=1-xp and g,(*)=—7~ " 1.
flx) f(2) f(nx)

ofliml:-g—éf-)-atn=5andp=3.
x—0 xp

13. Let S, and S, be two circles of unit radius

line L is one of the direct common tangent. A circle C, |

touches circle Sy, S, and the line L. Similarly circles Cy, Cg, Cy, C, ..., C, arethy |

circles of radius g, 7'g, T'gs +++=+s Tn where circle C, touches circle S;, C,_; and oneqf |

1.1 1

—d—taat—

the direct common tangents between them. Iflim L2 5 I e % wherep |

n—3ee n

touching each other externally and tp, |
with radius r; is such thaty, |

and g are relatively prime, then find the value of (p + q).
x 2 x 2
14, Let L, =lim | 27°®%" gt and L, = lim [&+05D" g, then find the velued
mad PR 0 x

a—reo

2L, +Ly).

15. Letf(x) =x2 +ax + 3and glx) =x + b, where F(x) = lim
nse  1+x

continuogs at x = 1 and x = — 1 then find the value of (a2 + b2).

2n
f) 427 89y po

A+ 1xl+@®-D1x+1D+atantx+2 -2<x<0

16. If f(x) =] b, x=0 isderivablein

(c+2)sin‘1 {x}+92"_e]n(4{§}) Al
2 ¢ PEx<d

(- 2, 2) then find the value of (9a2 + b2 + c2).
[Note: {y} denotes fractional part of y.]

A
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ijHSi

i1 I‘.Escontinuous only at all integers in

ﬁmctions-s
512t [ ’ E)
ints of discontinuity of f (x).

ote : ] and {y} denotes greatest inte

gt of y respectively.]

— R be a function defineq

g, Given 8 right triangle ABC which is right angled at A with b < ¢,
19. reits altitude bisector and median from the vertex A respective

mg, —h

a
b= wa _ha

g0, The sequence {a,}e is defined by a, =

flx)be function defined in [0, 5] such that fAx) =

[a, +.a,, + /a42n + {a43n +..+_ [a

‘ 1Vxe[0,5]andf(x)is
[0, 5]. Find total number of possible

as f (x) = [3x] - {2x}. Find the number of

ger less than or equal to y and fractional

Ifh, w,and m_
ly, then find the

Oanda,;=qa, +4n+ 3, n 2 1. Find the

value of ,}im

4mn

=, +4ag, +\j022n +\/a2

3, Font

V a21°n

g1, The sequence {@n-1), m € N is an arithmetical progression and d is its common

difference. If lim

n—oo

2 2
(1—%) (1——61—2—
a; ay
the value of d.

22. Let the equations x3 + 2x2 + px + ¢ = 0
common and the third root of each
: exlogh; lo+B1

respectively. If f (x) = { @,
b

In(e* +afvz)

—_—

2
n

] converges to % and a, = 8, then find

and x3 + x2 + px + r = 0 have two roots in

equation are represented by o and ]
-1<x<0

x=0 is continuous at x = 0, then

tan vx

L

find the value of 2(a + b).

+2)V* —e4 &
23. Ifthe value limit, lim

x-0

x2

the value of (A + B).

1+1

)’1
o ek -3

U, Iﬂlm ( n —e

L T ( 1 n
o

2

n2

O<x<1

Ae where A and B are coprime, then find

9%— . Find the minimum value of (a + b).
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-1
p - 10
il [-——-*—-—] i alue of 2-f(n)
25. Let f() = lim L LmeN. Find the v ,.2.41 e
[ tan” x} -
nsin
" " 4+2" cosx
3" gin(sin ..... in (x)) + (v2cosx +2)" +2" cos
: n times lfl = lun f(x '
&4, Letf(x):,l,i_?}. 3" +sinx(v2cosx+2)" 1_,1_ Jang ;
m = lim f() then find the value of 12 + m2. -
. e
4 .
27. If a point P(x, y) lies on the curve y = f (x) such that é
tan'1x+tan'11-tan”13 -
lim D Y 2 sin-1(y — 2) exists, then find 101111} e (x)
(x, y)-01.2) (x=Dly= | =2 @r-y

28. Letf: R* — A (where A is co-domain of a non empty set) be a function defined y

. 2% -3x% +2 o i :
f(x) = lim =——————. Find the number of elements in A for which fis
a—e 220 4% +1
surjective.
29. Let 6, (k=1,2,3,......,n), 8, <6, <..... < 8, be the solution of 0 such that v3 sin ng,

cosnB=0.Iflim = Zcos——z—— = E then find the value of k& (& € N).
n

(]
: 1 1
2:F o g
30. If the value of lin(l) (1+3x+2c7)* —(1+3x-2¢7)= = ke3, find the value of 12k,
x- x

2a, _gl+a, qa, 2a,
31. Letal=1andan=sin(a,,_1)n> 1,ne N. Iflim 2 z S 748 =-—aln?qg

ne cosa, +1-e%n —g%n

then, find the value of 3a.
32. If f: (0, <) -» N and

2 2
(X tx+1} 14x" +x+2| [9x% +x+3 Zx?
f(x)—[ 5 J+[ ]+[______x - +....+[n a3 +:’Hn],neNthr-:n

2 +1 2¢% +1 3x% +1 nx? +1

find the value of lim f&)-n ;
[ AR
4

[Note : [y] denotes the greatest integer less than or equal to y.]
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a—

1 T.. )
33. Let-5'=§tan—+—-tan£+ltani+...+itan( - )IflimS:L;thenﬁnd

4 22 8 9% 16 on gntl | i,
the value of (100 =) L.
(Use may use the fact cot x — tan x = 2 cot 2x.)
rt n® n® sn_f(n)

84. Let 3 o oD = At Etatp 4B CDeN), wheref (n) is the

r=1

ratio of two linear polynomials such that lim f(r) = -21- Find the value of (A +B +C
+D).

tan(z* Ir +ax®+b, 0
85, Iff{x) = ax? » O<zs1 is differentiable in x € (0, 2]. Then a = =
2cosmx+tanly, 1<x<2 »
n 26
and b = o B Then find the value of (&, - &,).
- [sin(neos™x) 1-cos(ncos™x) 3
36. Iﬁ:_lﬁ 5 ] + 12 (where n € N) exists and is equal to >

then find the sum of all possible values of n.

37. LetL=limn n® +3n% +2n+1+Vn% 2743 —2n). If L can be expressed in the .

n—oo

form of g (p,q € N)in the lowest form then find the value of (p +q).
sino +sinP +siny _
sin(a+B+7)

coso+cosP+cosy _ 2 and cos (ot + B) + cos (B +y) + cos (y + @) = a, then find the
cos(oe+P +7)

88. If a, p and y be three distinct real values such that

2 2

alue of lim - e )
e maJx—a+Jx-Va

J(2n+1)x—x2 —(n? +n) n5x<n+-]1 : _
39. Letf(x) = 2 (n e D). Find the number of

n+l-x n+%.<_x<n+1

values of x where f (x) is non-derivable in (- 5, 5).
40, Let X = {1, 2, 3, 4, 5, 6} and a, c are natural numbers selected from set X with

. _
{"2 p ;izand B = £l
X - ’

2
x*+x, xs1
= i ’ (x) =
replacement. Let f (x) {x2 S g
gkx),xe R. | :
N, = Number of function k(x) such that f (x) and g(x) are both discontinuous.
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1 46. If f(x) =23 - 2-,2+2x+3vx € Rand glx) = [f(x)

-

—
N, = Number of function h(x) such that h(x) is continuous at x = ] ang
discontinuous at x = 2 but f (x) and g(x) are both discontinuous.

N, = Number of function h(x) such that h(x) is discontinuous at x = 1 5, i
continuous at x = 2. '

Find the value of (N, + N, + Ny). 2

41. Find the set of values of a for which the function f (x) = |x" +(a -2) |x |2 i
non-differentiable at five points.

42. Let f(x) be a continuous function satisfying f3(x)-5f2(x)+ 10]"’(3:)—12SQ

f2(x) - 4f(x) +3 > 0and f%(x) - 6f(x) +8 < 0and A is the area bounded by the lin,
y=x,y=f(x) and x = 0. Find the value of 10A.

I, 0< fx}< 2

48. Letf(x)= 2Vzxe [_—7, Z] If L is number of point of discontinuity
Il Zsta<l o

and M is the number of point on non-differentiability of the function £ (x), then
find the value of (L + M). \

[Note : [y] and {y} denotes greatest integer function less than oxgﬁéﬁual to y ang
fractional part of y respectively.] '

e2f) _ 9, f41
44. Iffor a differentiable functiony = f(x),( f'(x)>0) lim

+e? cos(x - D
-1 sec?(x-1) -1

= - e?and area of the triangle formed by the tangent drawn to the curvey =f(x)at

 [1, f(D) and co-ordinate axes is A, then find the value of —1—
A

x _ -z
45. Let f(x) = ax? + b sin x + cx2 sgn (x) + (—ex—;f_—x.;. be defined on set of real numbers,
e* +e
(@>0,b,c,€ R).Iff(~5)= 5,f(~2)=-3, then find the minimum number of zeros
of the equation f (x) = 0.

——

. ], where (k] denotes greatest integer
function less than or equal to k and

B € N, then find the sum of al] f
which g(x) is discontinuous for at ] of all values of p for

east one real value of .
47. Let f: R - R be a function defined as f (x) = {1" lxl, lxl<1 g
; ‘ 0, belandg(x)-f(x—l)-r
f(x+1) ¥ x € R. Find number of points of non-differentiability of g(x) on R.
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EXERGISE 1 : Only One Correct Answer
1. © 2 ¢ 38 (b 4
. B. ( ;
1, @ 12 © 18 (0 14 (d) 15 (::)) 12 @ %Al 8 Gk 6 0 A0 K
21, (c) 22. (b) 23. (c) 24. (a) 25. (a) 26. b 17. (d 18. (© 19. (¢} 20. (d)
g1, (© 32, b 83. () 84. (b) o [ @ ﬂ: 27. () 28. () 29. () 30. (©)
4. © © 48. (@) 44. 45. @ 46, ®) 37 () 88 () 39. (@ 40. ()
. () 47. (@ 48. () 49. (0 50. (©
xenmss 2 : Linked Comprehension Type
L@ 2 @© 3 @ 4 ®m b6 (
. 6. ©0 7.
Wb 12© 18 @ 14 © 16 @ 16 (B 1 e . &
. 7. (ad) 18. (abc)19. (abd)20. (d)
o1 () 22 (© 23. (a) 24. (© 25. (@ 26. (b) 2
3. @ 82 © ' 7. © 28. (a) 29. (d) 30. (d
EXERCISE 3 : More Than One Correct Answers
((:’ z)c) - (: d . (b,c,d) 4. (a;b, 0 5. (a,b,0
6. ,b . 12. (b,c,d) 8. (a,b,c) 9. (a,b,c,d) 10. (a,b,c)
1. (&b d - B,cd) 13. (a,b,d) 4. (b0 15. (a,b,c,d)
16. (a,b,d) 17. (¢, d) 18. (b, d) 19. (a,b,d) 20. (a, d)
21. (a,0) 22. (a,b,c,d) 23 (¢ d 24. (a,b,c,d 26 (c,d)
26. (a, ¢, d) 27. (a,b,¢) 28. (a,b,c,d) 29. (c,d) 30. (b,d)
EXERCISE 4 : Match the Columns Type
1. (@) (p) (@), ®) (p) (¥), (c) (1) ()
2. (a) (p), ) (), (¢) (r), (d) (8)
3. (a) (p) (@) (1) () (t), (B) (p) (q) (&) (), (e) (P) @), (@ (p) (@) (8) (V)
4. () (s), ) (p), () (1), (@ (@
5. (a)(q), (b) (), () (@)
6. (a) (r), () (1), () (P), (d) (@
7. (a) (p), () (p), () @), (d) (p)
8. (a) (1), (b) (q), (c) (8), (d) (r)
EXERClSE 5 - Integer Answer Type
.4 3. 4 5. 2 6. 5 7. 99 8.3 9. 3 10. 11
1. 6 12‘ 45 18. 4 14 11 15. 17 16. 57 17 162 18. 5 19. 4  20. 683
oL 6 22. 9 28 35 24 5 25, 770 26. 2 97. 3 28 3 2.2 30 48
31 2 32 2 83. 200 34 g4 385. 6 361 37. 5 38 2 39.19 40 45
4. 9 42, 45 43. 21 44 4 45. 5 46. 253 47 5
Qoo
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Methods of pifferentiation

'EY CONCEPTS

g to the domain of a function f d
Derivative of fat x and is denoted by

|. DEFINITION : efined by ¥ = f (x), they

If x and x + h belon

_ flx+h) = f() ;044 exists, is called the
N L fur =)
oy 0 h

f’(x)or ii!- We have therefore, f'x
- i f its domain is defined as:
2. The derivative of a given function fata pointx =a of1 ;
lim flt - 116} provided the limit exists and is denoted by f’(a).

h-0
: ; . f(x)- f(a) ; o
;the : Alternatively, we can define f (a) = lx_;lz T provided the limit

exists.

3. DERIVATIVE OF fix) FROM THE FIRST PRINCIPLE /ab INITIO

METHOD :
By i llm f(x+ax)_f(x)“f’(x)=%.

If f (x) is a derivable function then, §x1510 5 = Am =

4. THEOREMS ON DERIVATIVES :

If u and v are derivable function of x, then,

(i) ﬁ-(u:tv) =£Ei-@
dx

dx
o du ;
(ii) E(K u=K 7 where K is any_constant
dv

W | du ,
(m)g;(u-v)=ugx-iva known as “Product Rule”
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Me/th"_.di‘f—gifferentiation .

2)-+(&)
vl — |—u|—
u)_ \dx dx
= 2 where v # 0 known as “Quotient Rule ”

. j!_(..
(w)dJr 7
w) Ify =f(u) and u = g(x) thengx- = a—-—-—“Chain Rule ”

5. DERIVATIVE OF STANDARDS FUNCTIONS :

(i)D(xn)=n.x"'1;xe R,neR,x>0
i) D () =¢€*
(iii) D (@) = ¢~ Ina,a>0

(iv) D(Inx) = -
(v) D (log, x) = i- log,e

(vi) D (sinx) =cosx
(vii) D (cosx)=—sinx
(viil) D (tan x)=sec’x
(ix) D (secx) =secx . tanx
(x) D (cosec x) = — cosec x . cot x
(xi) D (cot x) = — cosec? x

(xii) D (constant) = 0 where D = %

6. INVERSE FUNCTIONS AND THEIR DERIVATIVES :

(a) Theorem : If the inverse functions fand g are defined by y = f(x) and x =g(y)
and if f'(x) exists and f'(x) # O theng'(y) = ?-;t—) This result can also be written
T

as, if L exists and dy #0, theh
dx dx

idf:l/(ﬂ)orix-gf=10r£il=1/(id5-)|:£lﬁ #O]

dy dx) dx dy dx dy)|dy
(b) Results :
(i) D(sin™' %) = ) ,~l<x<1
1-x?
(i) D(cos ' x) = . ,-1<x<1
1-x?

(iii) D(tan~' %) = 1 = ,xeR
1+x
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g

Jzx>1

\ . 1
(iv) D(gec™? X)= ————
lelva? -1

-1
(v) D(cosec*x) = ,xl>1
lxlVa? -1
xeR

(vi) D(cot™ x) = —,
1+x
du

Note:In general if y =f; (")thenﬁi v (U) dx
7. LOGARITHMIC DIFFERENTIATION :

To find the derivative of :
(i) afunction which is the product or quotient ofa number of functions o

(ii) a function of the form [f (x)]8® where f and g are both derivable, it will p,
found convenient to take the logarithm of the function first ang they

differentiate. This is called Logarithmic Differentiation.
8. IMPLICIT DIFFERENTIATION :

¢ (x,y)=0 ,
(i) In order to find dy/dx, in the case of implicit functions, we differentiate each

term w.r.t. x regarding y as a functions of x and then collect terms in dyldy

together on one side to finally find dy/dx.
(i) Inanswers of dy/dx in the case of implicit functions, both x and y are present

of

9. PARAMETRIC DIFFERENTIATION :
If y = £ (6) and x = g(8) where 0 is a parameter, then éy— = dy/ de.
dx dx/de

10. DERIVATIVE OF A FUNCTION W.R.T. ANOTHER FUNCTION:

Lety=f(x);z=g(x)thenél=M=ﬁL{)__
dz dz/dx g'(x)

I1. DERIVATIVES OF ORDER TWO AND THREE :

Le‘t a functiony' = f (x) be defined on an open interval (a, b). It's derivative, iff
exists on (a, b) is a certain function £'(x) [or (dy/dx) or y ] and is called the firs

derivative of y w.r.t. x.
: .If it happens that the first derivative hag a derivative on (a, b) then this derivatl"
is called the second derivative of y w.r.t. x and is denoted by f”'(x) or (d2y/dx?) or) ’

il
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M

gimilarly, the 3 order derivative of y w.r.t. x, if it exists, is defined by

8y d
fix) gx) h(x)

12, IfF(x) = I(x) mlx) nlx)
wx) vx) wlx)

d’y
(——-— It is also denoted by f*(x) or y ™.

»wheref,g,h,l, m,n,u, v, w are differentiable functions

f'x) g K@) |fx) gx kx| [f@ glx) k)
of xthen F'(x) = l(x) m(x) nlx)|+{l’'(x) m'(x) n'(x)}+|Ux) mlx) nlx)
ux) vx) wlx)| [wx) x) wx)| px) v wix

3.1 HOSPITAL’S RULE :
If f (x) and g(x) are functions of x such that :

(i) lim f (x) = 0 =lim g(x) or lim f (x) = e = lim g(x) and
x-a x=a X—a

(ii) Both f (x) and g(x) are continuous at x =@
(iii) Both f (x) and g(x) are differentiable atx = a
(iv) Both f‘(x) and g’(x) are continuous at x = a,

_ flx) =i [ (x) = tlim ()
ll_ﬂ g(x) =z—a g'(x) =zag”(x)

and
and
Then

and so on till indeterminant form vanishes.

14. ANALYSIS AND GRAPHS OF SOME USEFUL FUNCTIONS :

2tanl x
(i) y=f(x)=sin" (lfxz)= n-2tanx

Izl 1
x>1

-(n+2tan'x) x<-1

Highlights :
(a) Domain is x € R and range is [—325, -725]

¥

]
w2
I D
: -1 0 1
D I

-n/2

v

i
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(b) fis continuous for all x but not diff. atx=1,-1
2

3 for lxl<1
1+x
(c) -t-il = | non existent for Ixl=1
-__._2___ for lxI>1
1+:c2

in(~1,1) and D in (=, —1) U (1, )

-2tan~'x ifx<0

1-x2
(ii) Consider y =f(x) = cos™ [-1—+;2—) =

Highlights :
(a) Domain is x € R and range is [0, )
(b) Continuogs for all x but not diff. atx =0

7 for x>0
1+x
(¢) —— =|non existent for x=0
dx 2
_ for x<0
1+x2
(d) Iin (0, ) and D in (- o, 0)
y
4
n
D
/2 I
-1 0 1 —» X
L
2tan‘1x
(iti) y = f(x) = tan-1 25 _|_. i lxl<1

“(n-2tanly) x5
Highlights :

(a) Domain isR - {1’

—

-1} and range is (_ n n;)

(b) fis neither continuous nop diff, at

© prwiad 1 £ Py lel 1
non existent lx]=1
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(d) IV x in its domain
(e) It is bound for all x

-

(iv)y=f(x)=sin"1 (3x - 4x3) =

e

Highlights :

~(n+3sin"1x) if —ISxS—%
3sin~!x if -lopgl
2~ "

-1 ;
n-3sin""x if -;*SxSI

(a) Domainisx € [-1, 1] and range is [-E, 35]
2 2

(b) Not derivable at |x|= %
3

& _

(cdx_

[ ]

-2
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100 : % :

(d) Continuous everywhere in its domain

3cos~lx-2n if ~1SXS-—7

- le if —151:51

(v) y = f(x) = cos~! (4x3—3x) =|2n —3cos " & 1 5 =
3008”137 if %SISI

Highlights :
(a) Domain is x € [-1, 1] and range is [0, ]

(b) Continuous everywhere in its domain but not derivable at x = %, o3
) 2
I 2 - (1 1)
(11 S Flal=t =L
© Im( > 2]andD 1n(2, ]U i 1, 2
y
[
n
D . N
/2
I
=1 i 1 ”
Lialt:
d : T 1 oe (_ % 1)
@ :11 ] -z ;
X
o el
= 3 8 )Y 5’ 1
GENERAL NOTE :
(;g:cavity in each case is decided by the sign of 2d derivative as :
o2 >0 = Concave upwards
d2
E"x% <0 = Concave downwards

D = Decreasing ; I= Increasing

‘
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ctA Answer ]
x® sinx cosx
- . ) 3
g, Letf®) = i 03 where p is a constant. Then & [f(:)] atx=0is:
p P b dx
(a) 6P° (b) p + p2
© P +p® 4 (d) independent of p
g, Iff(x)=(2x— 3m)° + FT et andg is the inverse function of f, then g’ (2n) is equal
to: i |
@) z (b) - (c) 308_+4 @ —3
3 i _ 3 30n* +4
3. Given that [ Jcos —’fn— S A
nel 2 2" sin (f—)
2n
11_?221 tan(zin x € (0, n)—{-g}
Letf(x) = n=1 9 %
— X =—
x 2
then which one of the following alternative is True?
(a) f(x) has non-removable discontinuity of finite type at x = .g
(b) f{x) has missing point discontinuity at x = —g-
(¢) f(x)is continuous at x = g
(d) f(x) has non-removable discontinuity of infinite type at x = 125
4, If f and g are the functions whose graphs are y
‘shown, let P(x) = £ (x) g (x), Q) = g"; andClx) = :
f(g(x)). The value of [P’(2) ~C’' (D] @ (D equals: ° . /
. g f
(a) 3/2 (b) 3 3
{c) -3 ' oo Y 2
' | : 1 /
o1 2 3 ¢ 5 6
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5 ; .d2 . U]hE
5. Ify = (A+Bx)ens + (m ~ 1% e then I —2m =+ my is equal to .
(a) e* (b) emx (o) ems (d) ef1-m),
6. Ify= €08 6ix +Goos 4x + 15008 2¢ + 10, then -d!—-= ...........
cos &x + 5c0s83x + 10cos x dx
(@) 2sinx+cosx (b) -2 sinx (c) cos2x

5 (d) sin 2y
d d d
7. If —é;(f(x)) = g(x) and a(g(:wc)) = f(x?), then aé—(f(xa)) can be expresseq in the

: form kxe f(x%) + px g (xc) wherea, b,c,k,p € N, then the value of (% +D+ayp
equals: - *e

(a) 26 () 27 (© 28 @ 30
dy . d: y
8. Su_pposseA-—--d—,"cof:x:2 +y2 =0 at(+/2, _JQ),.B =-d—iofsmy +8inx =sin x . gip

)

5 yat(n'n)
=% '
andC-Eof?.ery-i-efey—ex-ey;ewﬂ-at(l, 1)1then(A+B+C)haﬂthEValue
equal to : : '

(a) -1 b)e - (c) -3

d) o
3

1-x 2
x
-3—.and 8(x) = f~1(x), then the valug of

9. If the function f(x) = —4e 2 +1+x+§2—+

| g (— Z) equals :

6
1 1 6
(a) : (b) " (c) i (d) ___g
10. If f (x) = sin-1 {[3x + 2] - {3x + (x-{2xh}},x e (0, 112) and gof (x) =2 Vx e (0 _”_) then,
' ‘12
e(EJomae
[Note : {y} and ¢ : ;
respecti\(:al ;;1 [¥] denote fractmnﬁl part function and greatest integer function
V3 1.
N iy g AL @ =3

11. hgg[(x“)—x’f]ig:

(a) equal to 0 (b) equal to 1

(¢) equalto-1 -
12. Ifx), x,, x,, 1 (d) non existent

the polynomial P(x) = x» +0x + B,
..... (n - 1). The value of Qx) = (x, - %xg) (x; - %)

..... X, _; be n zero’s of
where x, # x; v i‘andj =1,2,3,
(xl = x4) ...... (xl - xn_l), iS =

@ n(n-1axp2 () "Cy x,n-2

(©) (nxn1) 4 (d) zero
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1

1-x)z
17z) I lxl<Lx=0

1 H
o lf x:ﬂ
e? '

the following is correct?
(a) p exists but g does not e:nst

Methods © 103

13, Letf(x)= JIff '(0+ =pand f ’(07) =g, then which one of

(b) g exists but p does not exist

© p=9=0 (d) (p —q)is a non zero finite quantity
14. Let f and g be twice differentiable function on R and (5) =8, g” (5) = 2 then

f(x) - f(B) - (x - B)f" ()

,_,s g(x) - g(68) —(x - H)g’(5)
(a) 0 ® 1 - ©2 @ 4

15. Let x, y € R satisfying the equation cot-! x + cot-1 y + cot-1 (xy) = % then the

] is equal to :

value of%x— atx=1is:

® {3+3£] aa (3 zj“] ks —(5+3J§] @ (2.1/‘)

2

2t
o s
16. If sin 1+ 8

—, i8 equal to :
(@) 0 ) 1 © -1 @ %
17. The value of lnon [x* +(tan x)°%*°* + (cosecx)™**]is equal to :
(a) 1 ) 2 © 2+ % @1 .,.'1
18. Letf(a) =cos Iic:ot;—1 (—1\/?—:—5%&?]] where = r <o<— 5 then the value of d(:: é‘:;), is:
(a) 6 (b) 5 (c) 3 d 1 -
Ax* +Bx*+1 .
19. The values for A, B and C respectively iflim emsts andisequal toC
' -1 (x—1)sin nmx
are : 2 : :
@-438  ®-43-2 (©3-4° @ 8,-4,-2
T n . r T

20. If a differentiable function f (x) = e* + 2 is given, then g;(f (x) atx=f(n3)is

equal to ; : 7

1 3
(@) = 4 (c) — (d 5
a)5 (b),7 ¢ 3
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|

CQ‘Q
4’y ot PL, 1) w '
21. For the curve 32+%2 = (x + y)5, the value of o at P(1, 1) is equal tq . :

1
(@) 0 (b) 1 () -1 (d) s
22. Letf:(-2,2) - R be a differentiable function such that f(0) = -1 anq () ,
g(x) =(f(2f(x) + 2)? then g’(0) is equal to : ; g
0 (c) -2 (d) 4
= % x+y)_ f@)+f(y)
23. Letf’ be derivable function V x € R such thatf "B )s g ¥ Eye 2)
f'@©=-1andf(0)=1, then: : ‘
(@) 2f-1(x)=f(x) () f-1x)=2f(x)
©) fl&x)=-f(x) d) f1x)=fx)
24. Let f(x) = log, (%if) + logg (x + vx? +1) then:
x
(a) the graph of y = f (x) is symmetrical about y-axis.
b) f(0)=1 -
(¢) f0)=0

@ f"0)=0

25.f f(x) gx) and h(x) are three polynomials of degree 9

ang
f(x)  glx) hx)
Alx) =

ffx) g'(x) h'(x
f"x) g"(x) h"(z)
the differentiation).
(a) 2 (b) 3 () 0
- Let function g (x) be differentiable and & () is continuo

g'(® = 14, then lim £2+8in%) - g(2+ xcosx)
x=0 ‘

\. then A(x) is a polynomial of degree (dashes denote

(d) atmost 3
us in (- o, ) with

. is equal to :
_ X—-8Inx
@7 (b) 14 (c) 28 d) 56
x2 -1 (x8 +Dsin(x+1D)  (x+1(e* -7
.1
27. fT(x)=|2* - = 0 (x+D% Va2 4241 then T'(-1) is equal to:
0 x8 -1 0
(a) 0 © (b) -1 © % In 2 (d) does not exist

28. Let £: [0, 7) - [1, =) and g : [6, =) — [3,
¥ —2 = 0are the tangents to the graph of
x =7 and h(x) = g*[x + f(x)] then h'(5) i
(a) 0 (b) 24

=) be two functions. If 3¢ — y = 17and

the functions f(x) and g(x)atx=>5andet
8 equal to :

(c) 32 (D) 26@g®

-
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ycurv—;;epresented parametrically by the equations x =f(¢) and y = g(¢) then
Ifa
B (d2 } / (j x]ls equal to (where f(£) # 0, g'(¢) # 0)
@\ ; 13
AL, © -|& ‘7T i _ﬂ[%(_t_)]
(a) 1 '@ I V0] '@
Letf @ =(logy x)°+ x® ¥ x > 0, then the derivative of f-1(x) with respect tox at x =
30.
aa 2
27 = i
Ok ‘ (b) (e) 27 (d) 27

[Note : You can assume denvatlve of log, x is ~ ]

g1, If [f ()] = 322 — 2 and f“(x) + o ]5 =0, then the value of ‘n’ is :

@ 1 ) = (c) 8 (@ 4
59, Letf(@) = = ax’ + bx2 + cx + 5. If | f(x)|<]e* — &* | for all x > 0 and if the maximum

value of 112a + 4b + clis [, then [/] is equal to :
[Note : [y] denotes greatest integer less than or equal to y.]

(a) 4 (b) 5 (c) 6 d) 7
g8, If h (x) is inverse of g (x) and g'(x) = +1 5 then h”(x) is equal to :
) X
~3[h)F ’ ) 3T
o [1+{R}°1° [+ {3
)‘—3[h(x)]2 (d) 3R2@[1+A3(2)]

? D+ hP]
34. Let A, B, P be the points the curve y = In x with their x coordinates as 1, 2 and ¢

pectlvelyymcos £ZBAPis:
/ 29 1 d
(a) v1+In®2 (b) In 2 (c) _“H—1+1n22 (d) 1+1n2

35. Let f: R - R be defined as f (x) = 23 + 2x2 + 4x +sin(%) and g be the inverse

function of £, then g’(8) equals :

1 1
= s d) 11
(a)9 (b) 9 (© = (d) .
36.If f(x), g(x), h(x) are three polynomial functions of degree two and
flx) glx) A=) .
¢ =|f"(x) g’(x) A’(x)|, then the value oflim q:(x? fit—n is equal to :
» 2 sin(x-2)
f () g”(x) h"(x)
(@) 0 M) 1 (e 2 d 4

l';. ; , - ‘
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37. Letf:R— R defined by f(x) =3+ 3z +1 and g is the inverse of f thep, the vﬂluew
8”(5) is equal to : i 1 & :
= - — no
(a) _é]: ) = (c) 216 ne of these
Paragraph for Question Nos.1t0 3 |
Let f: R - R be a differentiable function such that £ (1) = 1, f s |
f(-4)=—4,f(0)=0andf(x+y)=f(x) +f () + 3y (x+3) +bxy + ¢ (x + ) +4vx: |
¥ € R, where a, b, ¢ are constants. ' ‘
1. The value of (b +c) is equal to :
(a) 8 (b) 9 (c) 10 d) 11
2. Number of solutions of the equation f (x) = 23 + 4e* is equal to :
(a) 0 (b 1 (c) 2 d 3
3. ff(x)>mx2+(5m + 1)x + 4m ¥V x>0, then the maximum value of m is equal to-
(a) 1 (b) -1 (c) O d) 2

Consider a function y = f (x). Let the functional rule for y = f (x) is same as

the functional rule for the height (dependent variable) of a triangle ABC

- from the vertex A to the base BC (where

angle A is independent variable),
The triangle ABC is inscribed in a circle of radius 6 and the area of the

|
|
Paragraph for*Question Nos.4to 6 i
\
|

triangle ABC is 12.
4. The least value of f (x) is equal to ;
(a) 3 (b) 2 (c) 4 (d 6
6. If g (x) = f(sin-1 x) then g'(%) is equal to :
-25 -25 25 25
= hy —= =0 i
(a) ; (b) 3 (c) 3 (d) 3
1 2h(x) (%"‘) :
6. If A(x) = sec! [— f (x)] then lim & —2 ki Ll equal to :
2 x_’( x )‘ h(x)cos x
2
1 3
= (b) 2 .
(a) B () 5 (@ 0

e
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MethodS of Diffe
Paragraph for Question Nos.7to 9
wo real-valued differentiable functions on R (the set of

considel' f andgbet
all real numbers).
Letf@) =2t +8 @5 +8'®) and g =f(-2) 32 +3 f 0 +f'() -2
| 7. f(1)is equal to :
(a) 0 (b) 5 (c) 13 @ 1

fx), x20 g9
8. Let h(x) = { 20, 1< o then h(x) is :

(a) discontinuous atx=0 (b) continuous but non-derivable atx= 0
nuous and derivable at x =0 (d) discontinuous but derivable atx =0

(c) conti
)< 4, where a, B € [-3, 3] then the number of non-positive ordered pairs

g, Iff (@ g
(o, B) i8 equal to :

(a) 0 (b) 1 (©) 2 (d) more than two
: ' Paragraph for Question Nos. 10 and 11 ‘
A differentiable function satisfy the relation In(f(x + ) = In (f(x)-In(f())
vx,ye RO 2L 0 =e and g be the inverse of f.
10. The value of g’(e) is equal to : .
-2 - .

(a) =z (b) > (c) —2e? (d) =
11. The number of solution(s) of the equation In[ln f(x)]= g2 [f(x)]-3glf(x)]-5

is(are) :

(a) 0 () 1

Paragraph for Question Nos. 12 to 14
f,: R - R be twice differentiable function, and f (x) 20, (%) 20,

(c) 2 (d) infinite

Let-f;g!fp
glx)>0vVxe R.

Also lim £, (x) = 5, lim fo() = 12, lim () = o lim g(x) = =

x-peo
[’ (x) f(=)

d—- —= v 0.
an e +f1(x)g(x) Lpx)Vx>
(Also f'(x) and g’ (x) are continuous).

12, lim £ % :
2 11_1’11 ) equals :

(a) 0 (b) 2 © 1 | (d)%
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alf:lllu
3
f(x) \

13. lim 2= equals :

x—ve g(x) 1
@ 1 (b) 0 © 3 .2
Ml MDD 0> 0):
==L gD+ g (@
(a) ® 0 () 2 @1

EXERCISE -3

More .‘i;han One Correct Answers

-

1. Let f(x) = cos~1(2x2— 1) then :
(a) f(x)is continuous in [-1, 1]
(b) f(x) is derivable in (-1, 1)
(c) range of f(x)is (0, )
(d) derivative of f (x) w.r.t. sin-1x at x = % is2"

2. If the independent variable x is changed to ¥ then the differentia] e

Quatiop
3 2 2
x%i—%’- +(3—i-) --‘;—i =0is changedtox—g;‘;q-(%} = k where £ is equal to -
(a) 1im[2“‘“"] () lim [—2—"_] (© lim ["’a‘”‘] @ 1
-0 x 0| tan x -0 X

[Note : [y] denotes greatest integer function less than or equal to y.]

3. Let f: R — R be a differentiable function satisfying f(—’f-;l) = ﬂf)—;f_(l’ v
X, ¥y € RIff(0) =1 and f*(0) = — 1, then which of the following is (are) correct?
(a) f(lx])is discontinuous at one point

(b) Number of solution of the equation f(x) = f~? (x) is exactly one
10
(€) Y (f(r)? =286

r=0
(d) tan-!(f(x)) is derivable Vx e R
4. Let a and ¢ be real numbers such that ¢ > 0 and f(x) is defined on [- 1, 1] as
x® sin(x™%), ifx =0
Ny = [0, ifx=0 .,

Which of the following statement(s) is/are correct ?

el
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Methods of O
‘ (x) i continuous if and only ifa > 0

(0) exists if and only ifa > 1

/(%) i8 continuous if and only ifa > 1 + ¢

#(0) exists ifandonlyifa >2 +¢

C
@ (— o, o) be defined
ELBtfi(O’w)?—e- ’ edasf(x)=e*+lnxandg=f-1, then:
3 (b) glf(e)= e"].

(8) g'e= a+e’ (1+e)3

ger=¢ +1 (d) g'e) = .e..}__i

(©

. h of the following statements is/are correct?

: 2) Iff(x) -2 + 10 sin x, then there exists a real number ¢ such that f(c) = 1000

(
o) 42 sxl=2c+1] VaeR
dx
=)
' d?x \d«*) d
o = , wh =f-1 o ay
© Ify=f(x)andx g(y), where g = f-1, then & (dy)a '3 #0
dx
@ Letf: (0, 5)— R — Q be a continuous function such thatf(2) ==, thenf(n)=n
[Note: Q denotes the set of rational numbers.]

i 2 B
A Iff(e)=tan[sm 3 +cosm}then-
y(
(a) f'(§)=~/§ (b) f(z)=-/§
d(f(6) Sl d d(f(e)) t0="Tis—2
© e at® = is V2 (d) Toaat) at = Jis

8. Letf'bea differentiable function satisfying flx+y)=fx)+f @)+ (e~ 1)(@-1)V
z,y€ Randf'(0) = 9. Identify the correct statement(s) :

lim fif) _ 4
20 f(x)-—x

(a)

1

—

(b) liné (f(x) +cos x) ¢ 1 = e’

(¢) Number of solutions of the equation f (x) = 0is 2.
(d) Range of the function y =f (x) is (=, o).

9. Iff () = | g.d["z 2'1J and f(2) = .21- and g,() = fIffC....f@)-.. 1] L.e. &) =f (),
b

v

r-times

&,(x) = f[f (x)] and so on then jdentify the correct statement(s).

L
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a 9

\l%

d

(a) -c-l;(g(a,,_ﬁ (x)) = 1 whenever exists,n € N
d

(b) d—x(g:;,,(x)) = 1whenever exists,n € N

100
283 (x) +x-101
(C) lim e = 5050

x-1 x-1

(d) Slope of the tangent to the graph of the function y = ggo(x) at x = % isq,

Match the Columns Type

1. Column I contains the function and Column II contains their derivativesg 44 xsq

Column I \ Column
af 2«
(a) f(x) = cos 1[1”2) @ 2
(b) glx) = cos!(2x2 - 1\) (@ 3
2

(© hlx)=sin~| 1% ™ -2

1+x° )

3

(d) k(x) =tan _1[3:\: ~ x2 j] (8) non-existent

1-3x :

2. Three functions, f;, f, and f; are given as fy(x) = sin™ (i;x2 J ’
X

X
folx)=x --coss;‘l(1 o > ) and f5(x) = 4 {tanz x} —{x}.
+x

[Note : (¢} denotes fractional part function of &.]

Column I ! Column II
(a) The differential coefficient of f,(x) with respect to f,(x) (p) -1
atx=tanl,is
dlf3(x)] ; '
(b) al to
difyn|_, o (@ 2
d
© ——([ (- Ax)d) Lm is equal to (r) 1+sec?

(d) The slope of the normal to the curve. y=fix)atx=+3is (s) tanl

|
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@
|

|, Leb f(x) be a differentiable function i [
C PR+ D -+ D)

1, =) and f(0) = 1 such that

o EEE T =1L F . In(f(x))-In2
M) fe+ D) e el S

tion (@ ~ Dx2 =x (26 + 3) 1, _
Let the equa e satisfied by three dict:
4 wherea, b€ R.Iff(x)=(a—-1)x3 +(2p + 3) x2 Y three distinct values of x,

i +2x+1,and x)]=6x -
glx)isa linear function then find the value of 8'(2012), e 4

3 Lety = f (x) be an infinitely differentiab]e function on R such that £(0) # 0 and

d"3 40tz =0forn=1,2 3, 4. Iflim F42) + of32) + bf(@0) + cf () 4 d(0)
e x—=0 < exists,

then find the value of (25a + 50b + 100c + 500d).

4. Let f ) = 2 tan™' x and g(x) be a differentiable function satisfying g (x *23’) =
+2g(y)
5_@——5—-—— Vzx,y€ R and g(0) = 1, g(0) = 2. Find the number of integers
satisfying 2 (g(x)) -5f(g(x)) + 4 > 0 where x € (- 10, 10).
2 2
5. If2c=(y"% + yV3), then find the value ofu JE ik iil
y dxz? y dx
6. Let f(x) and g (x) be twice differentiable functions satisfying f (x) = xg (x) and g’(x)
=f(), whereg(x) # 0 Vx € R.Iff'(x) =g (x) -  (x), then find the number of roots of
the equation A (x) = e=.
_of
7. Let f be a function defined implicitly by the equation L= e
l+e
inverse of f. If g“(In 3) — g’(In 3) = 5 where p and g relative prime numbers then

= x and g be the

find the value of (p + g).

. Ifa differentiable function ¥’ satisfies the relation f(x + V-flx-y)=dxy-10y V
%,y € R and f (1) = 2, then find the number of points of non-derivability of
1 :
g(x)=llf( [x!)l—zl.

9. Ify = 5 [cos (In x) + sin (In x)], then find the value of (a + b) in the relation x2y, +
axy, + by = 0.

F
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10. Iff(x) =Iln(1+ x2) + tan-! x, x> 0 and g(x) = f"l (x) then ﬁnd the "alu [
ew ]

27g” [ln %4 ] | where g”(x) denotes second derivative of g(x).

11. For the curve sin x + sin y = 1 lying on the first quadrant, iflim x“_f_{ exig
0 dx2 ts ang

2
has the non-zero value equal to L, find the value of (%] _
12. Let g(x) = f —~_| where f (x) is a differentiable positive function on (g, .,
f (x) ? ) Such
that f (1) = £'(1). Determine g’(1).
13. If a differentiable function f (x) satisfies a functional rule f(x) + f (x + 2) + fle
0V x € R and f(12) = 4 then find the value of
tim £ G +12) — fFO) - flx +6)f(18) + £*(18)
=g x(% ~tan"}(1- x)]

+4);

14. Let f (x) = tan [sin {cos ' (sin(cos ™" x))} + cos {sin *(cos(sin x))}] x € (0, 1) apg
)

d(g(x)) 6
15. Two continuous and differentiable functions f (x) and g(x) are relateq g

gx)=tanx,x E(O, —’25), then find the value of

gx)-4
f(;d:{ x-9 ° x*2.Ifequationoftangenttothecurvey=f(x)atx=2bey=,
k, x=2

+ 3, then find the value of £ (2) + £ (2) + g(2) +g'(2) + g7(2).

16. Letg(x) is the only invertible function from R — R which satisfy the equation g3(x)
- (23 + 2) g%(x) + (2x3 + 1) g(x) — x3 = 0. Find the value of g'(8) - (g -1Y(8).

|
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ANSWERS

one Correct Answer

g, ® 8 © 4 b B (a) 6. 7 (o 8 (© 9. (
d) . (a) 10, (d)
1 ( 2. @ 13 (¢ 14. (d) 15. (d) 16. (a) 17, ® 18 () 19 (&) 20. (a)

1. © 23. () 24. (@) 25. (c) 28

22, (a) -+ (© 27 () 28. ) 29. (&) 30
g1. g: g2. @ 38 (@ 34 (© 35 (© 36 (a) 37, ) =
gl.

2. (b) s- (b) 4. (b)
12. @ 138. (d 14. (c)

5. b 6@ 7@ 8@ 9 B 10 (@

SE 3: More Than One Correct Answers

o,
—
™ -
= .
3 ]
™
—
.

. (b,c,d) 3. (c,d) 4. (a,b,c,d) 5. (a,d)

,€)
L (@ 7. (a,b,d) 8. (a,b,d) 9 Ob.d

6. (a, d)

EXERCISE 4 : Match the Columns Type
L @@, ® (), (¢) (8), (d) (q)

g, () (), (p), (c) (8), (d) (@)

|

EXERCISE 5 : Integer Answer Type

|

10 1 2' ‘3 3- 300 4. 8 5-' 9
e' 1 7. 25 8- 9 9- 17 10. 4
l 1. 18 12. 0 13. 32 14. 6 16. 17
16,16 |
aao

o
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Indefinite Integrati,
|KEY CONCEPTS |

|. DEFINITION:

If f and g are functions of x such that g'(x) = f (x) then the function g is calleq
Primitive or Antiderivative or Integral of fx) wrt. x and is Writte,

symbolically as J' fx)dx=gx) +c e ‘—i— {g(x) + c} = f(x), where c is calleg the
Constant of integration.
2. STANDARD RESULTS :

n+l
) j(ax+b)"dx=—(““b) +e n#-1

a(n+1)

a

(iii) _[e"“bdx--—l—e“x*b-i-c
a

(iV) Jap:t-}q dx=lapr+q
p Ina

(v) [ sin(az+b)dx=—"cos (ax+b)+c
a

@>0)+c

(vi) Icos(ax+b)dx=lsin(ax+b)+c
a
(vii) [tan(azx +8) dx=2 Insec(ax+b)+c
a
(viii) Icot(ax+b)dx=-]lln sin (ax + b)+ ¢
a

(ix) fsecz (ax+b)dx=—]—'tan(ax+b)+c
a

—d
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e nifel
lndef’ Jcosecz (ax +b) dx = —-Cl: cot (ax + b)+ ¢

(x) 1
: b)dx ==
i j’sec(a""'b)'tan (ax + b) asec(ax+b)+c

: (gii)Jcosec
n, X
y xdx:ln(secx+tanx)+c Or In tan (Z+§)+c

(ax + D). cc;t (ax+b)dx=—i—cosec (ax +b)+c

(xiii) _[
dx = 1n (cosec x - cot x) + ¢ Or In tan§+ ¢ Or - In (cosec x + cot x)

(ﬂv)Jcosecx
il Jsinhx dx=coshx +c¢
oy J’coshxdx =sinhx +c¢
i) [ cosech?zdx=—cothx +¢
(xix)jsechx.tanhxdx=-sechx+c
(xx) jcosechx.cothxdx=—cosechx+c
dx =m‘1£+c
o [ T e
dx 1 1 X
o [ ——=—tan "—+c¢C
(ml)ja2+x2 a a
dx 1 -1 X
ii) =Z-secT —+¢
(xill J.x x2_a2 a a
i 4t _in[x++vx +a® Or sinh* Z4¢
(xxlv)f > -
2 +a
9 _in[x++x2 —a?]Orcosh Z+c
L a
t“-a
[ dr _ 1. a+x
) [ = poln e
" dx 1, x-a
( = —1 +c
mﬂsz-a2 20nx+a

"
(rxviii) f\/az -x%dx = %Vcﬁ I +%sin'1§+c
A 2
(Dﬁx)“f +a2dx=gw/x2 +a? +22—sinh"1§-+c

2

(!XX)HJ:Q -a?dx = .;_Jx2 ~g* —%—cosh'lg-+c

A
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___f_,._ (a sin bx - b cos bx) + ¢

(xxxi) je"‘ smbxdx--“:z YY)

- __‘ff__. os bx + b sin bx) + ¢
(xxxii) je“‘.cosbxdx e (ac
3. TECHNIQUES OF INTEGRATION :
(i) Substitution or change of independent variable. Integral I = _[f(

changed to jf(¢(t)) f'(t) dt,bya suitable substitution x = ¢ (¢) pmw&d h
later integral is easier to integrate .

(ii) Integration by Part: Iu vdx = uIv dx - J'[ Iu dx]dxwhere uang,,
ki
differentiable function. . |
Note : While using integration by parts, choose u and v such that
(a) Iv dx is simple, and

(b) j{ Jv dx] dx is simple to integrate.

This is generally obtained, by keeping the order of u and v as per the orda._
the letters in ILATE, where; I - Inverse function, L - Logarithmic functiy

A - Algebraic function, T' — Trigonometric function and E - EXponen&
function

(iii) Partial fraction, splitting a bigger fraction into smaller fraction by know»ﬁ
methods.

4. INTEGRALS OF THE TYPE :

(i) Ilf(x)]” f(x) dx Or I [ ; (' (3;)" dx put f (x) = ¢ and proceed. ]

vax® + bx +c dx.
ax® +bx+c Iw]ax +bx+c '[ e

Express ax? + bx +c in the form of perfect square and then apply the standard

(ii) j

o

results .
(iii) px+q I o Bk
ax® +bx+e vax® +br+c

Express px + q = A (differential co-efficient of denominator) + B.
(iv) [e* [F(@) + (D dxme.fx) 4o

) [ +2f @ dx =x f @)+ e

et
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ration

' take x* common and put 1 +x7" =¢.
/dx,,—nEN P

(V’l) J x(xn + 1)

dx n € N, take x" common and put 1 + £ =,
vl ’//;T
P L
.. take x" common as x and put 1 +x " =1¢.
(viid) fx'n a+x") "
- dx___or Or dx
‘i"jﬁm Ia+bcoszx jasm x + bsinxcosx +ccos” x
Multiply Nr and Dr by sec?x and put tanx =¢.
dx dx Or dx
(%) j;‘mor a+bcosx ja+bsinx+ccosx

Hint : . Convert sines and cosines into their respective tangents of half the

x
ttan—=1
glesr pu 9

acosx+bEINTEC 4 Express Nr=A (Dr)+B — 2 (Dr) + ¢ and proceed.
(xi)flcosx+msmx+n dx

o 2 +1 dx Or ————Hl—-—dxwhereK is any constant.
(m)jm J «+ Kx? +1 y

Hint : DiVide Nr and Dr by x2 and proceed.

dx
- put px + g =2
| ("m)j +b),/px+ e I(ax +bx+c),/px+ Y
' (xiv) ,putax+b-—
" & j(ax+b)\/;x +qx+T £
dx
, put x =

J(w2+bx+c)J;x2+qx+r ¢

(xv)j ’ig%%dxorj,/(x—a)(ﬁ-x) . put x = o cos2 0 + f sin® 6
"x_'g.deer(x—a) (x - P); put x = o sec? 6 — p tan®6
x_

utx a=f2orx-p=12

Im_
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GRB Problgme i :‘

; aichl
EXERCISE - 1 4

f@) flx) 0 where f (x) is continuously different;
= b
1. Suppose @ @ f able flmction Y
f’(x) # 0 and satisfies £ (0) = 1 and £’(0) = 2 then f (x) is : b
(8) 242v+1  (b) 2ex—1 ()€ @ e _g
2

3.

. Let f(x) be a cubic polynomial with leading coefficient unity such that (0)

all the roots of f"(x) = 0 are also roots of f(x) = 0. If j fX)dx=g(x) + C, Wher; laid
i and C is constant of integration, then g(3) - g(1) is equal to - 80,
(a) 27 (b) 48 (c) 60 (d) 81 -

Ie“‘“ ® (sec© - sin 0) dO equals :

(a) —etnO5in g+ ¢ (b) etan0sin § 4 ¢

(c) etanOgec @ 4+ ¢ (d) et*n®cos 0 + ¢ »
Ifj-cosx—sinx+1—x g

e* +sinx +x
integration and £ (x) is positive, then f (x) + g (x) has the value e
(@) e*+sinx+2x (b) e*+sinx (c) e*—sinx

2
ax” +2bx +¢ i : '
IfI = J' D dx (where B2 # AC) is a rational function then whigh ,,

dx = In [f(x)] + g(x) + C where C is the Constay, [
d

qual to
(d) ex 4 Sinx+x

of the following condition must be necessary?

(a) 2Bb = Ac +aC (b) Aa +Bb =Cc
(©) Bb=aC +cA @A, C_2B
¢ a b
6. jsinx - COS X . €OS 2x . coS 4x . cos 8x . cos 16 x dx equals :
in 16x cos 32x c0s 32x 32
(o) 22 (b) - & Tt
1024 ¢ ) "Toas ¢ © fons 0. WNSooW
(2t +1)
7.
j(xz + 4% + )32
(a) 27 +C (b) o
(x* +4x + )12 ) (x% + 4x + 112 v
(©) x! c .
c y +
(e + 4z + P2 bt v o
e S e
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ql ]ﬂteg s

. (101x)-sin x]dx equals :

f (810
: 8. . 100
J w{ﬂ_ i (b) 05 (100x) (sin )

(3) 100 - 100
; w.sf)_ £C (@) Sin(100x)(sin x)!"*
(c 100 101
1
] cosC

+C

+C

, tanZ — cot &

(a) a:-—cosasb=51na3f‘(x)=x+1,g(x)=1n 2
tanf-i-cotg.
2 2

(b) o = Sinc b =cos? a, f (x) = sin x, g(x) = tan-1 (tan 32‘- + tan g)

X o
tan > +cot—
(C) a= Sinza, b = ~CO0S Q., f(x) =Cos x, g(x) = tan—l 2
X o
tan — —cot=
2 2
tan > + cotg-
(d) a=1,b=cosecq, fx)=x,g(x)=In - z
tan 3 - cot~2—

10. Letfbe a polynomial function such that for all real x, f(x? + 1) =x* + 522 + 3 then

the primitive of f (x) w.r.t. x, is :
3 3x?

3 2

(a) %+§;———x+0 : (b) x———~—§—+x+C
3 3x? x3  3x®

(c) 3‘3——-2——x+0 @ T +Z+x+C

IIJ [(sec V1+x? )2 +cos 1( 2J}dx(x>0)
1+x 1+x

tan"1x 132
e (tan"" x)
(@) e % tanlx+C (b) = +C

n"l:r - 2 .
(©) e % [sec I(V1+22) +C (d) e *.[cosec (W1+x*)F +C

12, | (c* ~Ddx _1In |f@)| +C then f(x)is :
. 22 +1

(* +3x% +Dtan™? (

1
(@) In (x + -31;) (b) tan-! (x + ;) (c) cot (x + x) (d) In [tan x+ .
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13. I”.-.=f°°tn xdx,thenly+1; +2Uy+ I3 +...... +1g) + Iy + 1 g equalsty .-
(where u =cot x) §
2 9 u u
u u b) —-ju+—+.. .+
(a)u~1-2+....+9 ( 2 9
2 9 u 2 99
& ¥ - d) St g et
(c) [u+2!+....+9!J ( 3 10

; 1
14. Letf:[o, E]-—)Rbecontinuous and satisfy f (x) =—— for allx e [0 7:)
9 1+cosx '3

Iff(0) = 3 then f (2] has the value equal to :
13

— ' 4
(a) 7 (b) 2 (c) (d) none Ofth&&e
(2x +3) dx 1 .
15. If = C — —— where f(x) is of the form fax2
-[x(x+1)(x+2)(x+3)+1 f(x) f Olax +¢’n:+cthQ
(@ + b +c) equals :
(a) 4 (®) 5 (c) 6 (d) none of these
1 x¥ -
16. Letj 2008 Py =—};1n (1+er+C, wherep,q,re Nandneednotbedlstmct,tha
the value of (p + ¢ + ) equals :
(a) 6024 (b) 6022 (c) 6021 (d) 6020
17. The value ofmtegral_[ [Ztanx +cot? (x+ )]dxlsequalto
l+tanx
(a) e’tan(z—x)+0 (b) e‘tan(x—z)+C
© e‘tan(%—x)+c @ eftan(x-—gf)+c

where C is constant of integration.
18. Ietf(x)=tanx+2tan2:r+4tan4x+8cot8x, then primitive of f (x) with respect

toxis:
(a) 81n(sin 8x)+C (b) In (sin 8x) + C
(c) In(sinx)+C (d) In(secx)+C

where C is constant of integration.

19. Let f: R — [0, <) be a differentiable function so that f’(x) is continuous functi
o J-[f(x) f (X)) e*

5— dxis equal to :
[e + f(x)}
1
) -----—.+C ) C
- 1+e™f(x) - [e"+f(x)]+

‘
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indeﬁmta ] 121
fxe_,c e f(x)
© &+ f@ c+fw '
where C is constant of integration. -
d’v dx = uflﬁ sy i
0. H[ugz ™" 2 T thenw is equal to :
d*u d%v du\? .
opfe ohfte e @pofe
- 2+sinx \dy _ 5
gl Ify = y(x) an ———~y 1 Jde cos x, ¥(0) = 0, then y (-ét_] equals :
1 _1 3
Tm m
9g. For any natural number m, [(x"™ +2*™ +x™) (2" +7x™ +14)U™ dx (where
¢>0, equals i
Tm 2m MY - " m+l
QU RB IR aq gy B0 elhe ") R gg
Ln-ﬂ m+l
@™ +72*" +14x™) ™ Tx™ $262M L xm) m
+C x")
(c) 14(m+1) @ 14(m +1) +C
where C is constant of integration.
. dy ox+3 - '
98, If the solution of Exz = 2y 15 represents a circle passing thrcugh P (1, 1) then
radius of circle is equal to :
V25 V35 V45 V50
_— (b) — K e
(a) 9 2 (c) > (d) 5
sinx
24, dx equals :
I cos? x - Jcos 2x g
(a)C—\fl—-tanzx (b) C-+1+tan®x
(c) C-1+cos®x (d) C-+1+sin’x

where C denotes constant of integration.
95. Let fbe a polynomial function such that for all real x, f (x2 + 1) = x* + 5x2 + 2, then

jf(x)dxis:
3 2 3 2
(a) 43 _gscC (b) LT Y
3 2 3 2
x%  3x% x® 347
D e = d) =—-=—+2%+C
(c) - 2c+C (d) 7 2

where C is constant of integration.
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122 % 1

dX___ _ F(x) + C, then the value of F (e) - F (1) equals:

26. If
'[ x4 -In%x
m b L
(a) "g 6
T
© 23_" @ 5
27. j sin51x(sin x)*° dx equals : =
@ sin 50x (sin 2)*° .C ) cos50x;;mx) . C
50 . . 51
© cos 50x(cos x)>° +C @ sm50x5(:mx) +C
50
28, J‘ P(x)-e*dx = Q(x)e** +C, where P(x) is polynomial of degree n and Q(x) is
polynomial of degree 7. Then the value of n + 7 + & + ll_rﬂ -g(—xx)) is :
(a) 18 (b) 19 _

(c) 20 ' (d) 22 |
29. Let f(x) be a cubic polynomial with leading coefficient unity such that £(0) = 1 5, d§
all the roots of f "(x) = 0 are also roots of f (x) = 0. If j f(x)dx=g (x) + C, wh eref.i'

g(0) = % and C is constant of integration; then g (3) — g (1) is equal to : ,‘
(a) 27  (b) 48 '
(c) 60 (d) 81 g
dx x2009 E‘:
30. If I —7 20T =f(x) + C; and _[ I:J—Cmdx = g(x) + C, (where C, and C, ‘:
constants of integration). Let h(x) = f (x) + g(x). If 2(1) = 0 then A(e) is equal to -
@ 0 M) 1 © e d) 2
lo (1.99._
B10| .1 e

—10g102

31. LetA=2 ] then Iln 10-log,, (%)dx is equal to :

(@) (x-100)In(100-x)-xInx +C
(b) (x~100) In(100-x)+x—xlnx+C
(c) (100—x)ln(100-—x)-—xlnx+C |
(d) (100-x)1n(100-x)+xlnx+C

LJ
"“-‘!,-'z-*-::vsﬁ-‘:mg.‘s_-x".ugm-.«--
Jeaca b 2 it Pl

B T L T

Sovcmm
SRR
g3l viad
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5

¢ is indefinite integration constant.
ere ' '

The value of f (1) is equal to :
1. (b) 2 T =

@1
) j }_;ﬁfﬂsfi’f d(sin x) = g(x) + K, where g(x) contains no constant term.
9. Let ey f(sinx)
Then lim g(t) is equal to (where K is indefinite integration constant.)
T
==

2
@l (b) In2 (© In3 (d) In 4

Adis et il dx = h(x) + A, where A(1) = —1. The value of tan-! [~ (2)]+
3. Letj sinx +C0S X
tan-! [R(3)1iS equal to (where A is indefinite integration constant.)

T L 3n 3n
1 b i )y LB
(a) 1 (b) (_c) 4 &) 4
Paragraph for Question Nos. 4 and 5 .
33 J
Consider ¢ (a, b, t)=at-5a2+ b2 +5t2-4bt -2t + 7E wherg a, b, t € R. Gwen

that f (#) and g(b) are the minimum values of ¢ (a, b, ). ‘

dre . .
4.Jﬁ515- 1 x—1
(a) tan N (x-1D+C (b) ét,an'1 (——2_)+C
1

(© ln[x-1+Vx? -2¢+2)+C (d) 5m

[Note: Where C is the constant of integration]
e*gl(x) dx=e* (Ax%+ Bx + C) + D, where D is constant of integration, then (A +

_E.-___]_L +C
x+1

5. Ifj

B+C)isequal to: o . i
(a) 2 (b) = (c) 5 (d) &

sl
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Paragraph for Question Nos. 6 to 8 \

Let a differentiable function f ! gatisfies the functional rule

fa)=f&+f@) +xy-x-Y vax,y>0andf'(1) =4.

6. If f (x,) = 0, then x, lies in the interval :
(a) (0,1) (b) (1,e) (c) (e, e?) @) (e2, e3)

7. J'-ﬂx—)dxis equal to:
-

(@ 3(nx)2+x+c (b) 1.‘3;’1n:t:+.vt:-+-c
(c) %lnx+x+c (d) E(Inx)2+x+c

8. Ifj’ef(x)dx=ex(ax3+bx2+cx+d)+l, then the value of (a + b +c+d)isequaly,,

(a) -1 (b) -2 (c) 3 (d) 6

EXERCISE - 3

I More Than One Correct Answers |

1. equals
'[ 4+:1c +1 4

2,  _f2x?+1
—tan C
(a) 3 [ A )+

) 232

1
sl G
2¢2 +1)

1 '
—ta
(c) n ( " }

(b)

+C
V3

1 a1(2¢-1) a(2x+1
(d) E[tan (-T)+tan ( J§ )]-]-C

where C is an arbitrary constant.
2. If J- 3dcot3x —cotx

tanx -3 tan3x
then :
1 \/3—-tanx
@) p=Lg=—;flx)=xgx)=ln| ——
1 \/ —tanx
(b) = 1 =--___;
p=Lgqg 5 fx)=x; g(x)=1n | Y e

I

e S w——
IR T AN SR S LA

R AN ae o
SEe S R MR P

- e
Pl

dx = pf (x) + gg(x) + ¢ where ‘c ’ is a constant of integratior
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m—z—-;f(x)w; gwein|Brtang)
(C) p i "[3— ’\/§ - tanx
’L,q.,._-l—; f@) = x; g(x) <1 | Y3 + tanx
(d) p- ‘\Ig ‘\/§ - tanyx

: J W dx equals :

-1 fginx + “

gt Ginx +¢ | (b) v2cos™! \oosz +c
(8 _gsin-1(1-2sinx) (d) cos

(c) sin” x +8inx

4 Guppose J = -[ 1+sinx +cosx
qstant of integration then which of the
0
i J=-(x—sinx+ cos x) + C
2

1(1-2sing) 4+,

2
dxand K = [_98° x +cos x
=| -2 ¥+cosx ; ,
'[1+Sinx+cosxdx' If Cis an arbitrary

following is/are correct?

(b) J=K—(sinx+cosx)+C

(a)

c)J=x_K+C (d)K=%(x-sinx+cosx)+C

EXERCISE -4

(

"atch the Columns Type

x =X

e - € .
1. Let I=J e dxanddJ = j = dx. Then for any arbitrary constagt C, match

the following

Column I Column IT

@1 ® —J%tan‘l ("jﬁ;l)w

) J+1 @) 2\1@1:1 (ZZ;%:B c

© J-1 (r) —2\1/—5 —tan'1 (ef/:_ze_xl) = %ln [2:: ; ://_;: i ﬂ] i
) _%1—@ Pt [ef/;;lJ 3 %m (Zz - gi : ﬂ] +C
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126 GRB Problems j in Cai

EXERCISE - 5 \

mpo s e ey

e T

Integer Answer Type

1. Let = (x2y) x~1wherex#0andy=0whenx=1.Find the smallest Natura) thy ;

d ’!}‘

hich — is positive. 7
whic o is p ‘

2. Suppose J‘ .1_"77_% dx = g(.:) + C, where C is an arbitrary constap; , f

sin’ xcos” x sin’ x §

integration. Then find the value of g(0) + g” (—Z}

3 It J-(sinx+sin3x+sin5r+sin7x+sin9x +sin 11x + sin 13x + sin 15¢ E

) €08 X + €08 3x + cos 5x + o8 7x + cos 9x + cos 11x + cos 13x + cos 15x) ®Qualg |-

M where m, n € N, find (m + n). L

n .
1+x%)dx Z'.
4, Letj(—x——— =f(x)+C,; where f(0)=0and _[ f(x) dx=g (x) + C, with g(0) = =0, i
(1-x*)2

) § n : -':

If g| =|==.Find k.

£ (J??) ; .
5. Let f'(x2) = —forx>0 f(1)=1and g(sin?x~1)=cos?x+p Vxe R ,8(=1) =, ;j
f(x), x>0 ) 5
If h(x) = {g{x), PP is a continuous function, then find the absolute
value of 2p. ;.
(1+0[(1-x+2®)(L+x +22) + 22
6. If Flx) = I -2+ )A+x+27) +2’] dx then find the value of |

142x+3x2 + 4x3 + 354 +2x° + 18
[F(99) - F(3)]1

[Note : [k] denotes greatest integer less than or equal to &.]
7. Let _[sec [-sin? x)dx = f(x) + C where [y] denotes largest integer <y, then ﬁnd

the value of [f (—8—)] atx =2,
nx

T RN R

1
8. Ifj'(x2010 +x804 + x402) (2171608 +5x402 & 10)263(137

SR W

-

t
g o T T i O P AL 3 T e | AR T,
T A

1 T
= E(szom + 5280 4 10x402)402 , then find the value of a.
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" integration

fini )
mde (- 1) dx 127

‘—~__—-__
ST i | SR .
9. IfI (x+ 2% +V2) YVr(x + 1) 181+ C, where C s an arbitrary constant

of integration. Find g2(1).

o j’(cot%’f,c"t?’x —tan2vtan 7x) tan 5, - aln (E{n 22) + b 1n (sin'Sx) 4 ¢ ln(éeégx) 5

m .
can be expressed as = in the lowegt form, find (

m + n),
1-Tcos? x (x)
= 2 s B .
1, Suppose J T Jp—" Sn T + C, where C ig ap arbitrary constant of

integration. Then find the value of g’(0) + ¢ (3)
4

ANSWERS

EXERCISE 1: Only One Correct Answer

1@ 2@ 3@ 4 ® 5 6@ 1 ® 8 (@ 9 @ 10 (a)
1. © 12. ) 13. (b) 14. (c) 15. () 18, © 17 ® 18 (© 19. (a) 20, (a)

o1, 0 22. () 23. (d) 24. (a) 25. (a) 26. () 27. @) 28. @ 29. () 30. (b)
81. (a)

EXERCISE 2 : Linked Comprehension Type

Ld 2 ( 3@ 4. (@ 5 (@ e (@ 7.@ 8 b

EXERCISE 3 : More Than One Correct Answers
L (b,c) 2. (a,d) 8. (a,d) — 4. (b,¢)

EXERCISE 4 : Match the Columns Type

L (a) (r), (b) (p), (c) (q)

EXERCISE 5 : Integer Answer Type

wl

L 2. 5 3. 16 4. 12 5. 3

' 7. 2 8. 403 9. 2 10. 499
1L 5 i

i aQa
f
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Definite Integratiy,
|

b
1. j f(x) dx = F(b) - F(a) where j f@)dx =F(x) + ¢

- oy ‘ : .
Note : If J f(x) dx = 0 = then the equation f (x) = 0 has atleast one root lying iy |

(a, b) provided fis a continuous function in (a, b).

2. PROPERTIES OF DEFINITE INTEGRAL : s f

b b
P-1 _[ f(x)dx = If(t) dt provided f is same

%

f

i

i

b . a _ i:

P-2 jf(x)dx=—j fl=) dx ij
a fi
§

2

P-3 j flx) dx = J f(x) dx + If(x) dx, where ¢ may lie inside or outside the |

mterval [a, b] This property to be used when f is piecewise continuous in ’e
(a, b).

P-4 ff(x) dx = 0if f (x) is an odd function i.e. f(x)=-f(-x).

-a

= 2_[ f(x) dx if f (x) is an even function i.e. f(x) = f(=x).
0

b b a a
P-5 Jf(x) dx = J' fla+b-x)dx, In parﬁcularff(x) dx = I fla-x)dx
a a ‘ 0 0
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M

2 T T a
P 6 ff(x)dx=If(x)dx+If(2a—x)dx=2jf(x)dx iff(Za—x)=f(x)=0
% : 0 0 ' 0

iffa -x)=~f(x)
na a

0.1 J flx)dx= "I f(x)dx; where ‘a’ is the period of the function e fla+x)=f(x)
A 0

p+nT b |
p.8 j f(x)dx = If(x) dx where f (x) is periodic with period Tandn e I,
a-l-nT & ' ‘

na a
p-9 _[ f(x)dx = (n —m) j f(x) dx if f (x) is periodic with period ‘a’,
0

ma
5 & :
p-10 ffx)<ox)fora<x<bd thenjf(x)dxgj'q,(x)dx

b
j flz) dx

a

p-11

b
sjlf(x)ldx.

. b
p-12 Iffx)20o0on the interval [a, b], then J' f(x)dx=0.

3. WALLP'S FORMULA :

‘Fsmn ros™ z dx = D=8 -5 ... lor2)(m - D(m -3) ... 1or 2] .
(m+n} (m+n-2)(m+n-4)....10r2

0
WhereK:-gifboth m and n are even (m, n € N);

= 1 otherwise
4. DERIVATIVE OF ANTIDERIVATIVE FUNCTION :

Ifh(x) and g(x) are differentiable functions of x then,
g

= [fodt=fn @) @) - flg ©)]. g&)
gl

5. DEFINITE INTEGRAL AS LIMIT OF ASUM:

b

n-1
=},1_If(1} hz fla +rh) whereb —a ='nh

r=0
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130 - Y <
1 then lxm hZ firh) = If(x) dx; where m
L 1

Ifar.Oand

Or hm( )'ff( ) J'f(x)dx
FINITE INTEGRAL :

: i g
(a) For a monotonic decreasing function in (
a

(b—-a)<}f(x)dx < f(a)- (b - a) and

6. ESTIMATION OF DE

f ).

(b) Fora monotomc increasing function in (a, b);

f@)b-a)< j f(x)dx < f ().~ @)

7. SOME IMPORTANT EXPANSIONS :

1111
T Ty el PP
(a) 1 2+3 k-

: |
+ =+
i

oo =1n2

1
r

1
— ——
++

(b) r

(-]

n’
6
_T

2

e

|

|

tol et "?zl
%

|

i

8

EXERCISE - 1
Only One Correct Answer I

n/2 ;
_[(xcosx +1)esiP* gy

1. The absolute value of 732

is equal to :

I("Sinx -De™*dx
0

(a) e (b) me (¢) e/2 (d) e

g
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SR

pefi0

; dt 342 -
2 ifx satisfies the equation (I 2 sz -{ _jl_n_2_£ dt]x -2=0

Suppose the function &n

. The interval [0, 4] is divided into n equal sub-intervals by the points x, x,, x,,

| egration I
o 12 ) 131

t° +2tcos o + Y 2 +1
0<0< 11), then the value of x is :

2sino
b) + o -
2s S ke i\};i——- (d) 2 ,___812“

= x2n
(x) = 2241 4 g x 4 b, (n € N) satisfies the equation
I( px+DEn (x)dx = 0 for all linear functions (px + q) then :

-1

(a) a,=b,=0 ®) b,=0;q, =-—3
3 2n+3
+ ) 2n+3 " 9n4+3

(c) anso;bn= -

x .
,LetI(a)= j(; +asin x) dx where ‘@’ is positive real. The value of ‘a’ for which
0

I(a) attains its minimum value is :

2 3
(@) .m = (b) s L o
1’ \‘3 1"@‘2 (c) ‘/16 (d) ’13

In2 3x 2x
2™ 4e* -1
JetT= dx, then eT equals :
'{[ea‘+e2’—e‘+1 il o

7 7 11 11
= b) — et poses
(a) 1 (b) 2 (c) 5 (d) 7

1
. If the value of the definite integral I 2070,x2%° (1-x)7 dx is equal to L. where
0

k e N. The value of ‘%’ is equal to :
(a) 208 (b) 210 (c) 212 (d) 214

2008
. The value of\ln[ jxlsinmcldx] is equal to :

0
(a) v2008 (b) m~/2008 (c) 1004 (d) 2008

reney

X, _ 1, X,where 0 =xy <Xy <Xp <Xg..or <x, =4I &=x-x_,fori=1,2, 3

n-1r

then lim Zx,&t is equal to :

32
(a) 4 (b) 8 (c) o (d) 16
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~
9. The absolute value of I o x) dx is less than : g
1+x%) . zv

(a) 10-10 (b) 10-11 () 107 (d) 10-° F

n/3 i

10. The value of the definite integral Iln(l ++/3 tanx) dx equals : b3
‘ 0 }

2
n T n b= o !‘
=ln2 b) — —In2 iz
(a) 3 (b) 3 () 5 n (d) ln2 f

11. Consider a function of the form f(x) = 02 + ez -vx, where Q, B,Yare lndepen
of x and f (x) satisfies the following conditions fO=-1,f'(n 2) = 30 f

_[(f(x) +7Yx)dx = 24. The value of (0. + B +7) is equal to :

(a) equal to zerou (b) equal to 1 (c) equalto-1
13. hm [J(1+x) dx] is equal to :

(a) 2In 2 e :
n1 (b) . () In " d) 4
14, Ii‘fh-iZJ':‘:2 e dac~_-‘[e“"2 dx then the value of Bis: |
0 0
(a) e? (b) e
(¢) 1/2¢

g . ; — X s

3c
(a) 1/—— (b) \f: 3
2 3 (© \/% @ 2
%
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; 1 1-Inx
e of the definite mtegral =11+ dx, equalg .
The yalue { . i~ (__3_‘_)
Inx
(o) 200911 (2010 - In 2010) (b) 2010 - In (2009 — In 2009)
© 9009 - In (2010 — 1n 2009) (d) 2010 —1n (2010 — In 2010)
1

1
[2" @-0" dtV, = [%" (1 - )" dx n & N, which of the following
0 0
Stat,ement(s) is/are true?

@ U,=2"Va () U,=27"V, (c) U, =22V, @ U,=22V,

48, For Un =

n/2 2 n/2 9 /2 3
19. LetI;= I e sin(x)dx; I, = j e dx;Iy= I e (1+x)dx
0 0 0 :
and consider the statements
I I,<],
n I,<I
m I,=1
which of the following is(are) true?
(a) Ionly (b) II only
(c) Neither I nor 11 nor IT1 (d) BothIandII
20. Let S, = = + N + = + e +—1—, then lim S, has
(n+D(n+2) (n+2(n+4) (n+3)(n+6) 6n n—yee
the value equal to :
3 9 3 1. 3
In— b) In= 2In — d) =ln =
(a)n2 ()n2 () no ()2112
*  inbx
91. The value of the definite integral, j = dxis :
0 :
(a) 0 (b) —’;- © n @ 2n

22. Consider2 the polynomial f (x) = ax2+b -c.Iff(0)=0,f(2)=2 then the minimum
value of j If (x)idx equals :
0

(@ 0 ) 1 ) 2 ) (d) none of these
Zaii
23. fA=1la;},cn where a; = §100 4 j100 },lﬂ. .;1101 aniulics
1 by - ) 3
@ =5 ®) Jo1 101 4 =
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Z.ﬂ
24. IfZ(sm x; +c08~ ly)= 9r, then j xIn(1+x )( delsequalto
i=1 zx‘
b 37 6 o6
(a) 0 (b) e5+e © In (-5) @ =

X cosx+e o ualt,o
25. The value of definite integral J- "—”—__—: - dx is eq

(b) 2a cos (@) +a + (a% - 2) sin (a)

+(a? - 2) sin (a)
(a) 2a cos (@)-a (d) 2a cos (@) +a + (a2 + 2) sin (a)

(¢) 2a cos(a)-a—(a?- 2) sin (@)
26. If L = hm—-—n(n +i )" then In L is equal to :

nv=nt i3

(a)ln2+——2 () 2tan12-4+21In3
2

(d) 2In5-4-2tan"12

(c) 2tan“12+4+21n5
.[ l¢-2ldt; x#2 . If f (x) is continuous at x = 2, then the value ofk ;ﬂ

27. Let f(x) =
k; xe=2
equal to :
3 5 9 iy L

28. The value of the definite integral [e™ (1+ln(x+Va® +1)+52° —4x*) dr s,
-1

equal to: "

(a) 4e O (© 2 @ >

1 4 3 . 0q.2 ;

i (3: +42x i )zdx is equal to :
o (4x” +3x° +2¢+1)
1 1 1

(a) 100 (b) — (c) — () 0

80. A function f(x) defined for x > 0 satisfies lim ~—— ) =1and f(0) = 2. Th
I X

j (f(x) - f'(x))e” dx equals :
0

(a) e2 (b) 0 © 1 @ 2

|
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2

X
31 Consider & parabola y = =-and the point F (0, 1).

Let Ay (3 Y1) A, (xg, ¥5), Ag (x5, y5),

o »A,(x,,,) are ‘n’ points on the parabola
suchas x> 0and £OFAk=§n“(k =1,2,3,...,n). Then the value of lim & iFAk, is

al to : n—eo N B=1

u .

Ry ® = 8

(a) . - () — (d) none of these
i s

g9, Forn € N, the value of lim jx Isin 2nx| dx equals :

Nn—yoo

Il'._ (b) 18 2 .T_t.
(a) 9 (©) 2n ) :

fi 3
g3, Letfbea differentiable bijective function satisfying I fl(Hdt= 1 [xi = S]V w5l

1
and f (1) = 0, then the value of (9) is :

(a) 3 (b) 9 © 0 a2
n x2
4. The value of definite integral di 15«
3 _'L 1+sinx+ m
3n3 . on d o
® =5 ®) = © = @ =
2 -1
tan " x )
ite i al [ ==———dxisequal to:
35. The value of definite integr .! 55— a
2 A ;
2 2 - o
(a) _“_5 ® o= © —5 =
x 1 |
J(t2 set’)l-cost
im 2 dt is equal to :
* Eﬁ% WIT 3 (d) e
(a) e* (b) e 3 (c) e
: : I - " 1to:
' n ek 1+-)" ..... 9| isequalto:
37. }11333'{(1 +n) (1-&- 2) ( 3 |
- =3
(b) e% (c) e* ) e?
(a) e {
ite i || ———= equals :
38. The value of the definite integra !11 L m
1
(a) 2 (b 1 © 3 @ V2
a %
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=K .
%" 10 3 2 :
39. The value of definite integral ¥ z [(x +m)* +cos” (x +37)] dx is equg] to -
2

@4 ®) 5 (© 6 @ 7

40. The maximum value of f (x) = J tsin(x + wt) dt, is :

@ iTrs ® S P @ é_i?m
n : .

n
2n 2
dx ? dit o1t
; =k , then the value of &, is :
&l If-!;2+sin2x 0’7+cosZt
(a) 4 (b) 8 : (c) 12 (d) 16

42. The value of the definite mtegral _f((e DyIn(1+ (e Dx) +€* )dx is equal t, .

(a) 0 - (1 (c) e (d) e?
43. Leta e ( 2), then the value Of}:li% ;— Iln(1+ tan a tan x) dx is equal to -
* (@ 5 | (b) E (c) @1
44. HI:} dxu,then':
%1422
(a).loge2<I<§ (b) log,2>1 (c) I=£ (d I=log62.‘

1'% .oom
——‘!;sm(t ) dt, forx;eﬁ(aeR)

45. Letf(x)={,3
| a, forx=0 _
If f (x) is continuous at x 0, then the value ofa, is :
(@1 (b) = (c) = ' (d) =

n/2
46. The value of the definite 1ntegral I(cos x-8in 12x) dx, is equal to:
0

( BT = —_— =it
a) 1 5 (b) 11 (c) 2 (d) 2
X n/2 §
et - iﬂ((ccsx)" +(sinx)")» for x E(U 2), then the value of _[f(x)
equal to : ' o
(a) v2 b v2-1 @ 1 @ =

NG

e
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ﬁzs3wn2x+6tanx+11dx kn+ )\

81 ’6""—___1: tan? x &
T

(@) 10 S S S (c) 14 () 16 |
9. Let f:R-14, ) be an onto quadratic functi%n whose leading coefficient is 1, such
that f @) + f (2 = x) = 0. Then the value of j _ix_, isequal to :

, then the value of (& + A), is equai to:

1

L () i n
@7 - 8 (c) i (d) o

b
50. For real numbers a, b with0<a <n,a < b. LetI(a,b )=J'e"‘ginx dx.
; , )

Hliqm I(a, b) =0, and the value of a is kn (£ > 0), then the value of k,is:

1 1 3
(a) 5 (b) 2 (c) = @d 1

51. If f(x) = pe?* + ge* + rx satisfies the condition f(0) = — 1, f ‘(In 2) = 31 and
Ind

j (f(x)-rx)dx = §22, then the value of (p + g + r) is equal to :
0

(@) 0 (b) 2 (c) 3 (d) 4
gecx cosx sec’ x +cotx.cosecx i
52. Let f(x)=|cos® x cos? x cosec’x then jf(x)dxhas the value equal
L cos? x cos? x g
to :
- -7
= b) — (¢c) —m (d) —2=n
(a) 1 ~ (b) 5
2n

53. The value of I[z sin x] dx where [ ] represents the greatest integer function is :
T

5n _
bni2 eum'l(sinx) 15 sl s
54. The value of jm e T T pinke
k13
. n
(a) % - (b) 2 (c) n (d) z
i “"[2 sin® nx 5 If%?‘ V. = En wherek e N, then ks equal to :
550 I.aet n> . Sin2 x r=1 2
(a) 100 (b) 2525 (¢) 5050 (d) 4950
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56. Let S be the area bounded by el el ey O il e o

Consider the following four relati?fs

38

I:S=2Te°°s'dt II:5=2 jemtdt I:§<2(™-~1) IV:g,z
0 0 2
Number of relations which are correct? ‘
(a) 1 ) 2 (c) 3 (d) 4
57. Let f (x) be a continuous and periodic function such that f (x) = f (x + T for i
a+5T i
xeR,T>0.1 [f(dr=19(a>0)and j f(x) dx=2, then j f(x) dxis equal g, .
-2T
(a) 3 (b) 6 () 7 : (d) 9
58. 5 : dx is equal to :
5 (cos* x +3cos® x + 1) tan ™ (secx +cos x)
(a) g- tan-12 (b) In 125 ~In (tan-12)
(©) In (tan-12) (d) InT
2
o o o
59. Let > -1 and B > — 1, then the value of lim nP-® L A2 F ot is -
n-yee 1P 428 4 4nb
B+1 o+l '
Ry b) ——=
) a+l ) B+1
o+2 B+2
() — d) =2
B+2 @ o+2
S 2. lin(1+ 2
60. If-1-2-+2—2+-é—2—+z2—+....+ oo=—%-andj (L+a) dx = 3: then % equals :
(a) 72 (b) 36 (c) 24 (d) 12
61. A sequence of non-negative terms is given bya,,,= fa dx where ay =0, a, =
%(au-—l)
Then the value (a, +ay + ag + ..... + a,y,) equals :
(a) 2100 (b) 2100 _ 100 (c) 2100101 (d) 2101102
i :
62. The value of lim (1 +2? +"--+n2)(13 +23 +....+n3) (14 +24 +....+n4)ise ',_:_
n-yee (1° +25 + ...+ n5)2 4
to : _
4 3 2
@ = & 2 © 2 @ %

SRR S o) |
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X
g3, If and y are independent variables and f (x) = [I e* Y f'(y) dy] —(2-x+1)e
* 0 ’
where f (x) is a differentiable function, then f (:21) equals ;

(a) e (b) -2Ve © 2

€

2

d
()JE

tInt ;
o4, Let flx)= j-—+—t— dt; for x > 0, then the value of f () + f(%) is:
1

1
(@1 (b) P (c) % (d) none of these
x
g5. Let [, = j e .e™ dt and I, = Ie"z“dt where x > 0 then the value ole is:
0 .0 2
(@) 2 (b) e* /4 (©) e-*/ d) =2
a
66. Letf(a) = jln(l + tan a tan x) dx, then f* (%) equals :
0
E Lk o8 - I tin2 d) Z+n2
@ 7+ @)2+ 5 (€)' 2+ G

' 1
67. The value of the definite integral jxln (1* +2% +3* +6")dx equals :
-1

In2+1n3 In2+In3 © In2+In3 @ In2+In3
(a) '—-—-—é— (b) ——--——-—3 5
# Un
(l‘[(n%r"’)} {7
im ~— = Pi 1to:
68. If P = lim === . and A = jo —— then In P18 equa

2-A (d) In4-3+3A
(a) ln2—1+?:. (b) 1n2—-3+13h 2 () 2In w ars |
- 2 I ’
69. Consider!l=je"coszxdx,12=Ie * cos xdx,Ia—ie cos” x
0
0
1 - -,
I,= IeT dx , then correct sequence 15
0 :
) I,<I,<I; <14
Iev L
Ea; §2Z;4:II<IZ @ I,>1,>1;>1, -
i ri T i function then the maximum value o
be a continuous func
70. Let f : [0, 1] - R

i () 2 dx ‘1" x-( f(x))2 dx for all such function(s) is :
x)-x“dx —
: 0

0

1 1
1 () — d —
(a) JLS_ (b) 20 12 16
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140 GRB Problems in Calcmu % :
71. Let P, be a point in xy plane whose x coordinate is 1 + = (k=1,2,3,...,n) on th,
1< 5 i

curvey = Inx. If Ais(1, 0), then }tl_r;n - E(APk)2 equals : i

1 1 2 E) 1+1n2(_2_) @ Li01.02
(a)§+2ln22 (b) §+21n (e (c) 3 7 3 In E)
1
72. Given a function g continuous on R such that j g(t) dt=2and g(1) = 5,
0

If f (x) = 1 T(x —~ t)2g(t) dt, then the value of (£ (1) - f"(D) is equal to :
2
0

(a) 0 ) 3 (c) 5 (d) 7
x
78. Let f: R — R be defined as f (x) = J(sinz t +1)dt and g is the inverse functigp, of £, I
0 )
then g’ (%E] is equal to :
4 4n 1
— - (b) — () = d 1
(a) e (b) 3 2

1 4
74. If f (x) = 23 + 3z + 4 then the value of I flx)dx + If'l(x) dx equals :
; ' -1 0

17 21 23
b) — () — (d) —
(a) 4 (b) 1 4 ) <
g 2
75. If f () = Jtanf1 (—1+—1tl—;—x dx then minimum value of f (x) is :
2t

-0 - £ 3n
o a 3 o . :‘
76. If I (E-u-;-f) dx=A and I (x - s;n x] dx= gt where a and b are relative prime thep
] 0 X :
the value of (a + b) equals :
(a) 3 (b) 4 () 5 (d) 6

1
1. ‘[('-‘\/l—ac7 ~Y1-x%)dris equal to :
0

1
(a) > (b) 1 () 0 (d) none of these

X

j {f(t)}is equal to :
1

(¢) 4lnx (d) none of these

xy
78. If j f(dt is independent of x and £ (2) = 2, then
X

(a) 2Inx (b) 3lnx

|
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Oeﬁnﬁa e
et e dtand I, = je “*/4 4t where x > 0 then the value ofi— is :

I

212 (b) e (c) e * 21 (d) ex
 p fumctio® f (x) satisfies f (x) = f ( )f"" some real number ¢ (¢ > 1) and V x > 0. If

5 » the valae ot [ £
%@dx,&then ev ueo_:[ - dx
1 b} (c) -3 @ 6

E (a) 0 k+1
| g1, The value of hm{ (Z k? _[xln [(x-RB)(k+1- x)]dx]}
k

b) = = .
@ 1 ® = © - @ -1
g2, The value of
r T(I +c08 % +€082% + ... +€08(2013x)) (1 +sinx +sin2x + ... +5in(2013x)) dx, is :

-K

@ 0
g3, For real number u, :2-75 < tan-lu < g and 0 < cot-lu < m, then the value of

(b) m (¢) 2n (d) 2013 =

jcotd(]. -X +x%)dx

0 , 18 :
1
; j tan 'z dx
‘: 0
3 - © 2 @ 1

X
84, Let g be a differentiable function satisfying J (x-t+1Dg(t)dt=xt+x2forallx20.
0

t 12 : :
f —dx is equal to :
The value o -‘[g’(x)+g(x)+10
T - X

axis at 2 distingt points A, B and

85. The graph of f (x) = x2 + ax + b intersects the x-
=x. If I = [ f(x) dx, then the
0

y-axis at C. The centroid of AABC lie on the line y

value of  cannot be :

(a) - 50 (b) 50 (c) 100 (d) - 100
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Paragrap 3
continuo
Suppose f (x) and g () are o -
=t - g(t)dt + X.

:+t_f(t)dtandg(x)=£

D o e T A R f ey

h for-Quesﬁion Nos.1to3
functions defined for 0 < » ¢ h

o

R

1
Given f(x)= Ie
0

i

L The sahus of (&0 © e @ e ?
(a) 0 b1 a

9. The value of g (0)—f (0) equals : 5 :

' 2 (b) (C) —é--—l‘ (d} 0 j

3. The value of -g—g—; equals: 2 ?j

1 ‘

) L © 5 @ 5 E

(a) 0 3 r . |
Paragraph for Question Nos. 4 t0 6 E

Consider f(x) =4x4-2425 + 3122 + 6x -8 be a polynomial function and o, B,y,5 !
are the roots of the equation f(x) =0, wherea<p<y<d Let sum of two rootg £
i

of the equation f (x) =0 va{lishes.

. 1 -
4. The value of the expression &P + 3 +87 +y° is:

(a) 36 (b) 35 (c) 20 (d) 16
5 u+fi+d
5. I (_x_:__] dxis:
x-Y
24 16 16
-8In -2| - + - +
e A -2 (x-2° 3(x-2°

24 32 16
+ e 3_,_
(x-2) (x-2° (x-2
24 16 16 .
-2 (x-2° 3(x-23

9
(@) x4 8l [z—2] -2 __16 16

g C
-2 (x-92?2 +3(_.c_2)3 ui

(b) x-16In |x-2] -

() x+161In [x-2] -
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ite |
.= %:+Zilxl+l
x
G,T xz+4B|xl+1
M) 21n2 1 1
@) In2 (c) 5 n 2 (d) 1n2

dxis:

Paragraph for Question Nos. 7 to 9
qatf and g be two real-valued differentiable functions on R satisfying
0

@ (o X+ _ e* 2
jg(f)dt=3x+jcos tgt)dt and f (x) = hm_J'(e )In (l+t)
S

o0 ot 2% + 3
0

7. f(In 2) is greater than

3 4
(b) g 9 4
@ 0 (c) 0 (d) =

g, Range of g(x) is equal to :

@ [5, ] ) [ ] © [?2- m) @ [-3, 3]

T

2
9, The value of definite integral jg(x) dx lies in the interval :

on 41t) (n 57:) 3n 6n 3n
(b) —, = —
“(3 5 2’6 (@(4,5] (d)(“’z)
Paragraph for Question Nos. 10 to 12
o
Let g : R — R be a differentiable function which satisfies g(x) = 1 + Ig(t)dt

and g’(0) = 1. .
10. The value of g (In 10) + g’(In 10) + g”(In 10) is equal to :
1 1
0 b) — (c) 30 d —
(a) (b) 10 (d) =
=11 iea
11. The value of definite integral I(Eg(rx)) dx is equal to :
—g\r=1
(a) In(1+e+e?) (b) In(1+el+e?2)
(c) In(1+e+e?) (d) (1+e1+e2)
12. Number of solution of the equation g (- x) = g(x) is equal to :
(a) O (h)'1 (c) 2 ) 3
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Paragraph for Question Nos. 13 to 16 —\ ‘
Let P(x) be a polynomial function satisfying Px)-Px)=x% 42, "

- el
(P(x)).inmmux-m o

x=1

b ek‘-am ;

18. If F(x) is continuous atx= 1, then the value of k can be :
(a) - (b) - (c) 4 d 5

14. The value of definite integral j-————dx is also equal to :

(a) cot™ 7 (b) T—Ztan 192 (¢ Z_tan—12 @ 2tan-ty_5s

4
15. Which of the following statement(s) is/are correct?

(a) Minimum value of P(x) in [0, 1] is 5

(b) The equation P(x) = 0 has non-real roots
(¢) |P(x)| is non-derivableatx =0

@ P(ilx1)>0vVxeR

Paragraph for Qﬁestioﬁ Nds. 16 to 18
Let fax'id g be two real-valued functions defined on R.

(-2
= —o<x<0
Given,f(x)=<——§~cosn 0<x<1andg(x)-7+2rln25 51 . 52w,
n
_.2_ 1€Sx<e
L2’

Suppose o be the value of x for which the function g(x) has the greates
value and B be the value of lim * sinlx - 210.
x>0 %
[ dt
0

16. Which one of the following statements is incorrect?
(a) Number of integers in the range of f (x) is one
(b) f(x) is continuous as well as differentiable for all real x

(¢) f(x)is non-monotonic on R

5x?
(d) The value of definite integral J f(x)dx =10
2
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e |ntegration 145
mn h(z) = f (x) in the interval [0, 1] and k(x) = -! (x), then the value of
14 (0 is equa] to:

() 0

b) = 5 Lo
2 (c) 1 (@ Z 6

1",
I&Tbe"ﬂlue"fZ( +E) is equal to :

n=0

@4 (b) 5 (c) 6 @ 8

Paragraph for Question Nos. 19 and 20

[et 2 function ‘'’ satisfies f(-x) = f(x) and f3+ )= f(1-2) Vx € R and
%, 053’51
ﬂx}={1,gx, 1<x<2’

19. The number of points where f (x) is discontinuous in [0, 100], is :

(a) 100 (b) 50 (¢) 25 (d) 0
100

20. The value of | f(x) dxis equal to:
0

(a) - 75 (b) - 50 (c) —-25 (d) 0

Paragraph for Question Nos. 21 and 22
Let a polynomial ‘f” satisfies the relation f (f(f(x) + 1 -p) f(x) =3V x € R
wherep € R. :

21. If leading coefficient of f (x) is 2 then the value of gx—(ﬂf(x))) atx=pis:

(a) 2 (b) 4 © 9 d) 17

22, If leading coefficient of f (x) is negative and f (0) = 4 then I fU(x)dxis equal to :
-1

(a) 8 (b) 16 (c) 32 (d) 64
5 Paragraph for Question Nos. 23 and 24

e ———————

Let f be a monic polynomial satisfying f(f(x)) = (f(x)* -4V x ¢ R and

r'f f®) de

. | pInG- ") where ‘I’ is a non-zero finite quantity.

I=lim | —F7%,
1| sin(t—~2)
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23. The value of I2is :
, (a) 4 )
24, The value of j f(f(x) d(x?)is :
0

=B ~382 (c) L 4 32
(R] ~— (b) 3 3 (d) 5

(b) 442 (c) 8 d) 16

Paragraph for Quesfion Nos. 25 to 27 %
Lety = g(x) be a function of the graph of broken line connectedq by po
(-2, 0), (0, 3) and (2, 4) in the x-y plane. Also f (x) = Ilg(t) tldt, x el

. h(x) is the inverse of f (x).

25. The value of f'(0) is :

(a) 3 b) -3 © 3 @ doos nt oy
26. The value of A (?;1) +h (3;1)
@ 3 & 1 © 2 @ 1?3
27. The sum of roots of f (x) = 2x2 + 5 is : .
(a) 3 ® 3 i @ 2
3 4

Paragraph for Questlon Nos. 28 to 30

“obtained by compressing f (x) by % times in each of the period alongx axi :, :
;

and then magnifying it by k, tunes along y-axls.

28. If f(x) = ¢’ (1+ 2{x}?) and k,, k, satisfy the equation kl — 4ky + k2 —6ky+ j{'
500
then the value of J g(x)dx is equal to :

’f’

(8) 750 (e~1)  (b) 1500(e—1)  (c) 1500e (d) 750¢ f:
4

29. If f (x) = sgn (cot™! x) + sin 5 X and k,, k, are integers satisfying the 1nequ

100r
~ Tt +10<0, (&, < ky) then jg(x)dxis equal to :
0

(a) 200 (b) 400 n (c) 6007 (d) 800n
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' ipen the value of Ig(x) dx is equal to : |

6

o (b) 50 (©) 100 (@ 200
Note: {k} and sgn (y) denote fractional part function of & and signum function of
g respectively.]

\

Paragraph for Question Nos. 31 and 82
i sin? x n

2(5) - cos® (2"2+ l)x R [fa®

n=lcos

n=1

Ak

;.' | V 5 = 1’ 2’ 3’ ”......--;oo- - .

f, () L
dx. If ZI n = km, then the value of & is :
En (x) k=1

31. Let Iﬂ‘. o J
0
(a) 50 (b) 25 (c) 100 (d) 75

32. The value of | lim o L
i i e ——— 8 L
H =03 2o g5

(a) 50 | (b) 10 (¢) 100 (d) 25

Parag‘raph for Question Nos. 33 and 34

Let f: R - R be a bijective function. Let g(x) be a continuous function such

' f(z)
that [g@®) dt=g(fx)-1V xc R
0 _

"
33, Valueofjg({x})-[ Lo ]dxis:
0

(1+2)°
[Note : {y} denotes fractional part of y.]
g © 1+2 @ £-1
(@1 . (b 1 7 ) .

x+=

X
34. The value of lime™ [ g(t) dt equal to:
1

X0

x

(a) 0 b1 (©) 2 (d) DNE
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Paragraph for Question Nos. 35 to 87 \.

x2  x3cosx dx ni3 o
,Iy= [ 2® cosec’s dx . |
o G sinx-sin3x) ! and I, ‘J;xcotxd;-'f

Cousider I, =

3
35. IfI, = %— +k, nln2, where k,, k; € Q then (&, + &,) equals :

1
~509 509 511
ailhd (b) == = ~511
86. If I, =k, + ko mIn 2, where &y, k, € Q, then (k + k) equals :
1 5 i
-1 B) — 1 L
(a) 4 (b) 32 (c) d) 9 E ‘.
$7. If1, =k, + b, m1n 2, where kik, € Q, then (kf + k) equals : i
1 1 1 3 |
(a) = b) = = 2. 5
8) 3 b) © = @ = .

[Note : @ denotes the set of rational numbers.]
EXERCISE - 3
T O o s .

1 1 .
1. Let f(x) is a real valued function defined by : f (x) =% + x2 J t-f(O)dt+x3 ‘[f(t)
-1 )

then which of the following hold(s) good ?

t o
10 30 4

. =— b 1) =— £

(a) :[lt f(t) dt 5 (b) f+ (=D . 3
1 1 ’ 20 [

(©) Jlt-f(t) dt > Jlf(t) dt @ fO-f-D=1 |

/4 e
2. Letl, = j(tan x)"dx and letJ, =(-1" I,, forn =0, 1,2 then which of the following
0 |

hold(s) good?
1 _ (D"
(a) In+In+2=-;1——ﬁ (b) Jn“’Jn-«r'zn_lfm'"?l
1 n y
() Hu=tanxthenl, = [——du (@ limJ, =0
o 1+u R
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Dennﬁ’
/k2+n and T, = 'K +n?
1,et3 E 2—————forn 1,2,3,...... then
4 4
(@ S,,<-— (b) Tn>§ (c) Sn>§- (d) Tn<§'

4, The value of the definite integral j (sin”? e* +geg™! o7 gy

(tan e® +tan-1 x)(e o )(aER)iS:

@ independent of @

(b) dependent on g

K

(c) —-ln2
2

@ Zin@tan e?)
. Which of the following definite integral(s) hag/hay

e thei
one of the remaining three? eir value equal to atleast

X n/4
(a) j 1+ dx (b) j‘ x

o €osx(cosx +sinx)
L,,J;
2
x“+1 1 |

——-—1n(1+ - sin™" x

« 1 xt-xf 41 * x)dx (d)j p dx
x+l, 0<x<1
B {2’52 -6x+6, 1<x<?2 and g () = _[f(x)dxforte [1, 2]. Which of the
t-1

following hold(s) good?

() f(x)is continuous and differentiable in [0, 2]
(b) g'(t) vanishes for ¢t = 3/2 and 2

(c) g(t)is maximum at ¢ = 3/2
(d) g (t)is minimum at¢=1

7. Letf(x)= I M gt 0), where [x] denotes greatest integer less than or equal to
0

x,is:
(a) continuous and differentiable V x € (0, 3]
(b) continuous but not differentiable V x € (0, 3]

© f)=e d) f(2)=2(-1)
z e -DIn(1+20)
8. =lim — dt and
e I(t?’ +3)(1- cos«/_)

v v
I, =liml jlogl sin® ¢t dt - I log, sin? tdt |, where n < v < 2. Then which of
x = z 5
T (5+)
the following is(are) correct?

(@) 912 +12 =18 () 3, +4p=8 (0 L;>0andl;<0 (9 15y,
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9. Let fbe a real-valued function

11,

12. Let f: R — (0, =) be a real valued function satisfying jt flx—t) dt =e2 _ 1, they
0

13.

defined on R ( the set of all real NUmbey,

fx)=m { -{} then which of the following is(are) correct?
n

[Note : {k} denotes the fractional part of 2.]

. e
(a) Range of f (x) is [0, ™). (b) 11_!)1%_ f(x) = 5
2r dx— 2 (d) f'(?.?.):]_
(c) If(x) =% 5
0

incorrect? :
(a) I, =0ifn is odd (b) I, =1ifn is even
(¢) I,=n!forallne N (d) I,=eforalln

t 1+ t[1-VJx
Let ] =j dxand J :.-J' dx, then the correct statement ig

0 1_‘\/; 0 1'*"\/;

2+ -

(@) I+J=2 (b) I-J=mn (c) I=..._..2_""c (d) J=é_2__1£

which of the following is(are) correct?
(a) The value (F-1Y (4) equals %

(b) Derivative of f (x) with respect to e* at x = 0 is equal to 8
fix)-4

X
(d) The value of f(0) is equal to 4
Which of the following definite integral vanishes?

equals 4

(c) The value of lin{l)

(a) _[(cos?x-cos22x-cos23x-cosz4x-cos25x)dx

1
(b) Iln(x +vVx? +1) dx
5

1
af 2¢-1
@ it (225 ) s
o

x/2

(d) J’ In (tan x) dx
0
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. [0. «) = R be a contj ‘ i
|~ of (0, =) ntinuous strictly Increasing function, gych that
1 X |

(1) dtf -
fix)= {t f*() at for every x > 0. Which of the following ig/are correct?

@ f(6)18 equal to 6
0 f(x) is surjective
1

. 1
(© £ f(x) dxis equal to T
@ Number of solutions of equation £ (x) =

6 are two.
: Uy A V2 )
7 ls.lJetJ_-_{(z—x } dxandK= ‘([x (1-—x)4dx’then:
o) L=2 (b) J
a K 1 -K=0
@ =z [+ Q-9'ds ) K=_1_
23 1260
16. Iff(8) =113 cos 6 — sin 81+ 2cos 6|+ cos 8] where 0 e(g, n | then :
[ f@) do=1 (i’_‘)zig.
(a) jﬂf ® ()=
| n 2 =_7£ d r(gf_]=;1
(©) ijf ©do=- @ F3)=5

17. Let fbe a differentiable function on R and satisfying the integral equation

X

> 4
jf(t) dt+It-f(x-—t)dt =-1+¢*, forallx € R, then:
0 0

(a) f(2)=e2 ®) fO) +f(0)=1 (c) f(0)=2 (d f(0=1

2
bk pais eJ_ Inx dx. Identify which of the following statement(s) is(are) correct?
| g = —g=o

1

1
(a)A<2(e-%] (b)A<(e—1)(2+_£)

2 3<A<5
(c) Asjt\/e" dt () d=
0

T
2 = g(p); h(x) = gl-p) - &); K(p) = | In g(p) dx for
19. Consider : f (x) = 1—2p cO8*+P & '([

h of the following is(are) correct?

p,x € R. Then whic () K (p)is aneven function

X
(a) g(@»=h (“)
7 z 5 @ K@) = i- K(x2)
(©) K@) ==Kk
2

Scanned with CamScanner



GRB Problems in . |
152 mS In Caj

EXERCISE - 4

| Match the Columns Type ]
1. Column I b
— _..x i _
(a) The function f (x) = f—s-i—n—xz-# is not defined at x = 0.

The value of f (0) so that fis continuous at x = 0 is

a + b In 2, where a and b are integers then (a + b) equals

sec’ 0 —tan®

(¢) Givene” I
e®

d0 = 1then the value of tan (n)

is equal to
1n

Vn
(d) Leta,= [tan™(nx)dxandb,= [sin"'(nx) dx then
1

n+l n+l

lim b" has the value equal to

oo
R— n

2. Column I

0
(a) The value of the definite integral, f do___501n
8 l+tan8 K

1003n . The value of K equals

where 6, = and 6, =
2008 2008
(b) Suppose that the function £, g, f* and g’ are continuous over

[0, 1], g (x) # 0 for x € [0, 1], f(0) = 0, g(0) = x,

FQ1) = %@a dg(D)=1

The value of the definite integral,

jf(x) g g’ - ll+f’(x) glx){g? (x)+1}
g (x)

x is equal to

(c) Here is a problem that involves both 2007 and 2008 and is
perfect for doing in New Year’s eve. The value of the integral

1
j (20071 — 2008 _ 2008(1 " 2607 )dx, is equal to
0
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-, o (y) = a8 forallx,ye R (g
| mf"’*f" x"y" ' Wheren & Nand g(s) < ma g5,
; }, yze R-{0).
f*2
Col‘“nn Column 11
) The possible value(s) of z fo(cosec 0) + Z f>; (sech) ® 1
k=1
ahere 022 AT ke Iig/are
o) The value(s) of n for which & (x) = £, (x) sgn x is even, is/are (@ 2
- . 2
(@ Values of consecutive integers between which, J' g dxlie are (1) 3
)
@ Number of values of x for which the function (s) 4
y=£) VvxeR - {0}is non-differentiable, is/are
4, Column I Column I
@) Let flx)isa contmuous function. If f(1) = 1 and (0
Jt f@x-t)dt= 5 tan~(x?) then the value of
0
2
4 If(x) dx is equal to
: 2009
) Let @) = H(x — 1), then the value of the definite integral (g 1
r=1
2009
If(x) dx is equal to
1
Inl0 =z [z _
© If J i;;:B_E dx has the value equal to (a — br) then (r) 2
0
% equals

(d) Suppose g is the inverse function of a dlﬁ'erentlable function (s) 3
fand G(x) = E(_) Iff(4)=2andf(4) = — then (G'(2)? equals (t) 4

T Columnl Column 11
(a) lim Z— -sin (2Jt + ?’—] is equal to (p) -
J'l-)no e
(b) J [xJe™dx equals (where [ ] denotes the greatest integer (@ —f—
0
function)
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: (!‘_‘_2.‘;.11_‘1'.) = In’, then %’ equals

(c) Iflim (1
n—beo E ﬂz n
is equal to 2
(d) }gt.l'l%nz Bm(n ] €q (s) - ;
® 1 |
I =1 1
6. Column ” . C°11unn .
(a) Letf(t)=+1-sin¢, then _[f(t) dt-_[f(t) dt, is equal to (P 2 "‘
0 0
X x
(b) Forx =2, if Ie"““"’dx =2 then I xe™~? dx is equal to @ 4
4-x 4-x
(c) Letfbe a differentiable function on R satisfying @®) 8
fx)=x2+ J t f(t) dt. The value of (1) is equal to (s) 3
. [
7. Columml3 Colump,
(a) IfI = I((x -1% +(4 - x)® + ) cos nx dx, then |50n21 |is equalto (p) ¢
10
b) IfJ = J' sgn (sin 1tx) dx, then 10 is equal to, (q) 100
0
where sgn x denotes signum function of x
102
(©) K = [[cot™ x]dx, then [K] is equal to, where [y] (r) 50
0
denotes largest integer less than or equal to y
51
[lx +25) dx
(d) L=2—— then % is equal to, (s) 70
j {x +25} dx

where {y] and {y} denote greatest integer function and fractlonal part function |
respectively.

(a) Let f(x-38)=f(x+3)forall xe R and (p) O '

) 0sx<3 54 2
flx) = [6 G gl If_[f(x)dx 9% then % is equal to
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10 mtegraﬂo
Deﬁni . X 9 n.'2
| [sin” 00 f cos® 80 =i
5 0 |
o 11 - — T P ,thenAisequalto (q) 1
=y 2
; 1.1
il (L= }(1 —~sinx) - sin(x +cos x) dx, then [L) is equal to (r) 2
0

; [Note : : [yl denotes greatest integer less than or equal to y.]
1

@ M= Ism 'a- x)dx+jcos '(x - 2) dx, then [M]isequalto (s) 4
0

[Note : [¥] denotes greatest integer less than or equal to y.]

Columnl : Column II
(2) Given thatf(0)=0, fO)=1,f (2) 3 and f"(2) =5. (p) 2

The value of the definite integral _[x "’ (2¥) dx is equal to
0

(b) The value of the definite integral (@ 6

2.4,\3
1 ziogzu" _glog27™"+)
d
0

74105‘9:: -x-1

]dx equals

2n
(c) Ifthe value of definite integral j lx* - 2% —sin? x|dx = kns, (r) 11

| then % equals ' (s) none

‘ EXERCISE - 5
:

1: 5‘201, a, and a4 are the three vglues of a which satisfy the equation

n
i I(smx+acosx)3dx~i chosxdx=2
0 -2 4

§ then find the value of 1000 (a? +al +dd).

21 "f (8in® 8 — cos® 6 - cos? B)(sin 6 + cos 6 + cos? 6)201° g0 = @+ VB)" —(1+ o)

i (Sm 9)2012 (COS 9)2012 - d

Wwhere a, b, ¢ and d are all positive integers. Find the value (¢ + b + ¢ + d).
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8. For positive integers n, let A, =l{(n +D+(n+2+...+(n+n)}B,={(n+ 1)(

...... (n +n)}V". If lim A— = > here a, b € N and relatively prime find the

n—e B

of (a + b). 5

4. Giventhat U, = {x (1-%)}" andn 2 2 and dde =n(n-1DU, ,-2n(2n- I}U

furtherifV, = Ie .U, dx,thenforn>2,wehaveV, +K;n(2n-1).V, _1+K2n_

g
vV, ,=0. Fmd(K1+K2). £

’ :

= 1 -1 b 4 :

5. If the value of the definite integral |cot 1[—-—] cot” ———
.'.[ V1-x?

Vi-@H)
f_(ijzi@, where a, b, ¢ € N in their lowest form, then find the Val
(a+b+o). £

-6. Find the number of values of x satisfy-ing_T £2 sin(x — ) dt=x2in [0, 100].

n/2
7. If the value of the integral I(cos x)2°! (sin 2013x) dx is 3 2 where a and b

co-prime then find the value of (2a + b).
8. Letf:(0, 1) - (0, 1) be a differentiable function such that f*(x) # 0 for all x €

& j 1-f%(s) ds-j 1-f*(s)ds

and f (2) 5 If f(x) ltl-lg FO—f@ , then the

f (i-) equals _TJ? where m € N. Find the value of m.

n/2
j(cos x) V24 gy

9. If the value of definite inbegx;al ,32 is equal to (n - vn), w eﬁ
I (cos x) -1 dx ‘
0 ;

then find the value of n.

1 1 ' ¢
10. LetI = J‘ (1-x°0)® x10g2 and J = j (1 - x50)100 ,100 5, If§ is equal to ™%
0 0 n

L¥

and n are co-prime then find the value of (r_n_—z_n:_l_}
I}
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x 2/
Find the value of definite integral I o dx.
i1. 1 x
2 Let n be a positive integer. Define f(x) = mip (x=1l,1x-2l, ...., [x-n|). If
]ﬂx) dx = 2, then find the value of .
0
Let f(x) =X CO8X,X EPE, 2n and g is th °
. 9 e inverse function of £, If J'g(x) dx=an?+
0
b + ¢, where a, b, ¢ € R, then find the value of 2 (@+b+c)

14, Letg : R — {4} be a function given by g(x) =a3(f"(¢)  9) 4 2 £ + 4x(f(0) +6) + 4

and h(x)is defined as h (x) = {‘f(t) -2|dt, 0<x<6

. If number of integers in the
(x-6) +20, 6<x<12

range of h(x) is N then find the value of _1\_!

dx. Iflim I, can be expressed as rational

nN—3o0

| n

% CEE VAU
5. Letl = |lx||1+x+—+"—4 .
1 I [ '2 3 + )

2 i the lowest form, then find the value of pq (p® + q2).
q

2
16. Letfbeafunctiondeﬁnedbyf(x)=[(x“r) , T=1<x<r+1

,wherer=3k, ke I.
r+l<x<r+2

45
Find the value of I f(x) dx.

0

117, Ifj dx can be expressed in the form avb — T _1where a, b, c are
o Vl+x +41-x+2 c

prime numbers. Find the value of (@ + b +c).

18, Ifjlnu + 2x) (tan-' @) (In Jb) where a, b € N, find the value of (a2 + b2).
* 1+x2
0

1
19. Given a function g, continuous everywhere such that g(1) = 5 and Ig(t) dt=2.1f

flx) = 1 T(x — 1) g (¢) dt, then compute the value of £ (1) — £*(1).
2% :

n/4

5 = 0’ 37 4, ....)
20. Let I, = | tan" xd=(% 12

o ‘"L”n I +InInes * Tnilnia +Inp15.5). Find the value of lim 100(S )
n n=0 N—ca
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an lfr: : :
21. Given lim ( C, ) = 2 where a and b are relatively prime, find the v
5 ,

2n
n—yce (jn

(a +b).
22. Iff:R->Risa contlnuous and dlﬁ‘erentlable fun

jf(t) dt+f" (3) j dt = j t3dt - (D j t2dt+ 7@ j ¢ dt, then find the value of
.

ual to — 16 then sum of all the values of ain [0, 314] is k7. Find the value of.

ction such that,

3n+a
93. Let a be a real number. If the value of definite integral J |x —a-rlsin (

-K+a

eq
n/2

24, If j
25. Let £ be a posmve integer and f (x) be a polynomial with integer coefficie “' :
satlsfymg2j f(t) dt +x% = 2 f(x), where x 2 1. Find the sum of all possxble 5.

mn?___(m)ede k7, where € N then find the value of k.

ofk

x x o j'
+1- =pInq + 3 tan~1 r, where {-} d
2. Hf ({4:: —2x+9} { 9:52—2%4-4})‘1x ;

fractlonal part function, p and g are relatively prime numbers and ris ani
then find the value of p + g +r. o

27. Letf(x) be afunction satisfying f(x)=f [IOOJ Vx>0 If j (£ dx=5then ﬁnd

valueof_[ f( )dx

n/2 101 1101 - ‘123

28. Letl, = I x(cos x +sin x)" dx, find the value of
99

F
29. Let F (n) = _[ d:c then find the value of definite integral _[ [eI F mdx] dx,

F(1), F(2) and j ,,_(_]_)_ dx contains no constant term.

ax+b

30. If the value of definite integral j (——-——--—2
x“ +5x+6)

dx is equal to '3?6 then find

value of (a2 + b2).
31. Let f (x) and g(x) are 2 differentiable functions satisfying
f)+3g)=22+x+6

o
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gf (x) + 4g(0) = 26 + 4

n/d

IfJ= ]111 (g(tan® x) - f(tan x) - 8) dx, then find the value of ST 22
0

X

g9, If the function !)f (t)dt — 5 as lx| — 1, where f is continuous then find the

x

qumber of integers in the range of p so that the equation 2« + j f(t) dt = p has two

0
roots of opposite sign in (- 1, 1).

r/4 In(cotx)

b
"= (sin 9x)2008 4, _ @ Ina
33, If ) ((sin D2 | (cos x)2099)2 (sin 2x)""" dx =

5— (where a, b, ¢ are in their

c
lowest form) then find the value of (@ + b +¢).

3
34, If the value of the definite integral I=.[ , (2 s;—1) dzx
1% +2¢7 +9x° +1

can be expressed in the

form B cot™? D where B and % are rationals in their lowest form, find the value of

(A +B2+C3+D%.

85. Let a and b be two positive real numbers. Find the value of the definite integral

b /
e:da _eb:: ey

X
a
1 2.2 -1
9% —(1L+x°) cot” X
36. LetJ=](
0

1+x%) (1—(1+x?)cot™ x)

dx. Find the value of 100 (J —-1n 2).

2 2
- n +(k-1
37. If lim — E kln( SR

]exists and is equal to L. Find the absolute value of
Tt bl

L.
[[P: te : 1y} denotes great.est- integer less than or equals to y.]
ote :

U dx: i atb} exists and equals to non-zero finite number L, where a and

38. Iflim|\ | ——=r=3
t—reo 11+ﬂ;2‘

. sl numbers, then find the value of (ab — 4L — 3n).
ositive

b are P g 4sina) sin? £+ 4)dx = kn?, then find the value of k.

T

x
39. If!)ﬁ

99
.1‘ m dx. If 2 f(k) = pT, then find the value of p.

__—/-"—

— ‘ k=0
5 E+1 X e+3

n find the value of I f~(x) dx.
2
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x2 cos? x —xsinx - cosx-—ldx.
42. Find the value Of.[ 1+xsmx)

function defined from [0, 2] - R and satisfyin,

43. Let f (x) be & continuous

2 -
equation | F(2) (v~ (=) dx = §- Find the value of 2 £ (1).

0 65m/4 e .
.44, If the value of definite integral "L T12) (12 equals km, where £ ¢ 3 ,

then find k.

1
| 1-(1-22)"%" x dx
45. 1f 0 e where p,q € N, then find the least value of (p - '

j(1 1 -x2)1%%)%2 x dx

46. If x, and x, (x; < xp) are two values of x satisfying the equation
2(x2 +-12—) +h-2%1|=

4|32
x 12 2x’+1

then find the value of 3“2]-=1{£} 1+ tan( fx} ]] dx
V-0 4 1+ {x}

[Note : [y] and {y} denote greatest integer and fractional part .

respectively.] '_
47. Let fbe a differentiable function defined such that f: [0, 27] = B— ’ 6] and f'(x)

27 3
Vzxe Dy Ifjxf'(x) dx=x-3jx2 f(x®)dx then find the value of A.

[Note : D, denotes the domam of the function.] ;
48. Let g(x) be a real valued function defined on the interval ('_n: %) such »

sinx ¢
g I cos® x+;tsinx t2 dtvxe( } Also f (x) be the i
0 “

+5(0)+g'(0) + g

function of g(x), where 0 Sx < T Find the value of
2 (f'(1))2

~49. Let P(x) be a polynomial with real coefficients such that (2+x+1)P(x-1)=
1 1
£+1)P@VzxeRandP(1)=3.1f [ tan™ o B dx=[tan™ (x+D dx = g8
5 1+ P(x%) 4 o
(x - 1n 4) then find the value of k.
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ity _ 1010 g(x) = 10810 (—~)V x € (0, ), Also h,(x) = g(f(x))
f* 10
: 5@‘13 )
| Vn2
| g_ﬂd hn(x) = hl (hn-l(x))’
IF 1 9 2011
o [ haa(dE . n = 1,2, 3.1 the value of | oo Y1, +1)is
Cowhe) =9
(0¥ then find N, where N is a natural number.
EXERCISE 1 Only One Correct Answer “
0 2@ 3B 4® 5@ 6@ 7@ 8&® 5@ 106
L@ 12 © 130 4@ 15 @ 16 @ 17 6 18 (@ 15 @ 20.@
oo 2 © 28 © 24 @ 2.0 260 2. © 28 @ 20 0 0
o 52 () 35 @ 34 () 35 (@ 36 (@ 37 (& 38 (&) 39. (0 40.0
@ 42 © 43. B 44. @ 45. © 46. () 47 @ 48 (@ 49. (@ 50. (©
L) 52 ) 5% () 54 (0 55. © 56 () 6% (0 58 () 59. (@) 60. 0
o @ 62 () 63 (© 64 () 65 (b 66 () 67 (1) 68 () 69. () 70.(d)
o 72 B 75 (@ 74 @ 7@ @ 7 © 8@ 70 80

8L () 82. (0 83. (©) 84. (0 85. (b)

EXERCISE 2 - Linked Comprehension Type

L@ 2 (@ 8 ® 4 (@ B.(a 6 () 7. (acd) 8. (a) 9. (cd) 10. (0
1. () 12. () 13. (cd) 14. (abd) 15. (abd) 16. (d 17. (b) 18. (c) 19. (b) 20. (a)
2L (b 22. () 23. (© 24, (c) 26. (a) 28. (b) 27. (c) 28. (c) 29. (b) 30. (c)

n @ 32 @ 35 @ 34 B 35 @ 6 © 30

EXERCISE 3 : More Than One Correct Answers

3 4. (a,0) 5. (b,c)
,b,c,d) 3. (¢,d :

1. (b,d) i ((; o 8. (b, d) 9. (a,b,c,d) 10. (a,b,d)
6- (br c, d, 2. (a'b d) 13. (a, b,c, d) 14. (ﬂ, C) 15. (b, c, d)
1L (b, d) 117- (a' b' i 18. (a,b,c,d) 19. (a,b, )

16. (a,b, ¢, d) S
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EXERCISE 4 : Match the Columns Type B

- (@) (), (b) (p), () (s), () (r)

6.

- (@) (1), (b) (s), (c) (p)

2
3. (@) (1) (8), (b) (p) (1), (¢) (@) (1), (d) (1)
4,
b

(a) (s), (b) (p), (c) (1), (d) (q)
(a) (), (b) (t), (c) (q), (d) (r)
(a) (), (b) (q), (¢) (3)

7. (a)(q), (b) (p), (c) (p), (d) (r)

8.
9.

(a) (r), (b) (s), (c) (p), (d) (q)
(a) (p), (b) (1), (c) (p)

EXERCISE 5 : Integer Answer Type

1. 5250 2. 2024 3. 11
6. 16 7. 2014 8. 7
11 0 12. 0005 13. 3
16. 25 17. 6 18. 29
21. 43 22. 10 23, 1200
26. 7 27. 10 28. 200
31 8 32. 2 33. 4019
36. 100 37. 1 38. 13
41, 2 42, 0 43. 1
46. 2 47. 9 48, 18
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Application of Derivatives

TANGENT AND NORMAL

at P(x, y,) gives the slope of the tangent to the curve at

Chupte}:-

Thevalue of the denvatwe
= Slope of tangent at P (x;y,) = m (say).

nrn

P symbOIlcaHy f(x)= dx

1 : ent at (x;, Y1) 18 ~Y1= EJ_Z] (x = 2y).
4 1 Equation of tang 1 -

y=f)

» 2

2
»° ,q’
¥ P(z,,y,) a‘%

9"‘
¢o

¥
%,\

b'd —a X

T 0 J_____,
Je— Length of Subtangent Length of

Subnormal

1

=—-.———-—-—-'(x“'-x1)-
dy
dx ]y,

W Equation of normal at (x;, y,) i8; ¥ — Y1
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= [ 5 = Y, i e
gt P O T L e
R A2 o e s e 1557

Note: :
1. The point P (x;, ;) will satisfy the equation of the curve and the equatiq, 1
tangent and normal line.

i1

PR 3 gl - RN e

2. Ifthetangentatany pointPon the curve is parallel to the axis of x t}, o gz |

IR ]

at the point P. .
8. Ifthetangentatany pointon the curve is parallel to the axis of y, then g% A
dx
=0
or o |
4. If the tangent at any point on the curve is equally inclined to both the gy,
dy
then — =+1
en =

5. If the tangent at any point makes equal intercept on the co-ordinate il
dy

then — = -1
s

6. Tangent to a curve at the point P (x,, y,) can be drawn even through 31 atd
X

does not exist, e.g. x = 0 is a tangent to y = x18 at (0, 0).

B
H

algebraic equation, the equation of the tangent (or tangents) at the origin ‘5.:-.
obtained by equating to zero the terms of the lowest degree in the equation,

i

e.g. If the equation of a curve be x2 - y2 + x3 + 3x2y — 3 = 0, the tangents af
the origin are given by x2-y2=0ie.x+y=0and x -y = 0.

NPT A

’.
IV. Angle of intersection between two curves is defined as the angle between the2
tangents drawn to the 2 curves at their point of intersection. If the angle betw --i
two curves is 90° every where then they are called Orthogonal curves. '
’ ’ 2
V. (a) Length of the tangent (PT) = y1vl +’[f (xy)]
F (xl)
(b) Length of Subtangent (MT) = -1 __
f ’(xl)

(c) Length of Normal (PN) = y,/1+[f’(x,)F
(d) Length of Subnormal (MN) = yif ' (x;)

VI. Differentials :

The differential of a function is equal to its derivative multiplied by
differential of the independent variable. Thus if, y = tan x then dy = secx dx.
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g

1 general &Y =f'(x) dx.

. Note s
. d(c)= 0 where ‘¢’ is a constant.

dw+v-w)=du+dv-dw
~ d(uv) =udv +vdu

Note:
1. For the independent variable ‘x’, increment A x and differential dx are equal
but this is not the case with the dependent variable “Yie Ay=#dy.
9. The relation dy={"(x) dx can be written as %— =f’(x); thus the quotient of the

differentials of 'y’ and %’ is equal to the derivative of %’ w.r.t. ‘¢’

MONOTONICITY

(Significance of the sign of the first order derivative)
DEFINITIONS :

1. A function f(x) is called an Increasing Function at a point x=a if in a sufficiently
small neighbourhood around x = a we have B =nflo): wid increasing;
fla-h) < f(a) i
i ..o flath) <f(a) and
Similarly de f de ing.
y decreasing i fa-h >f@ creasing
2. A differentiable function is called increasing in an interval (a, b) if it is increasing
at every point within the interval (but not necessarily at the end points). A
function decreasing in an interval (a, b) is similarly defined.

. A function which in a given interval is increasing or decreasing is called
“Monotonic” in that interval.

. Tests for increasing and decreasing of a function at g point : If the
derivative f’(x) is positive at a point x = @, then the function f (x) at this point ig
increasing. If it is negative, then the function is decreasing, Even if £ (6} is gt
defined, f can still be increasing or decreasing. M

; increasj s
ol ¢ decreasingatx=c ngatx =

Scanned with CamScanner




166

GRB Problems in ca,i’
oy

Note : If f’(a) = 0, then for x =a the function may be still increasing or j¢ -
decreasing as shown. It has to be identified by a separate rule. eg. f(z) . .3

increasing at every point.

Note that, % =3 x2
dx

Yy
4 f'<0

ﬁ /
N L
- fl@)=0

v f<0

Af>0i f>0
= > X

Ol x=a

s 0 x=a

5. Tests for Increasing and Decreasing of a function in an interval :
Sufficiency Test : If the derivative function f’(x) in an interval (a, b) is o
where positive, then the function f(x) in this interval is Increasing;

If f'(x) is every where negative, then f(x) is Decreasing.

Note :

separated by points at which its derivative fails to exist. /

3. Iffisincreasingin [a,b] and is continuous then f(b) is the greatest and f
is the least value of fin [a, b]. Similarly if f is decreasing in [a, b] thenf
the greatest value and f (b) is the least value.

6. (a) ROLLE’S THEOREM :

Let f (x) be a function of x subject to the following condit

ions : __
osed interval of a Sx<b.

(i) f(x) is a continuous function of x in the cl

(ii) f’ (x) exists for every point in the open intervala <x < b.

(iii) f(a)=f ().
Then there exists at least one point x
Note that if f is not continuous in closed [a,

graph where all the 3 conditions of Rolle’s

not be true in (a, b). ' /

= ¢ such that @ < ¢ < b where f ; (C)=
b] then it may lead to the adja:
will be valid but the assertio

[=]
0 —4°
St~ @
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Letf(x)bea function of x subject to the following conditions :

(i) f (x) is a continuous function of x in the closed interval of ¢ < < b
(i) f' &) exists for every point in the open intervala <x < b |

(i) f(@)# f(b). Then there exists at least one pointx =csuchthata <c<b
where f'(c) = fO) - fle)

-a
Geometrically, the slope of the secant line joining the curve at x =a and x = b is

equal to the slope of the tangent line drawn to the curve at x = ¢. Note the
following :

¢ Rolle’s theorem is a special case of LMVT since

f@=f®) =f () =D=1@

b—a =0.

Note : Now [ (b) — f (a)] is the change in the function f as x changes from a
to b so that [f(b) —f(a)]l/ (b —a) is the average rate of change of the function
over the interval [a, b]. Also f’(c) is the actual rate of change of the function
for x = c. Thus, the theorem states that the average rate of change of a
function over an interval is also the actual rate of change of the function at
some point of the interval. In particular, for instance, the average velocity
of a particle over an interval of time is equal to the velocity at some instant

belonging to the interval. This interpretation of the theorem justifies the
name “Mean Value” for the theorem.

(c) Application of Rolle’s Theorem for Isolating the Real Roots of an
Equation f (x) =0
Suppose a and b are two real numbers such that;
(i) f(x) and its first derivative f’(x) are continuous fora<x<b.
(ii) f(a)and f (b) have opposite signs.
(iii) f'(x)is different from zero for all values of x between a and b. Then there is
one and only oné real root of the equation f (x) = 0 between a and b.
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GRB Problems in core .

MAXIMA - MINIMA
FUNCTIONS OF A SINGLE VARIABLE
. HOW MAXIMA AND MINIMA ARE CLASSIFIED

A function f(x) is said to have a maximum atx =a if f(a) is greater than every 7
value assumed by f(x) in the immediate neighbourhood of x = a. Symbo);

fla) > ; Ea + :;] = x = g gives maxima for a sufficiently small positive A.
fla)> fla-

absolute maximum relative maximum
No greater value of . No greater value of £,

near relative maximum
Also a relative maximum by Nb graater vihie oI,

near by

y.—.f(x)

relative minimum

No smaller value of f.
near by absolute minimum

No smaller value of f.
Also a relative minimum

x=a x=b

Similarly, a function f (x) is said to have a minimum value at x = b if f (b)
than every other value assumed by f (x) in the immediate neighbourhood a

Symbolically if ;222 ;:I; i ::] = x = b gives minima for a sufficientl
positive A.
'Noté: |

1, The maximum and minimum values of a function are also kno ) 8
local/relative maxima or local/relative minima as these are the greatest:
least values of the function relative to some neighbourhood of the po
question.

2. The term ‘extremum’ or (extremal) or ‘turning value’ is used bot
maximum or a minimum value.

3. A maximum (minimum) value of a function may not be the greatest (le
value in a finite interval.

4. A function can have several maximum and minimum values 2
minimum value may even be greater than a maximum value.

Scanned with CamScanner



ionof DErvaLeS
APP!
ﬂ;;:m and minimum values of a continuous function occur alternately

and between two consecutive maximum values there is a minimum value
and vice versa.

169

_ ANECESSARY CONDITION FOR MAXIMUM AND MINIMUM

fflx)isa maximum or minimum at x = ¢ and if f’ (c) exists then f*(c) = 0.
the ?
{, The set of values of x for which f” (x) = 0 are often called as stationary points
or critical points. The rate of change of function is zero at a stationary point.

"9, Incasef’ (c)does not exist f(c) may be a maximum or a minimum and in this
. case left hand and right hand derivatives are of opposite signs.

. The greatest (global maxima) and the least (global minima) values of a

function fin an interval [a, b] are f (a) or f () or are given by the values of x
for which f'(x) = 0. '

Critical points are those points in the domain of function where either
% =0 or it fails to exist.

3. SUFFICIENT CONDITION FOR EXTREME VALUES :

;f((c ; :))Z (())] — x = ¢ is a point of local maxima, where f*(c) = 0.
c

hisa

suﬂic;ienrly
- f'(c-h)<0 . : o e pmalt
imil = x = ¢ is a point of local minima, where f’(c) = 0.| Posiive
. Bily f'(c +h)>0 * ; 1 quantity

Note : If f(x) does not change sign i.e. has the same sign in a certain complete
neighbourhood of ¢, then f(x) is either strictly increasing or decreasing
throughout this neighbourhood implying that f(c) is not an extreme value of f.

4. USE OF SECOND ORDER DERIVATIVE IN ASCERTAINiNG THE-
MAXIMA OR MINIMA:

(a) f(c)is a minimum value of the function £, if f'(c) = 0 and £ (¢) > 0.
(b) f(c) is a maximum value of the function f, f “(¢) = 0 and £ (¢) < ¢,

Note : 1 £7(¢) = 0 then the test fails. Revert back to the first order dapivat:
check for ascertaining the maxima or minima. - : | rivative
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5. SUMMARY-WORKING RULE :

FIRST : When possible, draw a figure to illustrate the problem ang labe] fh |
parts that are important in the problem. Constants and variables should be cle ¥ ;
distinguished. e

2 a RN b e LotV 2 R it NATE i

SECOND : Write an equation for the quantity that is to be maximigeg
minimised. If this quantity is denoted by ‘%, it must be expressed in terms ¥

. : . : of g .
single independent variable x. Its may require some algebraic manipulatjon e

THIRD: Ify = f(x) is a quantity to be maximum or minimum, find those valueg ofy 3
x v

o x OY
for which — =f'(x) = 0.
or whic 2 f(x)

FOURTH : Test each values of x for which f’(x) = 0 to determine whether jt
provides a maximum or minimum or neither. The usual tests are : '

2
(a) If%%’ is positive when %i— =0 = y is minimum.

d*y dy
If FE is negative when T 0 = y is maximum.

2
If % = 0 when % = 0, the test fails.
positive for x<zx,
(b) If&-x‘—y- is zero for x =x, |= a maximum occurs at x = x,.
negative for x> x,

f

o d X . :

But if Ey changes sign from negative to zero to positive as x advances through x,

: e dy e , _ ; S
there is a minimum. If = does not change s@n, either a maximum nor a 3
minimum. Such points are called Inflection Points. _ wd
FIFTH : If the function y = f(x) is defined for only a limited range of valuesa <x<b '
then examine x = a and x = b for possible extreme values. po e g
SIXTH : If the derivative fails to exist at some point, examine this point as
possible maximum or minimum. o ol b

Note . ; =) g o

1. Given a fixed point A (x;, y,) and a moving point Pz, f (x)) on the curve
y = f(x). Then AP will be maximum or minimum if it is normal to the curve :
at P. ~ Lot

Ph
‘

Scanned with CamScanner



v

rivatives ik

App" cation of De
5, 1fthe sum of two positive numbers x and y is constant then their product is

! 1
naximum if they are equal, i.e.x +y=¢, x>0,y >0, then xy =~ ((x o

2
@-y)
9. Ifthe product of two positive numbers is constant then their sum is least if
they are equal, i.e. (x + )2 = (x — y)2 + 4xy

4. USEFUL FORMULAE OF MENSURATION TO REMEMBER :

(a) Volume of a cuboid = Ibh.

(b) Surface area of a cuboid = 2 (Ib + bh + hl).

() Volume of a prism = area of the base x height.

(d) Lateral surface of a prism = perimeter of the base x height.

(e) Total surface of a prism = lateral surface + 2 area of the base
(Note that lateral surfaces of a prism are all rectangles).

(f) Volume of a pyramid = % area of the base x height.

(g) Curved surface of a pyramid = % (perimeter of the base) x slant height.

(Note that slant surfaces of a pyramid are triangles).

(h) Volume of a cone = % Treh.

(i) Curved surface of a cylinder = 2nrh.
() Total surface of a cylinder = 2nrh + 2nr2.
(k) Volume of a sphere = % Tr3,

() Surface area of a sphere = 4nr2.

(m) Area of a circular sector = -;- r20, when 0 is in radians.

1. SIGNIFICANCE OF THE SIGN OF 2ND ORDER DERIVATIVE AND
POINTS OF INFLECTION :

The sign of the 204 order derivative determines the concavity of the curve, Such
Points such as C and E on the graph where the concavity of the curve changes are
called the points of inflection. From the graph we find that if:

(a) d’y

—=- > 0 = concave upwards
dx?
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2

<

(b) ﬁ- < 0 = concave downwards. /_D\ _.
At the point of inflection we find that —- =0 \A / £
. dx* ol \113/ :
d’y
and —- i
722 changes sign. 57
Inflection points can also occur 1f d’y fmls to ’ " c
- 10
exist. For example, consider the graph of the
function defined as, N4
7 ¥
flx) = ] for xe (-, 1) 4
2-x° for xe(l, ) \A”
: NG
: , o
i 2-x 5
D
0 3 & > X

Note that the graph exhibits two critical points one is a point of local
and the other a point of inflection. L

EXERCISE - 1
Only One Correct Answer l

1. The values of p for which the function f (x) = [ Nlp L 1}:5 -3x+1n5

-p
for all real x is :

(@) (-, =) (b) [-4, 3 “2‘/2_1} U (1, )
(c) [—3, 5";2_7 ]u(z, ) (@ [1, )
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1
g, If pix) = (2013) x2012 - (2012) x2011 - 16x + 8, then P(x) =0 forx € [0, 82011J has :

(a) exactly one real root (b) no real root

© atleast one and at most two real roots  (d) atleast two real roots
g, The set of value(s) of ‘a’ for which the function f(x) = -;3,_ +(@+2n2+(@-1x+2

possess & negative point of inflection .
(a) (- oo, -2) v (0, =)

(b) {-4/5})
(© (-2,0) (d) empty set
4. The minimum value of (1 +— ln ) (1 + )is ‘
sin” o cos” o
(@) 1 (b) 2 (¢) (1+2n2)2 (d) none of these

5. Letf(x) = ¢=" 4431 thon

(a) f(x) decreases in the interval (1, 2) U (8, =)
(b) f(x) increases in the interval (-, 1) U (2, 3)

(¢) f(x)has one local maximum point and two local minimum points

(d) f(x) has one local minimum point and two local maximum points

2
6. Acircle with centre at (15, -3) is tangent toy = % at a point in the first quadrant

The radius of the circle is equal to :
(a) 5V6 (b) 83 (c) 92 (d) 6J5

7. If f be a continuous function on [0, 1], differentiable in (0, 1) such that f)=0,
then their exists some ¢ € (0, 1) such that :
@ cfc)-flc) = (b) fle)+cRe)=0
(c) f’(c)—Cf(C)=0 @) ef)+f)=0

8. Ify = f (x) is twice differentiable function such that f(a) = £ (b) = 0, ang fx)>0Vv
x € (a, b), then :
(@) f"(c) < 0 for some c € (a, b)
(¢) f(c)=0 for somec € (a,d)

/2
j(smx +tcosx) dx

9. The value of ¢ for which ‘F

®) f"()> 0V ce (a, b)
(d) none of these

1s maximum Jjeg in the j
: m .
I(smx+tcos %)% dx terval :

0

13

: 3

() (0, -é) () (2 4) © (4 2) (@ (.23_.5_)
2
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10. Let £, g and A are differentiable function such that g (x) = f (x) - x ap d b e ;.v;
f(x) — x2 are both strictly increasing functions, then the function F (x) < f&; ol |

V3x® .
2

(a) strictly increasingVxe R
(b) strictly decreasingVxe R

YVisllam Sdls

: . 1 1
(¢) strictly decreasing on (—m, ———-) and strictly increasing on (——-— o0
3 d A

(d) strictly increasing on (—ao, _}_) and strictly decreasing on (i’ m)

V3 V3
11. The global maximum value of f (x) = cot x - v/2 cosec x in interval (0, 1) is equal to -
(a) 1 (b) -1 (c) O (d) non-existent

12. Let o be a fixed constant number such that 0 < a < E The function F'is def‘medby

F@®©)= jxcos (x + o) dx. If 6 lies in the range of [0 2]. then the maximum valyeof

F(0) is :
(a) g-a+sina (b) g—a+cosa (c) g-—a—sina (d) -;——a—cosfu

13. The complete set of non-zero values of & such that the equation [x2-10x+9 | =kr
is satisfied by atleast one and atmost three values of x, is : ;

(a) (—o,-16] U [4, =) (b) (—e°,—16]U[16, )
(€) (—o0,—4]U[4,) (d) (=e, 4] U [16, )

1
14. If f(x) = Ie"“" dt where (0 <x < 1), then maximum value of f(x) is :
0

e
:
1
By |
i
j
|

(a) e -2 (b) e-3 (¢) e-1 (d) 2(e-1)
15. If o, B € (g, n) and a < B, then which one of the following is true? ‘

(a) 90030-00554(2 (b) ecosﬁvcosu<_l_3_

o
(c) eCOBG—COS5<E (d) ecosP-rcosa <E’E.
o

16. The maximum value of (cos o) - (cos ) ...... (cos w,), under the restficﬁd.ilfsz

0<ay, 0, ... ,czns—th—amdcotml-ccntr:v.2 ..... cota,=1is: gy

1 1 1
(@) — (b) o (C_) = d 1
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[fay, 09 a,, are positive real numbers whose product is a fixed number e, the
17' mmlnnum Value Ofal * 02 ¥+ a3 T o + an__l + 2(1" is :
@) 02" (b) (n+1e’"
© " @) (n+1) (2)V"

48, Let f () = 23 — 3 (2 + p) x2 + 12px + In (16 — p?). If f (x) has exactly one local
maxima and one local minima, then the number of integral values ofpis:

(a) 4 (b) 5 (c) 6 ) 7

. 4 |
19, Letf(x) = t;z " 2)::3 — 3x + sin 3x, then the true set of values of a for which f (x) is
gtrictly decreasing on R, is :
g ) 2, =)
e @ (5, )

90, If p € (p,, p,) satisfy the condition that the point of local minimum and point of
local maximum is less than 4 and greater than — 2 respectively for the function
f(x)=x3 —3px2 + 3 (p2 — 1)x + 1, then the value of (p, — p,) is equal to :

(a) -1 (b) 3 () O d) 4

921. The smallest natural number ¢ for which the equation e* = cx2 has exactly three
real and distinct solitions, is

(@) 1 (b) 2 (© 3 d) 4

22. If the equation x* + 8x3 + 18x2 + 8x + a = 0 has four distinct real roots, then the
range of a is : :

(a) (0,9 (b) (-9,0) () (8,1) (d) (-1,8)
23. Letf(x)=(pg—q2-1)x + I (cos* 8 +sin* ) d6. If f (x) is strictly decreasingV q € R,
0

V x € R, then the least integral value of p, is :
(a) 0 (b) 1 (c) 2 (d 3
24. If the function f (x) = ax3 + bx? + 11x — 6 satisfies the Rolle’s theorem in [1, 8 and

f (2 'S _}__) = 0, then the values of a and b are respectively.
3

(a) _6’1 (b) —231 (C) 1,_2 (d) 1’__6

25, tion P(t) of 1000 bacteria introduced into nutrj '
5. A populati 1000t ent medium grows

. The maximum si
100+ ¢ eximumsize of bacterial popylation

according tolaw P(t)= 1000 +

is equal to : ' 385 (‘) ;
(2) 1100 (b) e @ 5250
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x x+1
26. Let f(x)= (1 + B and g () = (1 + .1.) both fand g being defined for >
e o

prove that f(x) is increasing and g (x) is decreasing.
(a) Both f(x) and g (x) are increasing

(b) f(x) is increasing and g (x) is decreasing

(¢) f(x)is decreasing and g (x) is increasing

(d) Both f(x) and g (x) are decreasmg

27. Letf(x)= lx—-11] + |x-2|,I= jf(x)dxM — the minimum value of f, N = f'(x

2
x <-4 and C = the value of f ”(4). Then the value of M’ 1; +IC
@ = ® = © 3 @3

28. A piece of paper in the shape of a sector of a cu'cle (see figure 1) is rolled up to
a right-circular cone (see figure 2). The value of angle 0 is : g

£ 12
e -
figure 1 ﬁgure2
10n O 511: 61:
== b) 2= (c) — d) —
(a) 13 (b) 13 ) , )

x —
29. Let 0 be the acute angle between the curvesy =x*Inx andy = 2ln 22

at the

of mtersectmn on the line y = 0. The value of tan 6 is equal to:
(a) -2- (b) 2 (c) - (d) 3

30. The range of real constant ‘¢’ such that (1 ~ t) sin® + ¢ tan 6 > O always hol
VQE(U, E) is: :

2 i

1 1 3

(a) 4,04 (b) [5, oo) © 3 (d) none of the

31. If equation of tangent drawn to the curve y =llog, Ix|lat x = :3-1- ispx+yln g}
(3¢) = 0 then (p + g) is equal to : -

5 7

(a) 3 (b) - 5 —

| 2 & @ 3
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s . .
jfthe function fx)=5in(Inx) -2 cos (In x) is Increasing in the interval (e}, er) then
ngs(p_l)isequalto: ’
_ -5
® ~B = © 0 @ V5
|, Ifthe curves x%3 4 y%3 = ¢ and (%a?) + (y2/b2) = 1 touches each other then :
@a+b=c b) a-b=c © a+2=c @ 2a-b=c
g4, The value of ‘¢’ in Rolle's theorem for the function f(x)= x* cos G)’ el 0in the
0, x=0
interval [-1, 1] is :
G .
a 9 (b) 'Z
(© 0

: 3 (d) non-existent in the interval
%5. Letfx)=1° ° B

N-xl, x>0 then which one of the following statement is incorrect?

(2) Continuous and differentiable at x = 0
() lim f(x) =0
X
(c) One local maxima and one local minima
(d) Decreasing function in 0,1)
36. If the equation x3 - 8x + 1 = 0 has three real roots x,,

the value of ({x,}+{x,}+ {x3]}) is equal to :
[Note: {x} denotes the fractional part of x.]

X2 X3, Where x; < x, < x5, then

8 5
(a) = 2 <
a) > (b) 1 (c) (d) >
» S Letf(x)=mx—1+ -1- Then the smallest value of the constant m such that fx)=20
x
for eireryx >0is: i
1
(@) = = (© = d 1
a) . (b) 1 2

8. If f (x) = ||]x — 2|-5|- a| then number of integral values of ‘a’ for which f (x) has
exactly 7 critical points, is

(a) 4 (M) 5 (c) 7 (d 9
39, ffx)=(J4-x2 -3)% + (\14 —x2 +1)3, then the maximum \;z;l)u: ;ff(x), i
(a) 25 (b) 28 (c) 36

an/3 |
40. Ifce [0, 1] then the minimum value of j |sin x - cldx occurs when cis equal o .
’ 0

1 3
1 1 © - W=
(a) i (b) 72 2
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41. Let f: R — R be a function defined byf(x) 2x3 — 21x2 + 78x + 24, Nu
integers in the solutions set of x satisfying the inequality

FF(f(x)-2x°)) 2 fif@x3 - f(x))) is:

(@) 3 (b) 4 (c) 5 (d) 6
42. Consider the three linear equations with respect to X, Y, Z as
x)X+Y+2Z=0
FENX+3Y+x2Z2=0

(5x)X+6Y+Z=0
having non-trivial solution for X, Y, Z. The curve f(x) :

(a) is always increasing (b) is always decreasing
(c) has exactly one critical point (d) has three critical points
43. Letx, =¥3 + 19 and x, = 5 + U7, then:
(a) x;=x, (b) x, > x, (c) x; <x, (d) none of theg

EXERCISE -2

Paragraph for Questlon Nos. 1to 3
Consxderthe cuhncf(x) 8a3+4ax2+26x+awherea,b € R

1. Fora=1ify=f(x)is stnctiy increasing V x € R then maximum range of val
bis:

1 1 1
@ [-oo, 5] (®) (5 oo] © [5 oo) ) fos, o4)

2. For b = 1, if y = f (x) is non monotonic then the sum of all the integral
a € [1, 100],is :
(a) 4950 ' (b) 5049 (c) 5050 (d) 5047
3. If the sum of the base 2 logarithms of the roots of the cubic f (x) = 0 is 5 th
value of ‘@’ is ‘ A
(a) — 64 (b) - (c) —128 (d) —256

Paragraph for Questaon Nos. 4 to 6

1-x if 0sx<1
Letf(x)=| 0 if 1<x<2andF @)= jf(t)dtthen:
(2 .:t')’B if 2<x<3 ;
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W .
ﬁ;n F(x)is:
(g) increasing in (0, 1) and decreasing in (2, 3)

o) decreasing in (0,1) and increasing in (2, 3)
© decreasingin (0, 1) U (2,3)
(d) increasing in (0, 1)U (2, 3)

5, Range of F(x)is:

1 1 5
L (b) [o. -] 5
@ [0. 2] 3 © [o, 6] @ [0, 1]
¢. Area enclosed by the curve y = F (x) and x-axis as x varieé from0to 3,is:
15 by 17 13 19
® 3 (b) — (c) = d) =

12 12 12
' Paragi'aph for Qﬁééﬁon N_Bi Tt08 : Sen
Consider f,  and /s be three real-valued differentiable functions defined on
Rletgl) =2 +g' (1) 2%+ Bg(D) -g"D) -1 x + 8g'(1), f() =x g (x) - 12¢ +1
and f (x) = (h(_x))2 where 5(0)=1. - ' Sne. 33
7. The function y = f(x) has :

(a) Exactly one local minima and no local maxima

(b) Exactly one local maxima and no local minima

(¢) Exactly one local maxima and two local minima

(d) Exactly two local maxima and one local minima
8. Which of the following is/are true for the function y = g(x)?

(a) g(x) monotonically decreases in [—m, 2- :/%) U (2 + 71:5—’ oo)

M 1
(b) g(x) monotonically increases in (2 & 2+ 75‘)

(¢) There exists exactly one tangent to y = g(x) which is parallel to the chorg
joining the points (1, (1)) and (3, (3)

(d) There exists exactly two distinct Lagrange's mean value in (0, 4) for 1ha
functiony =g(x). .

9. Which one of the following does not hold good for y = A(x)?

(a) Exactly one critical point

(b) No point of inflection

(c) Exactly one real zero in (0, 3) .

(d) Exactly one tangent parallel tox-ax3
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|  Paragraph for Question Nos.
the functions f (x) and g (x) such that

10 to 12

Consider

1
3 x
f &) =’_;-+1—xjg(t)dtandg (%) =x—£f(t) dt.
0

Both f (x) and g (x) are defined from R — R.

10. Which one of the following holds good for f (x)?

(a) f(z)is bounded
(b) f(x) has exactly one maxima and one minima
(¢) f(x)has a maxima but no minima
(d) f(x) has a minima but no maxima
11. Minimum distance between the functions fx)and g (x) is :

4 7 7 8
B BY wnd (c) — (d) —
12. The function g (x) : g
(a) is injective but not surjective (b) cuts the y-axis at — =
(¢) cuts the y-axis at = (d) is neither injective nor surject

Paragraph for Question Nos. 13 to 15

23 —4x® bx-2x> 3bx-8 i
Consider A(x) =|bx-2x*> 38bx-8 x°-4x?|=f(x) g(x), wherebe R
3bx -8 a°-4a2® bx-2a° :

the equation f(x) =0 has positive realroots. (Leading coefficient of f(x) i

13. The value of b is equal to :

(a) 3 (b) 12 (c) —-12 (d) -3

14. Number of real roots of the equation g(x) = 0, is :
(a) 0 (b) 1 "0 2 (d) 4

15. If the curve y = f (x) — 9x3 has two horizontal tangents then distance
therg, is : o :
@ 7 ® 2 ©Z @ %—1-
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/ Paragraph for Question Nos. 16 to 18

(fbe 8 real-valm:ed function on R defined by f (x) = xe™*. Suppose a line
1e o] to the x-axis has distinct intersection points P, @ with the curve
a (2 Denote the length of the line segment PQ equal to L. Also B is the

slue of x for which y = f (x) has a local maximum and R be the intersection
soint of the line x = § and the line PQ.

181

| 6. 1fp and g are the abscissa’s of the points P and Q respectively, then the ordered
pair (pa q) is:

L el (oL L)
(a) (el‘—l’ eL _.1) (b) LeL-—l,eL_lj
L
(c)(LL,II:C} (d)reL’eLw
e’ -1 e” -1 o o
17. If o denotes the x-coordinate of the point of inflection then (o — p) equals :
(@) e-1 (b) e-2
(c) 2 @1
18. Which one of the following relation hold good?
(@) PR > RQ
(b) PR <RQ
(c) PR=RQ

(d) Tricotomy between PR and RQ depends upon the distance between the line
PQ and x-axis.

Paragraph fof Question Nos. 19 to 21

Let g(x) be a non-constant twice differentiable function defined on R (the
set ff a)ll re:l aumbers) such thaty = g(x) is symmetric about the line x = 2

1 =0.
and g(_z) = 81 (E) = g’ (1) 0

19. The value of 8(6) equals :

. -]: (b) 1
2 (d o
(c) 2 f roots of the equation g”(x) = i . :
. amber © in the interval (0, 4)

20. The minimu™ * ’

equals: (b) 6

(a) 4 (d) 10

() 8
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21. IfIl = Ig(Z + x)sin xdx and 12 J‘mdx then which one Ofthe followmg
0
-x
hold good?
(a) I, <1,
M) I,>1,
(C) Il = Iz

(d) Nothing definite can be said

Paragraph for Question Nos. 22 to 24
The function f (x) = vax® + bx® + cx+d has its non-zero local

nummum and

local maximum values at - 2 and 2 respectively. Given * a’ is root of the
equationx®~-x -6 =0. i 3
22. The value of (a + b +¢) is equal to :

(a) 16 (b) 18 (c) 20 (d) 22
23. The roots of the equation ax2 + bx + ¢ = 0

(a) are opposite in sign .(b) are imaginary

(c) are both positive (d) are both negative.
24. The smallest positive integral value of d is equal to :

(a) 1 (b) 32 (c) 33 (d) 34

Paragraph for Questmn Nos. 25 to 27 s B
Let P(x) be a polynomial of degree 4, vamshes at x = - 1 and han loul

maximum/ local minimum at x = 1, 2, 8. Also _[P(x)dx —1348
, CRAS

25. The y-intercept of the tangent to the curve
(a) 24

(c) —96

y =Plx)atx=-1, equals
(b) -

(d)34
26. The value of definite integral j (P(=x) + P(x)) dx equals :

-1244 : -1442
® 5 » T
~2144 | ~1424 :
27. The distance between two Iocal minimum po‘lnts ofy = P(x), equals :
(a) 3 (b) 2
(c) 4 (d) 5
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Paragraph for Queétion Nos. 28 to 30

ey=f&) passing through origin and (2, 4). Through a variable point
{ A7, on the curve, lines are drawn parallel to coordinates axes. The ratio.

A 0
: :f(:’reafomedby the curve y = f (x), x = 0, y = b to the area formed by the
rf(,),yso,xzaisequalto2:1. 1 3
: -28. Equation of line touching both the curves y = f(x) and y2 = 8x is :
(@) 2x+y-1=0 (b) 2t +y+1=0
(c)x+2.)'+1=0 dx+2y-1=0

9, Pair of tangents are drawn from the point (3, 0) to y = f (x). The area enclosed by
these tangents and y = f (x) is equal to : A
(a) 9 (b) 18 (c) 15 (d) 27

30, AB is the chord of curve y = f (x) passing through (0, i} Locus of point of

intersection of tangents at A and Bis :
(@) 4y+1=0 (b) 4y-1=0 (c) 4x+1=0 @ 4x-1=0

| Paragraph for Question Nos. 31 to 34
Let f (x) and g(x) be two differentiable functions on R (the set of all real

3 x 1
numbers) satisfying f (x) = 2~ +1-x[ g¥)dt and g(x) = x - [fo a.

1
31. The value of definite integral j f(¢) dt lies in the interval :
0
1 11) © (13) @ (2 )
(a) (0, 5) (b) (2, 1 - 5
32. Minimum vertical distance between the two curves f(x) and g(x) is :

8

1 2 7.

@ 3 OF © 3 @ <

y,) on the curvey = f(x) from the curve y = g(x) is

33. If the distance of the point P (X1,
| least, then x, equals :

{ 2
L : ©3 a7
o % ®) 3 3 (d) :
34, Number of points where f(lx1)is non-derivable, is :

(c) 2
(@) 0 (b 1 (D 3
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Paragraph for Questions Nos. 35 to 37
2In(-x-1), -e-1<x<-2
, l(4--::’), 2<x<0
Let f(x) = - % 0, x=0

| —21-(3'2—4), 0<x<2
_21n(x—l), 2<x<e+1

-e-1 -2 -1 0
: | iy
and graph of f (x) is as shown. Graph of £ (x)

2

min {f(t):-e-1<t<x}, -e-1<x<0
S #) = [ max (f:05¢s2),  0sxserl

35. Which one of the following statement does not hold good?

(a) Range of g(x) is [0, 2] (b) g(x) is non-monotonic in [—2 2]

(c) glx)is a continuous function (d) g(x)is an odd function

36. Ifx = ais the point of non-differenti:hilit v of gx)in(—e-1,e+1) theh thé vah;e.
of auis : )
(a) — (b) -2,-1 () --2,2 d) -2 0

317. Ifthe equatmn 8(x) =k has exactly two tistinct solutions in [-e — l,e + 1] then
sum of all possible integral values of  is :

(a) 0 _ (b) 1 (© 2 (d 3

Paragraph for Questions Nos. 38 to 40
Consider f: R — R be a polynomial function whose degree is greater ha
and atmost 4. Also f is a one-one and onto function whose. graph
symmetrical about A (4, 0) and fhas horizontal tangent at x = 4.

2018
38. The value of definite integral I f(x)dxis equal to :

-2010

;ﬁ,;\,q? G TR —
F '

(a) -4 (b) 0 (c) 4 ) 8
9. The value of f-1(2) + f-1(~2) is equal to : o
(a) 0 (b) 2 ) 4 s
40. If £'(10) = 20, then f'(-2) is equal to : i
(a) 4 (b) 8 () 20 (d) 32 |
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Nmﬁ
Paragraph for Question Nos. 41 to 43
Letf(x)bea polynomial of degree 3 satisfying f(-1) = 10, f(0) =5 and f (x) has
jocal maximum at x =-1 and f’(x) has local minimum atx = 1.

41. The distance between the local maximum and local minimum of the curve f(x),is :
(a) 32 (b) 22 (c) 465 (d) 2V55

49. Which of the following statement is incorrect?
(a) The slope of normal at point P whose abscissa is 0, on the curve y = f (x)

eualsl
™9

(b) There exists no value of ¢ € (5, ) for which f(c)=0
1

(¢) The value of definite integral _[ f(x) dx equals "Zl
0

(d) f(x) has local minimum at x = — 22

5 f” ( t)

e* .
43, Let g(x) = J 3 el dt, then which of the following statement is correct?
-t+
0

(a) g’(x) is positive on (—, 0) and negative on (0, <)

(b) g'(x)is negative on (—=, 0) and positive on (0, )

(c) g'(x) does not change sign on (o, =)

(d) g’(x) change sign on both (—, 0) and (0, =)
Paragraph for Question Nos. 44 to 45

Letf(x) bea cubic polynomial withleading coefficient unity suchthatf(a)=b
and f'(a) = f"(a) = 0. Suppose g (x) = f (x) -f (a) + (@ -x)f'(x) +3 (x - a)? for
which conclusion of Rolle’s theorem in [a, b] holds_ atx=2,where2e (a,b).

44, The value of f”(2) is equal to :
(a) 2 (b) 3 (c) 4 (d) 6

b
45. The value of definite integral jf (x) dxis equal to :
a

123 213 321 481
i =L St ) Pabian
ey 64 (®) 64 (e) 64 @ 64

Paragfaph for Questioh Nos. 46 to 48
Letf(x) = a (x - 2) (x—-b), wherea,bec Rand a = 0.

Mﬂof(f(«:));af’*(:;’z —(2+b)x+2b—'—%) (x” —(2+b)x+2b—%}a¢0,

has exactly one real zeroes b.
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ing is i t?
46. Which of the following is incorrec | ¥
(a) The minimum value of f (x) i8 & and attained at x = - 2.

(b) The maximum value of f (x) is 2 and attained at x = 5.
(¢) The minimum value of f (x) is 10 and attained at x = 0.
(d) The maximum value of f (x) is 24 and attained at x = 6. |
47. The slope of the straight line passing through O(0, 0) and tangent to y = (), ca
o E
4 2 .
(a) 4 (b) 2 (c) 3 (d) 3

5
48. The value of definite integral I f(x)dx is equal to :
2

(a) 4 (b) 8 (c) 10 (d) 14

Paragraph for Question Nos. 49 and 50 ‘
Consider a cubic, f (x) =ax3 + bx2 +ex + 4,a, b, c € R and f”(?—) = 0 and

tangent drawn to the graph of the function y =f(x) atxafagisy =§§ +12-i7.9. l i3

49. The value of (@ + b + ¢) is equal to :
(a) 4 (b) 6 ie) 7 (d) 10
50. If g is the inverse of f then %(g(x) -flg(x)}) at x = 4 is equal to :

1 4 3 4
@3 ® - © 2 @ 2

Paragraph for Question Nos. 51 and 52
Consider the polynomial p(x) = 9x8 - 18x% — 2043 + 15

51. p(x) = 0 has :
(a) exactly one real root in [0, 313]

(b) exactly two real roots in [0, 55]
(¢) atleast two real roots in [0, 313)

(d) no real roots in [3V5, 515] e
92. Ifthe graph ofy = p(x) represents the rate of change of slope of tangent atany ‘¥’to
the curve y = f(x) then number of horizontal tangents to the curve y=f@)willbe &
[Given that f/(1) = 8]: ; A

Paragraph fot Question Nos. 53 to 55

Let £ (x) be a real valued function defined on Positive real numbel'ﬂo'n‘e

h of y = f (x) always intersect the y-axls 1
t the function. Also £ (1) = 0. G
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ppplcation of D

Range of the function is :

gl A e © L) @ [-1,1]

o4 1f#f (1xz1) =k has exactly one distinct solution then true set of values of % is equal
to:

e e
o (2] @ (Z0)

55. The longest interval where the function g(x) = ?_(:c_) is decreasing is denoted by oJ.

53.

X
Number of integral values in the interval J is :
() 0 (b) 1 (c) 2 @ 3

Paragraph for Questmn Nos 56 to 58 '

J,: Let f(x) be function defined on the set of real numbers to real numbers, «
_ _such it is contmuous on R. ,

§6. Iff (x)is also differentiable on R such that f'(x) > f(x)V x € Rand f (xo) 0 then

(@) fx) <0V x>x, (b) fFX)20V x> x,

(¢) fx)>0V x>x, \ d) fx) <0V x>x,

57. The equation k-e* =5+x+ %- where £ is a positive constant has :

(a) exactly two roots (b) exactly one root
(c) no real root . (d) many roots

58. Iff (x) =x3— (9 —a) x2 + 3 (9 — a?) x + 7 has points of extrema which are of opposite
sign, then the values of parameter a :

() (0, =) u(-w, —-3-] (b) (=3,3) U (4, )

EXERCISE -3

Oro Than Om Corrn it Answet:]

L Conslderf(x)ﬂe’Bec-""/icosx"'x xe[—:—)’E g]

= -n
(a) minimum value of f(x) is (‘/ée = g]
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. If lim f(x)

. Which of the following is(are) correct?

- Let fbe real-valued function on R defin

X ot
.Letf(x)=_[ 3 dt,x > 0 then :
1

GRB Problems i"-CéIcumé :

= 1 =n
(b) minimum value of f (x) is (2:2 3 - -j_é =%

Tk ’ L
© f (g)zf(x)\:fxe[s ,3]
(T . - T
(d)f(g)sf(x)v;m[—3 ,3]

» I d(x) =f(x) + f(2a —x) and f"(x) > 0,a > 0, 0 < x < 2a then :

(a) ¢ (x) increases in (a, 2a) (b) ¢ (x) increases in (0, a)
(¢) ¢ (x) decreases in (0, a) . (d) ¢ (x) decreases in (a, 2q)

. A function f is defined by f (x) = I costcos(x - #) dt, 0 < x < 2 then which of the |
0 ‘

following hold(s) good? _ 1R
(a) f(x) is continuous but not differentiable in (0, 2n)
(b) Maximum value of fis

(¢) There exists atleast one ¢ € (0,2m) s.t. f'(c) =0
(d) Minimum value of f is --g

=lim [f(x)] (a is a finite quantity), where [-] denotes greatest integer
1—a : -5

function and £ (x) is a non constant continuous function, then: |

(a) lim f(x) is an integer (b) lim £ (x) need not be an integer
x-a X—=a

(¢) f(x)has alocal minimum at x=a (d) f(x)has alocal maximum atx=q *

3
(a) 3> x8

(b) sinx>x-—-x—Vx>0 :
4 6

(d) 10115 1710

ed as f (x) = x4 (1 — x)2, then which of the
following statement(s) is(are) correct ? ; o
(@) f(c)=0for somec e 0,1)
(b) f”(x) vanishes exactly twice in R

(¢} f(x)is an even function

(d) Monotonic increasing in (O, %) U (1, o)

B e Rl
2 RSPV R
R R T o

1+¢2
(a) for0<a<B,f(a)<f(B)

(b) for 0 << B, f(c) > F(B)
(c) forallx>0,f(x)+§~<tan-1x

(d) for a11x>0,f(x)+g> tan-1x
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2 x
g. Let fx)= %——2)3')67, then which of the following statement(s) is(are) correct?
. +x

10.

11.

12,

13.

(a) f(x)is strictly increasing in (- o, — 1)

() f(x)is strictly decreasing in (1, )

() f(x)has two points of local extremum

(d) f(x) has a point of local minimum at some x € (- 1, 0)

. If fis an odd continuous function in [-1, 1] and differentiable in (-1, 1), then which

of the following statement(s) is(are) correct?
(a) f(@ =f(1) for some a € (-1, 0)

(b) f'(b) =f(1) for some b € (0, 1)

© n(fEN™ (@ =(f())" for some e (-1,0)and Vn e N
@ n(f@)" ' (B) = (f(1))" for some Be (0,1)andn e N

Letf(x)= {g =% % 1= Cng), . 0 xi 1. If Rolle’s theorem is applicable to
x=

f(x) for x € (0, 1), then e can be :

(a) —2 ® -1 © @ 1

X
Let f() = [e (t-5) (F ~ Tt +1D dt for all x € (0, =), then :
0

(a) fhas a local maximum at x = 4 and a local minimum at x = 3

(b) fis decreasing on (3, 4) U (5, =) and increasing on (0, 3) U (4, 5)

(c) There exists atleast two c,, ¢, € (0, ) such that f“(c,) = 0 and f "(c,) = 0
(d) There exists some ¢ € (0, =) such that f *(c) = 0

For which of the following functions Rolle’s Theorem is applicable? '
3
(a) f(x)=§+g,xe (1, 4] ®) f@=x+1-22,x€[0,1)
x
© f@=lx+17 e [-2,0] (@ f(x)=sgn (x) +sgn (~x), x € [32-5- -;-]

[Note : sgn (x) denotes signum function of x.]
Iff (x) = min. (1, cos x, 1 — sin x),—-n<x<m, then:

~ (a) f(x)is not differentiable at x = 0

(b) f(x) has local maximum atx =0
(¢) f(x)is differentiable at x =§-

() f(x) is continuous and bounded in x € [-m, 7]
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14.

15.

16.

17.

18.

| 6x—1.0nemorefunctionh(x)isdeﬁnedash:R—-{ns—n,neI}-—e R,h;(x);f(x);{.

—

z g g '
Let £ = j(t2_t+2)(t2—t—2)(i2—t-s)(t t—12) dt for all x € R, then,‘ff
-2

which of the following statements is (are) cox_'rect?

(a) The equation of normal to f(x) at x =-21i8x = =)

(b) f(x) increases in (-3,-2)v (-1, 2) v (3, 4)

(c) f(x) decreases in (=00, ~3) U (-2, 1) U (2, 3)u 4, m')

(d) The sum of values of x at which f (x) has local maximum equals __'1 A
Let the function f (x) be thrice differentiable and satisfies f(f(x)) = 12 for a) \

xelo, 1. IfJ =i f(x)dxand f” (-g): 0, then which of the following is (are) true?
. §

o ) )

(¢) f"(x)=0 has atleast one root inx € (%, -3-)

(d) f”(x) =0 has at least one root inx € (%, %)

sin Y(sinx), x>0

Let f(x) = g, x =0, then:

cos Mcosx) x<0 . ;
(a) f(x) has local maxima atx=0 (b) f(x) is continuous for all x € R
(¢) f(x)has maximum value 7 (d) f(x) has minimum value 0
If f (x) = x® —5lx|+6|then : ' &

(a) f(x)is non-differentiable at 5 points
(b) f(x)is non-differentiable at 4 points
(¢) f(x)haslocal maximaatx=0

(d) f(x) =% has 8 solutions for & € (0, %)

Let f(x) =cotx - tanx — 2 tan 2x — 4 tan 4x — 8 cot Bx,x;&%t,n € Iandg(x)=x3+",.i,".f;i

g(x) then identify the correct statement(s).

B l‘_) =T
(a) ) |
(b) & (x) is odd function (¢) h (x)is increasing in the dOmam

(d) Ifthe equation h (x) = A has a solution in (0, 8) then number of integral vallles
of Ais 7. b e
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I

=coslx . ‘““,xe(i,g)then:
)=cos?x - e 51

@ @ has a point of local minima at x = L

: Sy
(b) f'(x)hasa point of local maxima in (_4_, 0)

. R
(¢) f'x) has exactly two points of local maxima / minima in (—E-, 5)

. (- 7
@ f "(x) = 0 has no root in (_2- , E)

2 _Ry2 : '
Letf:R—-)Rbedeﬁnedbyf(x)={§x In, [k, x;to.Whichofthefollowmg

3 x=0

statement(s) is/are correct?

(a) f(x) has exactly one local maximum and two local minimum points

(b) f(x) is strictly increasing in (10, <)

() Absolute minimum value of f (x) exist but absolute maximum value of f (x)
does not exist

(d) In the interval x € (0, =), g(x) = k has two distinct roots

Ifthe tangent at a point P, (other than (0,0)) on the curve ax3 —y + b = 0 meets the

curve again at P,. The tangent at P, meets the curve at P; and so on. If the
abscissae of Py, Py, Py, ..... P, form a G.P. then (a, b) may be :

(a) (1,0) (b) (2,7) () (3,5) (d) 4,9)

EXERCISE - 4

| Match the Columns Type |

LLetfx)=(x-1)(x-2)(x—3).......... (x—n),ne Nandj f&) F7 (@) - [f (0P o

)

g(x) + C, where C is arbitrary constant.
Column I - Column I1
(@) If f"(n) = 5040, then n is divisible by (p) 4
(b) Ifg(x) is discontinuous at 9 points, Vxe R : (qQ) 6

then n is greater than
(¢) Ifg(x) =5 has 8 solutions, then n may be equal to (r) 8
(d) If the number of roots of equation () 9

f@=0,be(n-52(-1),¢n>1D
then possible values of n is/are
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2. Column I

(a) Let f(x) =x3 + ax? + ax + 1 has local extrema
at x = o, B where o < .
If f (&) + f (B) = 2 then the value of ‘@’ equals

(b) Value of p + q for which f(x) =x3 + px2 +qx +T,
where p, q, r € R is monotonically decreasing in
largest possible interval (- 5/3, - 1), is

(c) If the equation e®* = kx has exactly 2 distinct
solutions then ‘%’ can be equal to

3. Column I

5 :
(a) Let f(x) = [x if x<1 .1 on the number of critical

~x-2?® ifx>1
points on the graph of the function is
(b) Number of real solution of the equation,
log,2x + (x — 1) logyx = 6 — 2x, is
(¢) The number of values of ¢ such that the straight line

4
3x + 4y = ¢ touches the curve%—:x+y is
x2
(d) Iff() = [(t-Ddt, 1< x<2 then global

maximum value of f (x) is

4, Columnl

(a) If H b denotes the product of all possible values of b and
Y b denotes the sum of all possible values of b, for which

a line tangent to the graph of f (x) = x> — % at the point

M (b, f(b)) passes through the point N (3, 0), then
Y b-]] bhas the value equal to

a+l

(b) The real value of a for which the integral I e gy

a-1
attains its maximum value is equal to
(¢) Line! is tangent to the curve y = e¢* and is parallel to
the line x — 4y = 1. If x-intercept of the line is
—In (ke), k € N then k is equal to
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L Appllca
) 5, Consider / (x).=IIn lx|| - kx?, x # 0. Match the column I with the value of & in
| column I1.
Column I Column II
(a) fx) = 0 has two distinct solutions (p) k=0
;o : ’ 1
) f(x) =0 has four distinct solutions (q k= s
et 1
= 0 has six distinct soluti k (_ , oo)
(c) f) ions (r) ke N
(d) f() =0 has no solution _ (s) ke (—e,0)

P

1
§ EXERCISE -5
| Integer Answer Type

o8 il
1. Letf(x) = —+-2—+x+23ndg'(x) =(x2-9)(x2—4x+ 3) (x2- 3x +2) (x2—-2x - 3). If

ny, ny and ny denote number of points of local minima, number of points of local
maxima and number of points of inflection of the function flg(x)] then find the

value of (n; + ny + ny).
x3 2
2. Ifall the real values of m for which the function f(x) = -3— -(m - 3) ~— +mx-2013

is strictly increasing in x € [0, =) is [0, k], then find the value of k.

3. Let f'be a continuous function and satisfies f(x) > 0 on (—o0, o) and the value of
")V x € (0, =) is equal to minimum value of m1el? fe™™ +2 x| +2).

8% -5 _4f"(»)

IfL =lim x +1 then find the value of [L2].
s f(x)

[Note : [£] denotes greatest integer less than or equal to k.]

4. Ifa? + b2 = 1 and u is the minimum value of ™ e then find the value of u2.
a

5. Let f (x) be a continuous and differentiable function satisfying the following

condltlons

(a) Hf(r) <0, Hf(Zr) <0, Hf(3r) <0

r=l1 r=1 r=1

() £6)> 0, and
©) f(x)is monotonicin(n,n+ 1),ne I
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6. A circle of radius 1 unit touches the positive X-axis and positive ¥-axig atPapg

Let A denotes the set consisting of number of distinct possible roots of f(x)
x € (1, 6). Find the sum of all the elements of set A. > -

respectively. A variable line L passing through the origin intersects the cu.clei
two points M and N. If m is the slope of the line L for which the area of the triang], :
MNQ@ is maximum, then find the value of 2010 (m?2).

e

7. For constant number ‘a’, consider the function f(x) = ax + cos 2x + sin x + cog Xonp

8. Let f(x)= 1‘2_+

(the set of real numbers) such that f (z) < f (v) for u < v. If the range of ¢’ for &nj
real numbers u, v is [ﬁ, °°), then find the minimum value of (m + n).
n

o« (5)

function of y, and g(x) is the inverse of f (x). If the coraplete set of values of foi ,

tan-! x, where sgn (y) denotes Slgnum

which the equation 2g(x) + k(1 — 2x) = 0 has three distinct solutions is (a, =) thep
find ‘@’. ;
9. Let A (1, - 1), B (4, — 2) and C (9, 3) be the vertices of the triangle ABC. A
parallelogram AFDE is drawn with vertices D, E and F on the line segments BC,
CA and AB respectively. Find the maximum area of parallelogram AFDE, i
10. %et f:[0, =) — R be a continuous, strictly increasing function such that f x) =
_[ tf2(¢) dt. If a normal is drawn to the curve y = f (x) with gradient :21-, then ﬁnd

. _
the intercept made by it on the y-axis. : i
11. A polynomial function P(x) of degree 5 with leading coefficient one, increases in -
the interval (-ee, 1) and (3, «°) and decreases in the interval (1, 3). Given that P(0)
= 4 and P'(2) = 0. Find the value P(6). i

12. Let f be a differentiable function on R and satisfying f (x) = — (x2 — x + 1) e* +
[€77.f"(3) dy. IEf (1) + £ (1) + £ "(1) = ke, where & & N, then find .
0

13. Let a, (n 2 1) be the value of x for which Je“ndt (x > 0) is maximum. If *

L = lim In (a,) then find the value of e ™.

n—joo .

14. Find the absolute value of & (¢ € R) for which f (k) = j(x +1+ ksinx)® dx is o

-

minimum,
(x+23, -8<x<-1 x ‘ , 5
15. Letf(x)={ » and g(x) = [ f(t) dt,~ 3 <x < 2. Find the number of
x3, -l<x<2 -3 : : y :

extremum points of g'(x).
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16. Let f(x) = I3t (' = 4)(x—1) dt (x 2 0). If x = a is the point where f (x) attains its
0

Jocal minimum value then find the value of 39.

17. Find the length of the shortest path that begins at the point (2, 5), touches the
x-axis and then ends at a point on the circle x2 + y2 + 12x — 20y + 120 = 0.

18. If the exhaustive set of all possible values of ¢ such that f(x) =e2 - (c + 1) e* + 2x +
cos 2 + sin 1, is monotonically increasing for all x € R, is (—es, A], then find the
value of A.

19. Let p(x) be fifth degree polynomial such that p(x) + 1 is divisible byl(gc —~1)3 and

p(x) - 1is divisible by (x + 1)3. Then find the value of definite integral I p(x) dx.
-10
20. Let P(xy, yo) be a point on the curve C: (x2—-11) (y + 1) + 4 = 0 where x,, yo € N. If
area of the triangle formed by the normal drawn to the curve ‘C ’ at P and the

co-ordinate axes is (%} a, b € N then find the least value of (a — 6b).

21, LetM = ( D, 3—2;- - 1] be a variable point which moves inx—y plane. Ifd =a /b,
a, b € N is the least distance of the point M to the circle (x —3)2 + (y + 1)2 =1, then
find the value of (a - b).

22, Let f be a twice differentiable function defined in [-3, 3] such that f (0) = 4,
f@=0f(3)=12and f"(x) 2-2V x e [3, 3]. If glx) = Jf(t) dt then find
0

maximum value of g(x).

T
T4—

23. Letf ix) = J Isin 8] d6,0 <x <m. If m and M are minimum and maximum values of

x

fx)andm + M =./p- Jawhere D, q € N, then find the value of (p + g).
24. Iff(x)=a | cosx | +b | sinx | (a,beR)hasalocalmimmumatx=;—ﬂand

n/2 2
satisfies j(f(x))z dx = 2. Find the values of a and b and hence find 22—
-n/2 4 5 - a
i Xt —-x . D .
25. If the maximum value of the expressiony = | o forx > 1,is=and it occurs
. x

%3 -1 q
a++b

Cc -
relatively prime positive numbers, find the value of (@ +b + ¢ +p +¢).

at x = where p and g are in their lowest term and a, b, c are pairwise
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26.

97. Let P(x) be a polynomial of degree 3 such that P(x)

28.

30.

31.

32.

33.

a® +4x- 052 e

the minimum value of the integral I(
+ 2 is divisible by

a Aeatd
le by (x +2)%. If the value of P(-3) is equal to > (where

Fora > 0, find

P(x) - 2 is divisib
then find the minimum value of (@ + b)- o
Find the sum of all integral values ofa su 24x-1)S(x? +x+ 2 \

Let fbe a real function defined on R (the set 0
(x—=1)(x =22 (x—38)3 rercrrnes (x—lOO)lw,forallxeR

X X
R such that [e/“dt = _[g{:c _#) dt +2c+3, then find the sum
0

chthata (x
f real numbers) such ﬂmt .
Ifgisa ﬁmchon :

of all the vak

a
for which g (x) has a local extremuim.

Letf(x)bea differentiable function on
point of intersection where the tangent line drawn to the graphofy=
point P(x, f(x)) intersects with x-axis and B be the intersection peint

tangent line intersects with y-axis. If S (x) denotes the area of AOA&W €
the origin, then the minimum value of S (x) in the interval (0, 1)15

R defined by f(x)=5— (x+1%,an

ind the value of (p + q);_-,::

(where p and g are in their lowest form). F
+ex2+fx+g(a¢0) ouc]

Let the function f (x) = ax + ba’ + cxt + dx3

y=gx)=x+patx= 1, 2and3 and h(z) = f (x) — g(x). Ifjh(:c)dz-

value of a.

Consider an equation with x as a variable 7 sin 3x — 2sin9x = sec?®

then find the value of 15 [(minimum positive root) —{(maximum n eg
4
n/2 '
Let gla) = jlsian-acosxldx, 0<a<lIfmand Mis minimum an

value of g(a) V a € [0, 1] then find the value of 2 (M + m).
If9 + f"(x) + f'(x) =x% + f Ax), where f (x) is twice differentiable fnnchonl such th
f”(x) £ 0¥ x € R and let P be the point of maxima of f (x) then ﬁm’lthe:- ;
tangents which can be drawn from P to the circlex2+y2=9. 3
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EXERCISE 1: Only One Correct Answer
1. ® d 38 (@ 4 (@ 5 @© 6. d 7.@d 8 (@ 9. () 10. (a)
11. () 12. (d) 138. (a) 14. (c) 15. (b) 18. (a) 17. (a) 18. (¢) 19. () 20. (d)
2l & 22. (© 23. (@ 24 () 25. (© 26. (B 27 (@) 28 (a) 20. (& 30. (0)
81 () 32. (@) 33. (a) 34. (¢) 85. (@) 36. (b) 87. ) 38. (a) 89. (b) 40. ()
4. © 42. (@) 48. (0
EXERCISE 2 : Linked Comprehension Type
. (@ . (b) 3. (d . (d) 5. (c) 6. (b) 7. (c) 8. (d) 9. (¢ 10. (d)
1L (@ 12. (b)) 13. (@ 14. (a) 15. () 16. () 17. (@ 18. (b) 19. (d) 20. (a)
21, (a) 22. (d) 23. (a) 24. (c) 25. (© 26. (d 27 b) 28. (b) 29. (b) 80. (a)
8. @ 32. (@) 33. () 34. (a) 35. () 36. (c) 87. (d) 38 (b) 39. (d) 40. (¢)
4 © 42 @ 43 ) 44 @ 45. (0 46. (ac d) 47. (2,048, (a) 49. (b)
50. (¢) B1. () 52. (d) 53. (a) 54. (b) 55. (b) 56. (¢) 57. (b) 58. (d)
EXERCISE 3 : More Than One Correct Answers
1. (a,¢) 2. (a,0) 3. (¢, d) 4. (a,0) 5. (a,b,d)
6. (a, d) 7. (a) 8. (a,c) 9. (a,b,d) 10. (c,d)
11. (a,c,d) 12. (a,b,c,d) 13. (a,b,c, d) 14. (a,d) 15. (a,b,c, d)
16. (a,¢) 17, (a,c, d) 18. (a,c) 19. (a, b,c) 20. (a,b,c)
21. (a,b,c,d)
EXERCISE 4 : Match the Columns Type
L (a) (p) (r), (b) (p) (q) (1), (¢) (v) (s), (d) (p) (q)
2. (a) (p), (b) (s), () (q) (r) (s)
3. (a) (1), () (s), () (), (d) (q)
4. (a) (8), (b) (p), (c) (q)
5. (a) (r) (p), (b) (q), () (t), (d) (s)
EXERCISE 5 : Integer Answer Type
3. 9 4. 9 5. 10
8. 670 7. 25 8. 1 9. 5 10. 9
11. 1200 12. 9 13. 2 14, 2 15. 2
16, 7 17. 13 18. 3 19. 0 20. 3
21 7 22, 48 23. 12 24. 3 25. 15
26, 4 27. 17 28. 36 29. 2500 30. 107
31 2 32. 10 33. 3 34. 0
aQo
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Differential Equatic

I. DIFFERENTIAL EQUATIONS OF FIRST ORDER AND FIRST D
DEFINITIONS : i

(a) An equation that involves independent and dependent vanablef :“
derivatives of the dependent variables is called a Dlﬂ'erentlalr
(b) A differential equation is said to be ordinary, if the dlfferenf.:la]
have reference to a single independent variable only and it is
Partial if there are two or more independent variables. We'are

with ordinary differential equations only. e.g. = + ol + o 3 =0isa

ox oy az; .
differential equation. »

its Primitive, because the differential equation can be regarded .
derived from it. :

(d) The order of a differential equation is the order of the h1ghes
coefficient occuring in it.

(e) The degree of a differential equation which can be written as a E

it, after it has been expressed in a form free from radicals and fractia
as derivatives are concerned, thus the differential equation :

am P dm*-l A9 o
flx,y) [9;%] +0(x, ) [T”%Q] +.....=0is order m and degree p
X
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Note that in the differential equation e*” —xy’ +y 0 order is three but
degree doesn’t apply.

Z FORMAT!ON OF A DIFFERENTIAL EQUATION :

If an equation in independent and dependent variables having some arbitrary
constant is given, then a differential equation is obtained as follows :

(a) Differentiate the given equation w.r.t. the independent variable (say x) as
many times as the number of arbitrary constants in it.
(b) Eliminate the arbitrary constants.

The eliminant is the required differential equation. Consider forming a
differential equation for y? = 4a (x + b) where a and b are arbitary constant.

' Note : A differential equation represents a family of curves all saﬁsfying some

common properties. This can be considered as the geometrical interpretation of
the differential equation.

3. GENERAL AND PARTICULAR SOLUTIONS :

The solution of a differential equation which contains a number of independent
arbitrary constants equal to the order of the differential equation is called the
General Solution (Complete Integral or Complete Primitive). A solution
obtainable from the general solution by giving particular values to the constantsis
called a Particular Solution.

Note that the general solution of a differential equation of the ntt order contains ‘n’
and only ‘n’ independent arbitrary constants. The arbitrary constants in the
solution of a differential equation are said to be independent, when it is impossible
to deduce from the solution an equivalent relation containing fewer arbitrary
constants. Thus the two arbitrary constants A, B in the equationy = Ae**B are not
independent since the equation can be written as y = AeB. e* = Ce~. Similarly the
solution y = A sinx + B cos (x + C) appears to contain three arbitrary constants, but
they are really equivalent to two only.
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4. ELEMENTARY TYPES OF FIRST ORDER AND FIRST DEGREE
DIFFERENTIAL EQUATIONS :

GRB Problems in Ca'ctllua

TYPE-1:
Variables Separable : If the differential equation can be expressed as;

f(x) dx + g(y) dy = 0 then this is said to be variables separable type.
A general solution of this is given by _[ f(x) dx + I g(y) dy = ¢; where ¢ jg e
arbitrary constant. Consider the example (dy/dx) = e~ + x2. e, |
Note : Sometimes transformation to the polar co-ordinates facilitatey
separation of variables. In this connection-it is convenient mmmemberthe J
following differentials. : o
If x = r cos 8; y = r sin 0 then,
1. xdx+ydy=rdr
2. dx2+dy?=dr2+r2d6?
8. xdy-ydx=r?db ¢ 2 ey
Ifx=rsecOandy=rtan@thenxdx—ydy=rdr andx dy—ydx-—-}r%écﬁldﬁ‘.' s
TYPE-2:
dy
-a;=f(ax+by+c),b;e 0.
To solve this, substitute ¢ = ax + by + c¢. Then the equation reduces to separable

type in the variable ¢ and x which can be solved.

Consider the example (x + y)? gz =a?.
x

3 ) ;
Homogeneous Equations : A differential equation of the form % = i:; ;),- 7

where f (x, y) and ¢ (x, y) are homogeneous functions of x and y, and of the same!' \
degree, is called Homogeneous. This equation may also be reduced to the form

% = g[f) and is solved by putting y = vx so that the dependent variable y 1§ -.-:“"‘j:

changed to another variable v, where v is some unknown function,
equation is transformed to an equation with variables separable.

-d—y-+ y(x +y) =0,
dx x>

the differential
Consider
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TYPE4:

Equations Reducible to the Homogeneous Form : If dy _ax+byte ;
dx ayx+byy+cy

. a; a

where a; by —ag b; 20, ie. _bl # i— then the substitution x = u + h,y=v+k
1

transform this equation to a homogeneous type in the new variables u and v where

h and k are arbitrary constants to be chosen so as to make the given equation

homogeneous which can be solved by the method as given in Type - 8. If :

(a) a;by—ay by =0, then a substitution u = a, ¥ + b, y transforms the differential
equation to an equation with variables separable, and

(b) b,+a,=0,then a simple cross multiplication and substituting d (xy) for x dy +
y dx and integrating term by term yields the result easily.
Consider & = X=2y+5. dy 2w+3y-1 . dy 2x-y+1
dx 2x+y-1dx 4x+6y -5 dx 6x-5y+4

(c) In an equation of the form : y £ (xy) dx + xg (xy) dy = 0 the variables can be
separated by the substitution xy = v.

Note :

1. The function f(x, y) is said to be a homogeneous function of degree n if for
- any real number ¢ (+ 0), we have f (¢, ty) =trf (x, y).

Foreg. f (x, ) = ax23 4 hx1B _ 513 4 by?3 is a homogeneous function of

2
degree —.
egr =

2. A differential equation of the form % =f(x, y) is homogeneous if f (x, y) is a

homogeneous function of degree zero i.e. flx, ty)=t° f(x,5) = f (x, ). The
function f does not depend on x and y separately but only on their ratio

x
YorZ,

Xy , oo _
Linear Differential Equations: A differential equation is said to be linear if the
dependent variable and its differential coefficients oceur in the first degree only
and are not multiplied together.

The nth order linear differential equation is of the form;
dn-l y

ag (x) £3 +ay(x) —— +...... + @, () . y = ¢ (x). Where a(x), a,(x),
ax® dx

a1 Teeeees T G WL =R AL WAHLTE G5lX), @4%), ... a,(x) are

called the coefficients of the differential equation.
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: ; ion is always of the first degree but, EVery
; i differential equation 1s a : . ;
' ?i(f;teéngalllzzztion of the first degree need not be linear. e.g. the differentiq)
er

_dy dy ; + y2 = 0 is not linear, though its degree is 1.
equation Ex-—-z- + o
TYPE-5:

Linear Differential Equations of First Or:ller : The most general form of %

.. ay

linear differential equations of first order is ;e + Py = Q, where P and Q are
functions of x . e
To solve such an equation multiply both sides by e A

Note:

1. The factor e/’ dx on multiplying by which the left hand side of thak:
differential equation becomes the differential coefficient of some function of

x and y, is called integrating factor of the differential equatio

Popularly
abbreviated as I. F. i

It is very important to remember that on multiplying by the-integrating :

factor, the left hand side becomes the derivative of the product of ¥ and the
LF. S -

Sometimes a given differential equation becomes linear if we take ¥ as the

independent variable and x as the dependent variable. e.g.,the equation; :
(x+y+ 1)%:3!2-5-3 can be written as (y?+3)%1—.=x+y + 1 which is a linear
54 TR

differential equation.
TYPE-6:

Equations Reducible to Linear Form : The equation % +py = Q .y" where P
and @ functions of x, is reducible to the linear form by dividing it by " and then ' “
substituting y™"*! = Z. Its solution can be obtained as in Type-5. Consider the
example (x3 ¥2 + xy) dx = dy.

.oy
The equation E:); +Py=@Q.ynis called Bernouli’s Equation. i
5. TRAJECTORIES : -

Suppose we are given the family of plane curves.
Q(x,y,a)=0

depending on a single parameter q.
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A curve making at each of its points a fixed angle a with the curve of the family
passing through that point is called an isogonal trajectory of that family; if in

. art;cular o=—, then it is called an orthogonal trajectory.

Orthogonal trajectories : We set up the differential equation of the given family
Ofgurves. Let it be of the form

F(z,y)=0
The differential equation of the orthogonal trajectories is of the form

1
F(x:y:'—'_,J':O
X

The general integral of this equation

o, (x,y5,C)=0
nges the family of orthogonal trajectories.

Note : Following exact differentials must be remembered

1. xdy +ydx=d (xy) 2. w=d(;)
2 x
3 Ldﬁ:;ﬂzd(f] 4 TWAYIE_
y y xy
g D _ yiin 4 ) 6. M=d(1nz)
; x+.-y xy -
el d(h, f.) 8. FHIE _ 4fan2)
- xy 4 x°+y x
9. M:d(tan"l _"EJ 10. 2EIYD _ 40 i +5P)
x"+y y x2 +y
11. d(__l_]J_dJ'_tg’;‘f 12. d(f__]=ye dx;e dy
xy 2y y y
: y J’d _eJ’dx ‘
R s W ke
© e \
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EXERCISE -1

6n!y OngLCorrect Answer

1. Spherical rain drop evaporates at a rate proportional to its surface area. The
differential equation corresponding to the rate of change of the radius of the rajy :
drop if the constant of proportionality is K > 0,is: i

dr dr dr
(a) = +K=0 (b) = -K=0 (c) F Kr (d) none of theg,

2. The general solution of the differential equation,y "+ y ¢’ (x)
where ¢ (x) is a known function is : ‘
() y=ce™®™ + o) -1 (b) y=ce*™ 4 o(x)~1
) y=ce™® —ox)+1 (d) y=ce™® 4+ ¢(x) + 1
where c is an arbitrary constant.

~0@.0' =g

3. Orthogonal trajectories of family of the curve x*/3 + y2/3 = o 3:, where ‘o’ is any

arbitrary constant, is :

2/3 2/3
-y =c (b) x4/3_y4/3 =n

(C) x4f3 +y4f3 = (d) xl/3 __yl/3 =

(a) x

4. Afunctiony =f(x) satisfies the differential equation f(x)sin 2x—cosx +(1 +sin®x)

f’ (x) = 0 with initial condition y (0) = 0. The value of f (—g) is equal to :

1 3 4 9
e b bl i Ard
(a) B (b) - (c) E (_'d) .

5. The general solution of the differential equation Ll is a family of curves
Xy

which looks most like which of the following?

7
i

@

2\
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Given & curve C. Suppose that the tangent line at P(x, y) on C is perpendicular to
g the line joining P and Q (1, 0). If the line 2x + 3y — 15 = 0 is tangent to the curve C
then the curve C denotes. :

(a) acircle touching the x-axis

() acircle touching the y-axis

(c) circle whose y-intercept is 44/3

d) a parabola with axis parallel to y-axis

7. Water is drained from a vertical cylindrical tank by opening a valve at the base of
the tank. It is known that the rate at which the water level drops is proportional
to the square root of water depth y, where the constant of proportionality & > 0
depends on the acceleration due to gravity and the geometry of the hole. If £ is
measured in minutes and & = % then the time to drain the tank if the water is

4 meter deep to start with is :
(a) 30 min (b) 45 min (¢) 60 min (d) 80 min

8. A function y = f (x) satisfies the condition f(x) sin x + f (x) cos x = 1, f (x) being
n/2

bounded when x — 0. If I = J' f(x) dx then :

2 2
(a)g<1<1‘4- (b)%<1-<% (c)1<I<g d 0<I<1

9. A curve satisfying the initial condition, y(1) = 0, satisfies the differential

equation, x % =y —x2, The area bounded by the curve and the x-axis is :

1 1 1 1
= e Z d =
(a) = (b) 3 (c) F (d) ~

10. The equation of a curve passing through (1, 0) for which the product of the
abscissa of a point P and the intercept made by a normal at P on the x-axis equals
twice the square of the radius vector of the point P, is :

(@) x2+y2=Cxt (b) x2+y2=2xt () 22-y2=dx (e gy <t

11, A wet porous substance in the open air loses its moisture at a rate proportional to
the moisture content. If a sheet hung in the wind loses half its moisture during
the first hour, then the time when it would have lost 99.9% of its moisture is :
(weather conditions remaining same)

* (@) more than 100 hours (b) more than 10 hours

(c) approximately 10 hours (d) approximately 9 hours
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rough origin and has the property that at each point (x:‘;"):oﬁﬁ' i
gh (1, 0). The equation of a ¢
Mgy,

12. A curve C passes th
the normal line at that point passes throu
tangent to the curve C and the parabola y2=4xis v
(a) x=0 () y=0 (c) y=x+1 (d)x+y+1=0'-;

) % : T |
13. Let g be a differentiable function satisfying J.(x— t+1)g(t)dt = x* + 5 foraf
0 . R

12 dx is equal to : i

1
22> 0. The value of | —
-([g (x) + g(x) +10

~ z z @ Z
(a) - (b) 3 (c) 4 2
_*__(where ¢ is an arbitrary constant) is the general solution of the |

14. Ify = ]

differential equation @ _Y +0¢ (f) then the function ¢ (f) is:
dx x y : y

2 - x2 2 2 -
(a) 32- () —% (©) %— @ -i’_z ¢
on the normﬂﬁ

15. The curve, with the property that the projection of the ordinate
constant and has a length equal to ‘@’, is :
(a) .1:4—aln(\/y‘2~-a2 +y)=c (b) x++/a’ -2 =c
() y—a)i=cx ' (d) ay =tan1(x +c) :
16. The substitution y = z* transforms the differential equation (x2y2 — 1)dy + 2xy°dx '-

= 0 into a homogeneous differential equation for : g
(b) 0 © a=1 (d) no valueofa

(a) a=-1
17. A curve passing through (2, 3) and satisfying the differential equation J ty@®ydi=

x2y (x), (x >0) is :

(a) 22 +y2=13 (b) y2=gx
: 2
22y
LT - e
(c) 8+18 (d) xy=C
18. Solution of the differential equation (e"’52 +e” ] )y ay + eJr2 (xy* -x) =0 ié {
dx 8
2 :
@) e* (2-D+e’ =C b) e (2-1)+e* =C
2 2
© e” (2-1)+e” =C @ e (y-D+e” =C
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19. Let'&}"’y = x2 (xe* + e* — 1) forallxe R—{0} such thaty(1)=e-1. Ify(2) =k y(1)

(y(1) +2), then the value of % is :
@ 1 (b) 2 (c) 3 (d) 4

90. Leta solutiony =y (x) of the differential equation, dy + xy dx = x dx satisfy y(0) =2,
then the area enclosed by the curve y = y(x), x = 0 and y = 1 in the first quadrant,
is: ) 5

w —X o« =X

(a) [e? dx () 2[e? dx
0

0
g2 2
© j[1+e 2 ]dx d 2j[1+e 2 ]dx

21. Let I be the purchase value of an equipment and V(t) be the value after it has been

used for t years. The value V(t) depreciates at a rate given by differential equation
dv(t)

=-k (T —t), where k& > 0 is a constant and 7' is the total life in years of the

equipment. Then the scrap value V(T) of the equipment is :

KT? k(T - t)?
Ll 5 £ s
(a) I 5 (b) 2
(0) e*T | @ T —:’1;
22. Let y'(x) + g y(x) = __g(zi_ where f ‘(x) denotes df(x) and g(x) is a given
g(x) 1+g°%(x) : dx
non-constant differentiable function an R. Ifg (1) =y (1)=1and g (e) =/(2e-1)
then y(e) equals : }
1 2 ]
b (c) (d) -
= 2g(e) L 2g(e) 3g(e) _ 3g(e)
dy _ y° - .
23. Ifdx e andy (0) =1, then:
(@) y2=e2x—2e2Iny (b) y2=eZ +2e%Iny
1
(c) y2=e21—%e2xlny (d) y2=e2‘+-2-e2rlny

24. A continuous function f: R — R satisfy the differential equation f (x) = (1 + x2)

2
1 +_f f® dt| then the value of f(-2) is :
ol s

w4 5 (d) =
(@0 (b)Ig | (c) 15 ()17
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25. Let f(x) (f(x)>0)be a differentiable function satisfying

f2(x)= J’ (F2 -+ (&)2)dt + 100, where f2(0) = 100, thenhm f(x)canbe
0

(a) O (b) 1 (c) —9—- (d) 10

EXERCISE - 2
s Comprsrin

Paragraph for Question Nos. 1 to 3

Let y = f (x) satisfies the equation f (x) = (¢ + e*)cos x T 2x - J' (.1:: -t) f' (t) dt

1. y satisfies the differential equation :

(a) —&%-by = e*(cos x — sin x) — e (cos x + sin x)
(b) Ey~—y=ex(cosx—sinx)+e-‘(cosx+sinx)
-

(c) Eyi—y:ez(cosx+sinx)-—e-x(cosx—sinx)

(d) T y = e*(cos x — sin x) + e~* (cos x — sin x) o
x
2. The value of £(0) + £ "(0) equals :

(a) -1 (b) 2 © 1 (d) 0
3. f (x) as a function of x equals :

x

(a) e'r(cosx—sinx)+95—(3 cos X + sinx)+ge"‘

x
(b) ex(cosx + sinx)+%—(3 cosx—sinx)—ge-x

x

(c) e—x(cosx—sinx)-}--eS—(S cosx-—sinx)+ge-=

X
d) e-’(cosx+sinx)+%(3 cosx-—sinx)—-ge—x
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M Paragraph for Question Nos. 4 to 6

(‘) be & polynomlal of degree 3 passing through origin and have a

ocdmammumatx Z&_—Alsog’(x) has a local minimum at x = 0, and

fm =h
4, The value of g(2) is equal to :
(a) 48 (b) 54 © 58 s

5, Letf(x)=5Em (x) where sgn (x) denotes signum function of x, then which one of the
following statement is incorrect for f(g(x)) ?

(a) Area enclosed by f(g(x)) with x-axis between ordinates x = — 0. to x = o is 20

1
@) |f(glx) dx= 0

-1
(© f(g(®)is a many-one function
@ flg(x) is periodic function
6. Consider a real-valued function y = h(x) satisfying the differential equation

9 , #(x)y =(g(x) + 1 g'(x) such that h(0) = 1, then (1) equals :
dx

(a) 5+e€® (b) 11 +el! (c) -5+ d 1141
Paragraph for Question Nos. 7 to 9 ;

For the curve x2y3 = (2x + 3y)5, % = g—_(:’—% whereg(x)isa real-valued function.
x

2
Define h(x) = 2g(x) + 3 (g(x))3.

7. Which one of the following statement is correct for the function A(x)?
(a) x =-1is the point of maxima (b) x =1 is the point of maxima
() Non-derivable at x = -1 (d) x = 0 is point of maxima

(g(x)? +g(x) +1

A 22 +x+1 .

1 2

(a) 5 (b) = (c) 5 (d) 3

8. Minimum value of P(x) = is equal to :

9. The ordinate of the point on the curve y = h(x) where tangent is parallel to line
Y=2+4,is:

(a)% (b) 4 (c) 3 d1
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graph for Question Nos. 10 and 11 : i
n the interval [0, 2n) such thatj(f (t) sinzt) dt

Para

Let fbe a function defined ©

0
= ] f(tant gt and f (0) = 1.

10. The mammum value of f (x)is:

1

(a) Z (b) = (© 1 (d) 1
11. The number of solution of f(x)=11in interval [0, 2n] is : |

(a) 2 (b) 3 (c) 4 (d) 6 i

. Paragraph for Question Nos. 12 to 14
Letf:R*—> Rbea differentiable function satisfying
fx) =e+(1-2) ln( ) jf(t) dt for all x € R*.
12. The value of definite integral Jf (x) dx is equal to :
0
(a) e (b) e-2 ) e+1 ) E_"é‘_l

18. The x-intercept of normal drawn to the curve y = f (x) at point P where y = f(®) _":__;;
crosses the line x = 1, is equal to : s

2 2 _
()4 e=1 my Ll g & —Edd () e2lies1

e+1 e+1
14. Which one of the following statement is correct for function f (x)?
(a) fhas maxima but no minima (b) fhas minima but no maxima

(c) fhas neither maxima nor minima (d) fhas both maxima and minima

Paragraph for Question Nos. 15 to 17

Let f'be a differentiable function satisfying

flx) x
[ ri@®dt-[(cost- f®)) dt =0and f(0) =1
0

0

f(20) f(x)

sinx 2
(a) 2 (b) 3 (c) 4

15. The number of solution(s) of the equation =01in (0, 2m)is:

(d) 5
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n/2
16. The value of jf (x) dx lies in the interval ;
0

2 Jt) 3 = 2
—1 b er e -
(a) (u, ) (b) (1, s (c) (2, 2) (d) (o, ]

( n

alue of lim | | €98 x] +[cos2x cos 3x cos(100x) |} _
17. The v i [[——_f(x) _—_—f(?x) + e +.+ _____f(IOOx) is equal to :

n or equal to 4.]
(c) 5049 (d) 5050

EXERCISE -3

[Note : where [k] denotes greatest integer less tha
(a) O (b) 4950

[More Than One Correct Answers |

1. A curve y = f (x) has the property that the
-~ from the normal at any point P of the curve
from the x-axis. Then the differential equ
(a) is homogeneous
(b) can be converted
substitution

Perpendicular distance of the origin

is equal to the distance of the point P
ation of the curve :

into linear differential equation with some suitable

(c) is the family of circles touching the x-axis at the origin
(d) the family of circles touching the y-axis at the origin

- The equation of the curve passing through (8, 4) and satisfying the differential

2
equation, y (g—i) +(x-y) %—-x =0can be :

(@ x-y+1=0 (b) x24y2=25
(€ 224+y2_5x-10=0 d) x+y-7=0
- The area bounded by a curve, the axis of co-ordinates and the ordinate of some

point of the curve is equal to the length of the corresponding arc of the curve, If
the curve passes through the point P(0, 1) then the equation of this curve can be :

1
(a)y=%(ex—e“x+2) B y=Sl e
2
©) y=1 e e
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dy
4. A functiony =f(x) satisfying the differential equation -&-x— sinx -y cosx + %ing

issuch that, y — 0 asx — o then the statement which is correct is :
/2

(a) lim flx)=1 (b) j f(x) dx is less thang
X 0

x/2
(9] J f(x) dx is greater than unity (d) f(x)is an odd function
0

AT BT R TR B e

5. Which of the following pair(s) is/are orthogonal?
(@) 16x%+y2 =c and y16 = kx (b)y=x+ce-"andx+2=y+ké-y
() y=cx?andx2+2y2=F (d) x2—y2=candxy =k |
where ¢ and k arbitrary constant.

6. Let % +y = f(x) where y is a continuous function of x with y (0) -.-. 1 g

¥ o :
flx) = [2_2 llffg; ; = . Which of the following hold(s) good?

(a) y(1) =2¢1 (b) y(1)=—e-1 (c) y(3)=—2e3 (d) y’(3) = ‘2.9-3

7. Let C be the family of curves f (x, y, ¢) = 0 (no member of C is x-axis) such
length of subnormal at any point P (x, y) on the curve C is equal to four times
of the length of subtangent at the same point. Which of the following statem
is(are) correct ? ;
(a) Equation of the line with positive y-intercept passing through (4 2)

perpendicular to the curve Cis x + 2y = 8 (e
(b) Orthogonal trajectory of C is family of parallel lines having gradlent :1:2
(c) Order and degree of the differential equation of family of curves C are : i
respectively

(d) Differential equation of family of curves is 2y’ + x =0 3

1 !

8. Let function y = f (x) satisfies the differential equation x* gl = ylex (£ #
x h

lim f(x) = 1. Identify the correct statement(s) :
-0

(a) Range of f(x)is (0, 1) - {%} (b) f(x)is bounded
e 1
© lim f)=1 @) [f()dx> [ fl0)dx
X3 0 0

pi—"
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! s = (22 2
I 2y dy = (& +¥°+ 1) dx, y (1) =0 and y(xy) = 3, then x, can be :
(a) 2 (b) -2 (c) 8 ) -3
tisfies the differenti 9y
10. Ify(x) satisfies the differential equation = sin 2x + 3y cot x and y(fz_‘_) =2, then

which of the following statement(s) is (are) correct?

T
] * =0

, n)_9—3~/§
(b) y(g =T o

(¢) y(x) increases in interval (% g)

n/2
(d) The value of definite integral J y(x)dx equals «
-n/2

EXERCISE - 4
| Integer Answer Type ’

I. Let y = f (x) be a curve C, passing through (2, 2) and (8, %) and satisfying a

ot 0“7 K
emd i

2 2.
differential equation y [g—‘:) = 2(%2] . Curve C, is the director circle of the
x x

circle x2 + y2 = 2. If the shortest distance between the curves C, and C, is (\/p — )
where p, g € N, then find the value of (p2 - g).

2. Afunctiony =f(x) satisfiesx f'(x) - 2f (x) =x4f2(x),V x>0 énd f(1)=-6. Find the
1 value of f*(3V).

l; X X
“ 3. Let f be a continuous function satisfying the equation I f@) dt + I t flx-t)dt
0 0

=e¢~*—1, then find the value of 10 £ (10).

4. Given a curve C. Let the tangent line at P (x, ¥) on C is perpendicular to the line
joining P and @ (1, 0). If the line 2x + 3y — 15 = 0 is tangent to the curve C then the
length of the tangent from the point‘(5, 0) to the curve Cis +/n (where n € N). Find
the value of n. '

5. Anormal is drawn at a point P (x, y) on a curve. It meets the x-axis and the y-axis
at A and B respectively such that (x-intercept)-! + (y-intercept)-! = 1, where O is
origin, then find radius of the director circle of the curve passing through (3, 3).
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6. Lety =f (x) defined in [0, 2] sati

sfies the differential equation y3y” + 1=
andf(1)=0,f(1)=1 then find the maximum value of f

f(x)20Vxe Dy .
. 3 ” n :

[Note : D;denotes the domain of the function and y” denotes the 2 ; ‘
yw.rt. x]

EXERCISE 1: Only One Correct Answer
1. (@ 2. 8 (b 4@ & (B 86 (0

1. (¢ 12. (a) 13. (c) 14. (d) 15. (a) 16. (a)

21. (a) 22. (a) 238. (a) 24. (d) 25. (b)

EXERCISE 2 : Linked Comprehension Type

1.(a) 2.(d 8. () 4 (¢ &6 (@ 6. (a)

11. (¢) 12. (b) 18. (d) 14. (¢) 16. (b) 16. (b)
EXERCISE 3 : More Than One Correct Answers

1. (a,b,d) 2. (a,b) 8. (b,c)

6. (a,b,d) 7. (a,c) 8. (a,b,d)
EXERCISE 4 : Integer Answer Type

1. 62 2. 8 3. 9

6. 1

7 () 8. (a) 9. d
17. (d) 18. (a) 19. _' '
7. ® 8 (b 9

17. (a)

4. (a,b,c) 5.

9' (ﬂ, b) 10-

4. 3 5. 4
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|. POINTS TO REMEMBER :

(i) The area bounded by the curve y = f(x), the x-axis and the coordinates at x = ¢ and
b b
x = bis given by, A =jf(x) dx = J'y dx.
a a

y

1

)
y=f%

0 x=a x=b

(ii) Ifthe area is below the x-axis then A is negative. The convention is to consider the

b
magnitude only i.e. A = I ¥ dx|in this case.
(iii) Area between the curves y=f@andy=g() y
betweenbthe coordinates atx =a and x = bis given %
b b
by, A = [ f2) dx - [ g(x) dx = [[f(x) - g dix.
: a a a . T ~y=f()
oY=l
0 XxX=qa x=b g
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(iv) Average value ofa functiony =f(x) w.r.t. x over an interval q Sx<bigg

;8
y(av)=3_—a£f(x) dx.

X

(v) The area function A] satisfies the differential equation %.. =f (@) !

condition A; =0.

Note : If F (x) is any integral of f (x) fhén,
VAT [ ok P ) e
BUPie 0= Fla) ¢ = 5 F(a) _

hence.A: =F(x)-F (a). Fmally by t_akin‘g'x.  ='b we get, A? = F

2. CURVE TRACING :

The following outline procedure is to be applied in Sketching the &
function y = £ (x) which in turn will be extremely useful to quicklyj andé
evaluate the area under the curves.
(a) Symmetry : The symmetry of the curve is judged as follows :

(i) Ifall the powers ofy in the equation are even then the curve i
about the axis of x.

(i) Ifall the powers of x are even, the curve is

(iii) If powers of x and ¥ both are even, the ¢
of x as well as y.

(iv) If the equation of the curve remains unchanged on intercha 4
then the curve ig symmetrical about y = . i

(v) If on interchanging the signs of x and
unaltered then there ig symmetry in o

symmetrical about the ¢
urve is symmetrical abou

¥ both the equation of

Pposite quadrants.

_d . ’
(b) Find -d—i- and equate it to zero to find the points on the curve where

horizontal tangents.
(¢) Find the points where the curve crosses the x-

(d) Examine if possible the intervalg when f (x
Examine what happens to % when x — oo or —

axis and also t

) is increasing

oo,
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3. USEFUL RESULTS :

2

2
(a) Whole area of the ellipse, % + %é- =1lisnab.

a
(b) Area enclosed between the parabolas y2 = 4 ax and x2 = 4 by is 16ab/3.
(c) Areaincluded between the parabola y2=4ax and the liney =mxis 8a%/3m3.

EXERCISE - 1

1. In the shown figure, half a period of sin x from 0 to & is
split into two regions (light and dark shaded) of equal (k, sin k)
area by a line through the origin. If the line and the sine
function intersect at a point whose x coordinate is %,
then k satisfies the equation :

(a) kcosk+2sink=0
(b) ksink+2cosk=0
(c) ksink+2cosk-2=0
(d) 2cosk +ksink+2=0
2. If the area of the region bounded by the curve y =x - x2 and the line y =mx equals

g, then the value of m is :

(a) -4 (b) -2 (c) 2 (d 5
3. Let A_ be the area of region bounded by a curve y = x3(1 ~x2)", 0 <x < 1 and the

x-axis, then the value of Y A, is equal to :

n=1

1 | 1 *
e s - d) 1
(a) 5 (b) 3 (© 4 (d)

4. If the area enclosed by g(x), x = - 3, x = 5 and x-axis where g(x) is the inverse of
f(x)=x3 + 3x + 1is A, then [A] equals :
[Note: [k] denotes the greatest integer function less than or equal to k.]

(a) 2 (b) 3 (c) 4 (d) 5
5. The area enclosed by the curve y2 +xt=x2is:
2 4 8. on 10
(a) < = = =
3 (b) TR (c) L. (d) .
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JF 5 o
6. Let Z be a complex number such that Re (Z) = vx° +4 and Im (2) = et
satisfying 1Z] = J10. Area enclosed by the set of points (x, y) on the compleg
plane, is :
20v10 40J70
(a) 86 (b) 46 & == @ —=
7. Area enclosed by the curvey =%+ 1 and a normal drawn to it with gradient - 1, j
equal to : :
= = © 2 @ 23
(a) ﬁ (b) 12 12 =

8. Let ‘2’ be a positive constant number. Consider two curves Ciiy=e5,Cy:y=e®,
Let S be the area of the part surrounding by C,, C, and the y-axis, then lim __._S_

a-0q2
equals : .
(a) 4 ®) = © 0 @ 2
2 4
9. Letf(x)= I : fiz -Ifthe area of the figure surrounded by the normallineatx=1of &
0 _ Ji

2
¥ =f (x), x-axis and the graph of y = f (x) is Ek-— + g —In +2 sq. units (where £ € N)

then the value of K is : _
(a) 8 (b) 36 (c) 32 (d) 64

10. 3 points 0(0, 0), P(a, a2), Q (-b; bz) (a>0,b>0) are on the parabola y = x2. Let S;be
the area bounded by the line PQ and the parabola and let S, be the area of the

triangle OPQ, the minimum value of % is:
2

4 5 "
= b) 2 L
(a) 3 (b) 3 (c) (d) .
11. Area enclosed by the graph of the functiony = In2x - 1 lying in the 4th quadrantis:
(a) 2 ® 2 © 2(e +1) ) 4(3__1.) ‘
12. The area bounded by y=2-|2-x| and y ._-|_3__lis .
X
3 4-3In3 _
@ 2802 223 g 3 @ 1413
“ 4 2 27

13. The area of the region of the plane bounded by (|x |, |y]) < 1 and xy S—éis .

(o) LT 2 ) -lf © 2+2In2 @) 3+In2
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4, 10t (x) =%+ 6x + 1 and R denote the set of points (x, ) in the coordinate plane
uch that f@&) +f)<0andf(x) - f(y) < 0. The area of R is equal to : |
@) 167 (b) 12z (c) 8n (d) 4n

. The graphs of f (x) = x2 and g(x) = cx3 (¢ > 0) intersect at the points (0, 0) and

1 i o s
[%’ ?‘T} If the region which lies between these graphs and over the interval (0, %)

2
has the area equal to = then the value of ¢ ig :

1 1
(@ 1 ® 3 © 2 @ 2

16. The positive values of the parameter ‘@’ for which the area of the figure bounded

19 5
by the curve y = C0S ax,y=0,x=-&-,x=—-£is greater than 3 are :

6a
1
ik @) (0’ 5) ©) @, ) (d) none of these
17. y = f (x) is a function which satisfies :
@ f0)=0
(i) f"(x)=f"(x) and
(iii) f'(0) =1

then the area bounded by the graph of y = f (x), the linesx =0, x — 1 =0 and
y+1=0,is:

(a) e (b) e-2 (c) e-1 (d) e+1
18. Area of the region enclosed between the curvesx=y2—1andx= |y| J1- y2 is:
; 4 2
- = d 2
(a) 1 (b) = (c) 5

19. In the given figure, if A, is the area of the AAOB and A, is the area of the parabolic

region AOB then the ratio 12—1— asa — 0is

(@) 1
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20. If the tangent to the curvey =

l_xzatx=a,whereo <a<l], meets },
es. the minimum value of the area of the triangle PQ

and Q. Also a.vari |
the area bounded by the axes and the part of the curve for which 0 < x
equal to :
@ 2 b) 2 @ 2 @ 2

e 16 18 3

21. Consider the following regions in the plane :
R,={(x,y):0sx< land0<y <1}
R2={(x,y):x2+y2s4/3} |
The area of the region R; N R, can be expressed as ﬂ;—bf, where g an(

integers. Then the value of (@ + b) equals :
(a) 2 (b) 3 (c) 4 (d) 5

22. Inﬁnite rectangles each of width 1 unit and height (1__1_1) (e
n n+

constructed such that ends of exactly one diagonal of every rectangle lies

the curvey = }- The sum of areas of all such rectangles, is :
Tox

1 2 3

(a) = N o
a) 5 (b) 3 (c) 1 d 1 |
23. The area bounded by the x-axis and the part of graph of y = cos x between x =
n . . . ¥
andx = 518 separated into two regions by the line x = &. If the area of the regilf
- N :
for—2- Sx<kisthree times the area of the regionfork<x< g, then k is equalto:

i Pl
(a) arc sin (—-) (b) are sin (1) L] -
24, Idetdl[(xl, yl)’ (12, y2)] = |x1 ) |+|y1 - ¥, |and

dy [(xg, y1), (x5, y5)] = '\/(xl - x,)? +(y1 - 3,)*

denote the distance between (x,,¥,) and (x4, ¥,) on the coordinate plane. The a_rea

of the region enclosed by the set of poi . il
points (x, y) satisfying d; [(x, ), (0, 012 120°8
dy [(x, ), (0, 01< 1, is : 9, SEE g Gyl

@) n-2 (b) n+2

() n+4 d) n-4
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mhe tangent to the curve y = f (x) at [x, f(x)]is (2x + 1). If the curve
35 45565 through the point (1, 3) then the area bounded by the curve y = f(x) and the
al to the curvey = (1 +x)” + sin-! (sin? x) at x = 0, is equal to

(b) = (c) = (d) 2
(a) =

Let 94 > - 1. If the area of the region of the plane defined by {(x, y) x20,2y-x20,
4y-35 0} is equal to 3, then the value of a, lies in :
@ (5 10)
2" 3

13 3 5)
(@) (EZ) i (4 2) () ( "5

¢7. Which of the following shaded region in xy plane represents points satisfyingx +y
<1, In(2x+y)20and 16x2-16x+3<0?

6 4 y

c[%%.)
1

(a) / (b) (;31 c[%’Z)
ol A, 2 y S x

Q
Y i e
w |
—
| —
amervi,

(c)

o

- X

(d)

//;

A [% : 0) B(1,0) 2
28, If S(a) is the algebraic area bounded by the curvey =e*%,y = = ¥ and the y-axis
S(a) .

where a > 0, then lim — - is equal to :
a—yee
1 -1 (d) does not exist
(a) 0 (b) 5 (c) 5
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EXERCISE - 2

Paragraph for Question Nos. 1 to 3 T
dy
Let y = f (x) be a solution of the differential equation E; = - 4x (y 2) with

f(O)-2andg(x)=max.{1+—2——[~;-],smx,lx ll}h(x) lnx,k(x)-min,w._
3x + 2,2 +sin x}

[Note : [y] denotes greatest integer function less than or equal to y.1]
1. Area enclosed by the curves y = f(x), y = g (x) and the y-axis, is :

(a) 1 ) 2 (c) 3 (d) 4
2. Area bounded by the curve y = f (x), y = k (x) and the y-axis, is :
(a) e (b) €2 © 32—" (d) e2—

3. Number of solutions of the equation £ (x) = % (x) in [0, 2r], is :
(a) 2 M) 3 (c) 4 d) 5

Paragraph for Queétion Nos.4 and 5
Let f (x) (x 2 1) be a differentiable function satisfying

f@) = (log x)% - j (f® 4

1
4. hm[f(x)+ ] is equal to :

I—e

1 1 2
(a) : (b) 3 (c) ec (d) ee
5. Area bounded by tangent line of y=f(x) at the point[e,

f(e)} the curvey =f(x)and
thelinex =1, is; Gk

1
(a) o> ®) e+l_1
e
1
LA @ e+l-3

€
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Paragraph for Question Nos. 6 to 8

Let y'&) 0(x) - 5(2) $x) +5%@) = 0, 5(1) = 1, x € R, where f"(x) denotes L

d(x)
and ¢(x) is a given non-constant differentiable function on R with ¢(1) =0
and ¢(2) =4,

6. The value of y(2) is equal to :
(a) O (b) 1 (c) 2 d) 4

d(x) 1

e (2]
L yx))

(a) V5 (b) 3/2—5—1 () V5-1 (d) ¥v5-2

dx, is equal to :

2
7. The value of definite integral J
1

8. Which one of the following statement is correct for the function g (x) = %
y(x
(a) g (x) is decreasing on R

(b) Area bounded by g (x) and coordinate axes is %

(c) g (x) has minima but no maxima

(d) g (x)] is continuous but not differentiable on R

_ Paragraph for Question Nos. 9 to 114
- Consider three real-valued functions f, g and k defined on R (the set of real
numbers). Let f (x) = 23 + 3 (1 - 32_“)x2 +3(a%-a) x+bwherea,be R and g(x)
v L)
=
value5 atx =1.

Also h(x) is such that A”(x) = 6x — 4 and h(x) has a local minimum

9. The true set of values of a for which f(x) has negative point of local minimum, is ;
(@) (=, 0) (b) (1, ) (c) (0,1) (d) (1, ) - {2}

10. The complete set of values of a for which vertex of parabola ¥ = g(x) has negative
coordinate, is :

(a) (% 1) (®) (0, =) © R-1{2} ) (1, ) - {2}
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Oandx=2,is :

11. The area bounded by y = ~(x) between x = 4 d .

(b) _9 (c) — (d) %

(a) -§-
Paragraph for Question Nos. 12 to 14 3
i . [PCex)s _ 18 &

Let P(x) be a biquadratic function of ¥ such that lim [ =3 ] 5 | 5

| 12. The value of P(1) is equal to :

13. Which one of the following statement is correct for P(x)?
(a) P(x) has minima but no maxima

(b) P(x) has maxima but no minima

(c) P(x)increases in (—oo, %) and decreases in (i, oo)

(d) P(x) decreases in (—oo, T) and increases in [:41 ; ]

14. The area bounded by y = P(x) and x-axis in the second quadrant is equal to :

i

Paragraph for Question Nos. 15 to 18

Let f (x) be a differentiable function such that f(x +y) =e* f(y) + e¥ f (x) allx, y -
and £/(0) = 1.

15. f(x) has :
(a) maximum (b) minimum
(¢) both maximum and minimum (d) neither maximum nor minimum
16. The range of f(x) is :
(a) R (b) [0, ) (©) (-_ ) @ [__, w)
e
17. lim f(x)is:
(a) 0 (b) 1 () -1 (d) non existent
18. The area bounded by the curve y = f (x) and the x-axis is : AR
e ® 3 © 2 @ e
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EXERCISE - 3

L

1. Let T be the triangle with vertices (0, 0), (0, ¢2) and (c c2) and let R be the region
petween y = cx and y = x2 where ¢ > 0 then :

o3 3
(a) Area (R) =~é~ (b) Areaof R =
Area (T Area (T _3
g =3
@ I e (B @ i a2

2. Area of the region bounded by the curve y = tan x and lines y = 0 and x = 1 is equal
to :

1 tanl
(a) [tan@-x)dx b |[tan ydy
0 . 0
1 ; tanl
(¢ [tan™! xdzx (d) tan1- [tan™ xdx
0 :

0

2x 0
3. Let f (x) be a differentiable function satisfying j xf(t)dt+2'[t f@t)dt
0

=2x* -2x°, for all x € R then which of the following is/are correct?

(@) Minimum value of f (x) is equal to —_-f-

(b) f(lx|)is non-derivable at exactly one value of x
(c) Area bounded by y = f(x) and x-axis is equal to 2
(d) hm f) exist and is equal to 3

-1l x-1
- The graph ofy = f (x) is shown with roots r and s (r < s). Area bounded by the graph

of f (x), x-axis, x = 0 and x = 6 over the intervals [0, r] and [r, s] and [s, 6] are g, 2

0 6
and 12 respectively. If m = [ f(x) dx, p =[f(x)dx,q =

6
n=[1f(x)dx,
0
then :
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(a) p<m M) m<1 (c) g<11 d) n>11
5. The function y =f(x) is continuous over [0, 10]. If the area bounded by f(x) and the -
x-axis between x = 0 and x = 10 is S where — 10 < f (x) < 10, then which of the

following is/are not always correct?

10 10 - 10
[f@de|=8 (© [f@dx=S (@ S<[f()adx
0 0 0 :

EXERCISE - 4

(a) S<100 (b)

Integer Answer Type

1. The parabola P : y = ax? where ‘@’ is a positive real constant, is touched by the hne
L:y =mx — b (where m is a positive constant and b is real) at the point 7. Let @ be
the point of intersection of the line L and the y-axis is such that 7Q = 1. IfA
denotes the maximum value of the region surrounded by P, L and the yéaxis, find

1
the val f—.
e value of - ,
2. If the area enclosed by the curve y2 = 4x and 16y2 = 5 (x — 1)3 can be expréssedi.“- >
LM S
the form T where L and N are relatively prime and M is a prime, find the

value of (L + M + N). ity
3. Consider the collection of all curves of the form y = — bx2 that pass through the

point (2, 1) where a and b are positive real numbers. If the minimum area of the ;

region bounded by y = a — bx2 and the x-axis is VA, find the value of A € N

Scanned with CamScanner



a Under Curve

! :
— T ‘ 227
4. Letf(x) =x-x2 and 8lx) = ax. If e

the area b
area bounded by the curves 5 = 3 unded by

Y-y?andx+y=3 th

f(x) and 8(x) is equal to the
[Note : [k] denotes the greategt integ

en find the value of|[q] K

er less than or equal to %.]
5. Let C, and C, be two curveg which satisfy the diffe

rential equation | 5 — y—

2

— | and asses th o
‘ P roug (1, 1). If the area enclosed by curves Cl’ C2 and

_ . m
-ordinate axes is —
b = (m, n € N) then find the least value of (m + ),

6. If the3area bounded by the curve y = |cos-! (gin x)| = Isin-! (cos x)| and x-axis
n 3 n |
from o3 < x<2m,is equal to - where k € N, then find k.

7. Let A, be the area bounded by the curve y=gxn

I oo iB2™ A
==, If L
* 2 nzﬂ n

(n=21) and the linex =0,y =0 and

=§— then find the value ofn.

Jx +3, -3<x<-2 ;
B.Lety=f(x)=:-1+Vx+2, 2<x<-11f ly1 = f (= Ix]) be a curve and area
2+Jx+1, -1<x<0

enclosed between the curve and the circle x2 + y2=

5 equals p + g, where p and g
are integers then find the value of (p + g).

9.Let f: R* — R be a differentiable function satisfying f(x) = e + (1 - x)

In (x) + _f f(#)dt V x € R”. If the area enclosed by the curve g(x) = x [f (x) — e]
e
1

lying in the fourth quadrant is A, then find the value of A-2. _
10. Let f (x) be a polynomial of degree 3. If the curve y = f (x) has relative extrema at

x= 3-%— and passes through (0, 0) and (1, = 2) dividing the circle x2 + y? =4 in two
3
o R o
parts, then the area bounded by x2 + y2=4 andy > f(x) is e Find the value of k.

11. If the maximum area of the region enclosed by the curvesy = | x| e!*! and the line
y=a(l<a< é) in x € [-1, 1] is A, then find the value of [A].
[Note : [£] denotes greatest integer function less than orequal to%. ]
12, Let y = f (x) be a real-valued differentiable function on R (the set of all real
numbers) such that f(1) = 1. If f (x) satisfies x f(x) =x% + f (x) -2 then find the area
“enclosed by f (x) with x-axis between coordinates x =0 and x = 3.
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13. The following figure shows the graph of a continuous function y = f(x) on the

interval [1, 3]. The points A, B, C have co-ordinates (1, 1), (3, 2), (2, 3) respectively
and the lines L, and L, are parallel with L, being tangent to the curve at C, If the

area under the graph of y = f () from x = 1 to x = 3 is 4 square units, then find ¢},
area (in square units) of shaded region.

y=flx)

14. Letf(x):—.cos"l (12 )g( x)= cot_l[ o l)wherexe (-1,1). Ifareaboundedby
+x° x? -

- the curves y = f (x) + g(x) and y = nx2 is A then find the value of [A].
[Note : [K] denotes greatest integer less than or equal to K.]

15. Letf},f, and f; be three curves satisfying the differential equationy (1-y%)ds=x
(y2 + 1) dy. If f; cuts the curves f; and f, at A and B respectively and one of the
curves is passing through C (2, —1), then find the area of AABC.

16. Let P(x) be a polynomial function of degree ‘n’ satisfying [P(x)]2. P""(x) = [P"(x)P
P'(x) V x € R. Let f (x) a polynomial whose degree is same as of P(x). If the area

bounded by y = f(x), the x-axis and the coordinates of two local minima is P where
q

p and q are co-prime then find the value of (p — g). Given £’(0) =f'(-1) = f (1) =0,
f(0)=4andf(1)=f(-1)=3. ;
17. If the area bounded by the curves f (x) = [cos ! | cos 2|12, g (x) = [cos ! | cos x|] and

lx] =-g—isan3+bn2+c,thenﬁndthemim'mumvalueof(lal+lb|+lc|)-:

. .
18. If I (42 - f(0)] f(x)dx = % then find the area of region bounded by y = f (x), x-axis
. ‘

and coordinatex =1 and x = 2.
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A

:I e Correct Answer

EXERCISE 1

. ® 2 ® 3. (c) 4. () 6. () 6. (a)
11. () 12. ) 18. (@) 14. (¢) 156. (c) 16. (b)
91, (0 ~22. d 23. © 24. (a) 25. (d) 26. (b)

RCIS 2 tike Conrhension Type

. @ 2 M 8 (© 4 & d 6 -
1. @ 12 (¢) 13. (b) 14. (a) 15. (b) 16. (d)
BC!SE 3: ore Than One Corect Answers

1. (a,¢) 2. (a,b) 3. (a,b,d)

[ EXERCISE 4 : Integer Answer Type

1. 0012 2. 0124 3. 0048
6. 0004 7. 0002 8. 0015
11. 0003 12. 0006 13. 0002
16. 0091 - 17. 0001 18. 15/2

17.
27.

7.
17.

14.

b) 8. (- 9. (d) 10. (a)
(¢ 18, (d) 19. (¢) 20. (a)
(b) 28. (o)
(b) 8. (d) 9. (a) 10. (¢)
(a) 18. (a)
(a,b,c,d) 5. (b,c,d)
0001 5. 0009
0016 10. 0004
0004 16. 002

aaQ
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PRACTICE TEST PAPER - |
FOR JEE (MAIN) A

INSTRUCTIONS :

(i) The question paper consists of ‘30’ objective type questions.
(ii) Each question has four choices (a), (b), (c) and (d) out of which Only One i
correct.

. (iii) You will be awarded 4 marks for each question, if you have darkened only the
bubble corresponding to the correct answer and zero mark if no bubble are
darkened. In all other cases, minus one (-1) mark will be awarded.

(iv) There is only one correct response for each question. Filling up more than one
response in each question will be treated as wrong response and marks for wrong
response will be deducted accordingly as per instruction (iii) above.

1. Let f: R - R be a periodic function such that
f(T+x)=1+{1-3f(x) + 3f(x)2 - f(x)3}}/3 where T is a fixed positive number,
then period of f(x) is :
]
(@) T (b) 2T (c) 3T (d) 4T
2. If z; and z,(z,,2, #0) are two complex numbers such that o ke 18 1then:
2, +2,
(a) z, =ikz,(ke R) (b) 2z, =kz,(ke R)
(€) 2z, =2 (d) -] is real
29
8. If ax? + bx + 6 =0 does not have two distinct real roots, @ € R, b R then the least
value of 3a + b)is :
(a) 4 (b) -1 (© 1 (d) -2
4. An aeroplane flying with uniform speed horizontally 1 km above the ground is
observed at an elevation of 60°. After 10 sec, if the elevation is observed to be 30°,
then the speed of the plane (in km/hr) is :
240
(a) == b) 20043 - 120
i (b) 200v3 (c) 2403 (d 7
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. Test Paper - 1
p,achce

roots of the equation x2 —9ax + a? +a -3 =0 are real less than 3 then

integral value of 'a’is:
(b) 0 ©1 (d) 2
+ I =0, where I is a unit

g If the
Iargest
(@) -1

g Askew -
matrix. Then Ais:

(a) 1dempotent matrix (b) Orthogonal matrix
() Nilpotent matrix (d) Periodic matrix
b,c be any real numbers. Supposé that there are real numbers x, ¥,

symmetric matrix A satisfies the relation A?

znot all

7. Leta,
gero such that x=cy + bz, y =az +cx and z =bx + ay then a? +b% +c? +2abc is
equal to:
(a) 2 (b) 1 (c) 0 (d) -1

Suman writes letters to his five friends. The number of ways can be letters be

8.
placed in the envelopes so that at least two of them are in the wrong envelopes
are :
(a) 119 (b) 120 (c) 125 (d) 130
n n
9, The sum of Y (-1)" 2C ’_jisequal to:
r=0 i Cr
2 2 2 2
— —_ d) —
(a)n+1 (b) = (c) = ( )n—2

10. The sum of first two terms of a geometric progression is 12. The sum of the third

and the fourth terms is 48. If the terms of the geometric progression are
alternately positive and negative then the first term is :

(a) -4 (b) -12 (c) 4 (d) 12
o 3

11. -1 »2 4 5 15 3

L Lim r;lcot (r + 4)15 equal to :
(a) 0 '(b) -;i (c) tan-12 (d) tan-3

12. Let f be a differentiable function such that f(x + y) =f(x) + f(y) + 2xy -1, for all

real x and y. If f' (0) = cosa, thenvVxe R :
(@) flx)<0 (b) f(x)=0 () f(x)>0 d) fx)=x

13. Let f(x) = x2 - 8x +12,x €[2,6].
Statement-1: f* (c) =0, for some c € (2,6).
St&tement.zg f is continuous on [2, 6] and differentiable on (2, 6) with f @)= f (6).
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(a) Statement-1 is true, statement-2 is true and statement-2 is co

explanation for statement-1 :
(b) Statement-1istrue, statement-2 is true and statement-2 is NO’I‘ the ‘-‘UH‘ect

explanation for statement-1
(c) Statement-1 is true, statement-2 is false
(d) Statement-1 is false, statement-2 is true
14. Let h(x) = xg(x) where g is the inverse of f(x). Also the values of f(x) and ' (x) i

given as &
x P
f(x)
f'(x) -1

then the value of &' (5) equals:
11 9 3
= b) = 5 d) 2
(a) 5 (b) 5 (c) (d) 5

15. Let f be a function which is continuous and differentiable for all real x. If f(2) = ¢
and f' (x)> 6 for all x €(2,4], then : 4 '
(a) f(4)<8 (b) f(4)28 (© f@=12 @ F@<12

16. Given P(x)=x* +ax3 +bx? + cx+d such that x=0 is the only real roots of
P' (x) =0.If P(-1) < P(1), then in the interval [- 1, 1] : ' :
(a) P(-1)is the minimum and P(1) is the maximum of P(x)
(b) P(-1)is not minimum but P(1) is the maximum of P(x)
(¢) P(-1)is the minimum and P(l) is not the maximum of P(x)
(d) neither P(-1)is the minimum nor P(1) is the maximum of P(x)

17. The range of parameter ¥ for which the functionf (x) =I Bt? +b+ coét)ﬁt IS

monotonic for all real values of «, is :

(a) [-1,1] (b) (—eo,-1]U[L@) (¢) (—o,-Du,©) (d) (-1, 1)
18. [ x(f(x?)-g" (x?) - " (x?) - g(x?)ldx is equal to :

2 2y 4
@) fx2)-g'(2)-gx®)f (x2)+C  (b) (f )g(’; i (x2))+c 5.

(Fx®)g (%) - f' (x1)g(x?))

) g +C  (d) f(x2)-g(x2)f (x2)+C
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2L

22.

25.

Test Paper - | 233

00 100( 1
J'f(x)dx —a, then ), _[ flr—1+ x)dx] is equal to :
0

r=1\ o

(@) 0 (b) a (c) g- d) 2a

Ifu,

9 9 9 8
T b o(ﬁ) (E) L
(a) 9[2) (b) 1 2 (¢ ~ @ 9 :

The area bounded by the circle x? + y2 =8, the parabola x2 =2yandtheliney =x

n
=i x™ sin xdx, then the value of (u,;, +90ugz)is:
0

inyZOiS:

2 2 2 2
=] b) —-2 = &
(a) 3+2n ()3 n (c) 3+1r (d) y p

The equation of the curve passing through (2, 5) and having the area of triangle
formed by the x-axis the ordinate of a point on the curve and the tangent at the
point 5 square units is :

(a) 2y =10 (b) x* =10y () y2=10x ) x2y=10

| A(0,0), B@,)) and C(3,0) are the vertices of a AABC and BD is its altitude. If the

line through D parallel to the side ABintersects the side BC at a point K, thenthe
product of the areas of the triangle ABC and BDK is :

1 3 1
(a) 1 (b) § (c) Z (d) Z

_The common chord of the circle x2 +y2 +8x+4y-5=0und a circle passing

through the origin and touching the line y = x, passes through the fixed point :
5 5 5 -5 -5 5 -5 -5
( e, e b T gy JE, d i [ ——
& (12 12) & (12 12) 4 (15 12) @ (12 12)
An ellipse has eccentricity % and focus at the point P[-;— ,1) its one directrix is the

common tangent at the point P, to the circle x2 + y2 =1 and the hyperbola
x% — y2 =1, The equation of the ellipse in standard form is :

1)? 1y
(a) Q(x—g] +(y-1%=1 (b) Q[x-é-J +12(y -2 =1

1 2
(x “-_) 2
4

12
dx-=] +9y-D2=
3 ()(x 3)+(y )* =1

AT
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St i h other then a vector v in feee . .
26. If the vectors a and b are perpendlcular o eac v mte'm@pf
ua Ovb =1and vab =1lis: ‘
and b satisfying the equations
'-b -) —b)
-5 = ax
) L gt (axb) ® 4
N axb ax b
33 N
b axb @ L A L
© EtG 7 = ;|
| bl ;xg |6l axb
27. The planes3x — y + z+1=0,5x + y + 3z =0 intersect in the line PQ. The eq“atmnj'_ 1
of the plane through the point (2, 1, 4) and perpendicular to PQ is : ol
(@ x+y-2z=5 (b) x+y-2z=-5 (¢) x+y+2z2=5 (d) x+y+2z.-=._5'.,' ?.
28. Three natural numbers are taken at random from the set

29.

30.

A={15 25100, x  N).The probability that the A.M. of the number taken s 95
is:

77 C 25 C 74 C 5 C
2 2
(a) "1‘60—'6; (b) 100 C (c) 100 C (d) 100~

The mean of five observations is 4 and their variance is 5.2. If three of thesej_
observation are 1,2 and 6 then the other two are : -

(a)2and 9 (b) 3 and 8 (c)4 and 7 (d)5and6
The statement p — (g — p) is equivalent to:

(@ p>(p->q) b po>(pvyq) () po>(pnagq) (d) p->(z‘_7<->Q)ﬁf

ANSWERS
1. (b) 2. (a) 3. (d) 4. (c) 5. (e) S
6. (b) 7. (b) 8. (a) 9. (¢ 10. (b)
11. (o) 12. (¢ 13. (a) 14. (a) 15. (b)
16. (b) 17. (b) 18. (¢) 19. (b) 20. b
21. (a) 22. (a) 23. (b) 24. (a) 25. (b))

26. (a) 27. (b) 28. (c) 29. (c) 30. ®
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~ m;c-rlcn TEST PAPER - 2
FOR JEE (MAIN]

;mUCTIONS -

o () The question paper
}: i ;) Each questwn has

consists of ‘30’ objectlve type questions.
four choices (a), (b), (c) and (d) out of which Only One is

correct.
You will be awarded 4 marks for each question, if you have darkened only the

pubble corresponding to the correct answer and zero mark if no bubble are
darkened. In all other cases, minus one (1) mark will be awarded.

 (iv) There is only one correct response for each question. Filling up more than one
ed as wrong response and marks for wrong

i

response in each question will be treat

response will be deducted accordingly as per instruction (iii) above.

LIf f(x)= max (l—lxl,min(xz,l)) then number of point(s) where f(x) is

4  non-differentiable is/are :

; (@) 3 (b) 4 (¢) 5 @) 6
2. L1m (\/tz + bt — t)dt is equal to :
10 x
5
(a) 0 (b 1 © 3 @ 5

: 5
is = e .k
3. If the length of the latus rectum of elhp\se is 5 and eccentricity is = then the

f the ellipse in standard form is :

equation O
B 2y b 222, 1252
:’;1 (a) -—-'+"‘"'":1 25 ""'é""'""=
9 16 . S
k 2 x 1242
. 9x% Y _= (d) —+ Y =
(c) —5—5"" 25 25 25 1
.on of the numbers 3,4, 5,6, 7 is -
an de at.lon 0 4,5, 6, is
4. The me€ (b) 1.2 ol &
d) 25
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Let f(x) be an odd function defined on R such that f(1) =2, f (3) 5and f (-5) ,,

F(Fred)) +F(FO)
3f)-2f@)-fG)

2
a -2 2 d) <
@ 2 O © 3

The value of

. If x,,x,,25,x, are positive roots of the equation z* -8x% +ax? -br 416,

then tan! (x,) + tan~1 (x,) + tan~! (x,) + tan " (x,) is equal to :

(@) 7+ 4tan-1(2) (b) 4tan~2
(©) - —4tan-12 (d) 21’:311"14
7. If f(x) is a quadratlc expression such that f(-2)=f(2)= 0 and f(l)= =6, the
_ “f (=) - is equal to :
:—»0 In(cos x) N
(a) <4 b) 4 © = (@l
V2 V2
8. If the lines joining the origin and points of intersection of kx + hy =2hk and tha
circle (x + k)2 + (y — k)2 =a? are perpendicular then A2 + 42 is equal to :
(a) -1 " (e (c) a® (d) 1
13 | ,.
(1+2x) . ; : g
9. Let f(x) = 5 » ¥ # 0. If f (x) is continuous at x = 0, then the value of is:
e . W e
k, x=0
@1 (b e (c) e? (d) e‘
10. If o a, b c are non- coplanar unit vectors such that ax (bx c)= b}c then angle}
' V2
.between a and b is:
(a) L (b) -’5 © = (d) =t
11,

Let f (0, oo)—)(—é— —-J be a function defined as f(x)= tan 1(ln x) and g be thd

mverse function of £, then &' (0) is equal to :

(a) (b) Z © 1 (o
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g, Abag contains 4 red and 3 black balls. A second bag contains 2 red and 4 black

palls. One bag is selected at random. From the selected bag, one ball is drawn.
The probabnhty that the ball drawn to be red, is :

13 14 19 P
® 33 D © % D2

18: If f(x)=x% +3x+4 and g is the inverse function of f then the value of

d -_g-(_:c_)___) at x =4 equals :
dr| 2(8()

. 1
(a) —% (b) 6 ) 2 (d) 3

14, Number of integral values of 'a’ for which the equation sin* x -2 cos? x + a2 =0
has a solution, is :

(@) 1 (b) 2 (c) 3 (d) 4
Tx9e"2dx
15. g—-———-—-is equal to :
Ix"e“zdx
0
(a) 2 (b) 4 (c) 6 (d) 8

16. The values of parameter such that the line (log2 (1 +5a-a? ))x -5y -(a? -5)=0
is a normal to the curve xy =1, may lie in the interval :
(@) (~0,0) (b) (5,) (c) (0,5) (d) (~e0,0) U (5,)

17. Ifr,, r,, r, are the exradii of a triangle ABC then2=¢ ,¢=¢  a-b
" 5

isequal to:

T3
(Note: Symbols have their usual meaning in a triangle ABC)
(a) 0 (b) 28 () S (d) 3r

18. Suppose that £(0) = -3 and f' (x) < 5 for all values of x then the largest value which
f2) can attain is :
(@) 7 (b) -7 (c) 13 (d) 8

19. If two tangents are drawn from a point on the circle x2 + y2 +6x + 6 ¥y-14=0to
the circle 2 + y2 4 6x + 6 y +2 =0, then the angle between the tangents is:

(a) o Ll
b 1 (© L 3 d X 5
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20. A pole subtends an angle of 30° at the foot of a tower of hexght H and at
distance d from the tower, the angle of depression of the foot of the pole from th
top of the tower is 60°. The height of the pole is: e
(a) il (b) i © @ 3
d
21. Let f(x) be a polynomial function of degree 4 on R such that Lim % f(x) =1
x—1 (x 1)2 I
f'(0)=-6 and f' (2) =6 then the area bounded by f(x) and co- ordmate axesisi i
7 8 11 B

25.

26.

. The minimum area of circle which touches the parabolas y'=-2-(x2 +5) and

. If a twice differentiable function satisfying a relation f(x2y) = x2f () + yf(xz)’

S AEL

£
1
.

le(yﬁ +5)is:
(a) = ®) 2n (© 242x @ 2r

Miealg it ikl ol

Vx,y>0and f' (1) =1, then the value of /" (7J

(a) 7 ® 2 © 3 @ 7 4
101 ; ' é
Leta;,a,,a3,.cccnune. ,a,, are in G.P. with a,; =25 and Za —125 then the j
101 i : ;g
value of Z( ]equals g |
i=1\ @

1 1 '

Y] k-1 d) —3

(a) 5 (b) E (c) or (d) 125

I x’[l +In%x+ lnxjdx is equal to :
x

(a) x"(lnﬁx—%)JrC (b) x*(Inx-x)+C
‘. -
x] 2
(@ Z5—+C (d) x*Inx+C \
% ]
~(pv q)v (~ p A q)is logically equivalent to : 2
(a) ~p (b) p () ¢q (d) ~
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t Paper-2 {
clice Tes
et the area enclosed by the curve ¥y=1-22 and the ki
9. Al =1-x°an thelmey:a,whePeOSasLbe

represented by A(a)- If 1 = k then .
2
: 3 3
3 m 2 5
(@) 1<k<y W k= ) 2ckes w)g<k<3

o8, The solution of the differential equation x2 dy + y(x + y)dx =0 is :
(@) x2y =k2x +y)

(b) xy? =k@x+y)
(C) x2y :k(x + 2y)

(d) xy? =k@2x + y)
29, The length of the perpendicular drawn from (1,2,3) to the line*~8 . ¥-71 _2-1

2 -2
is:,
(a) 4 \ (b) 5 (c) 6 @7
x? y?
30. If the curves = + o) =1(a>b)and x2 — y2 =¢2 ¢yt at right angles, then :

(a) a® +b% =2¢® (b) b% ~a%=2c? () a2 -b2=2c? (d) a2b? =2¢2

-
)

ANSWERS
1. (¢) 2. (c) 3. (b) 4, (b) 5. (c)
6. (b) 7. () 8. (c) 9. (d) 10. (d)
11. (¢ 12. (¢) 13. (c) 14. (¢ 15. (b)
16. (c) 17. (a) 18. (a) 19. (d) 20. (a)
21. (b) 22. (b) 23. (a) 24. (b) 25. (d)
26. (a) 27. (d) 28. (a) 29. (d) 30. (c)

QaQa
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INSTRUCTIONS :

(i) The question paper consists of

(ii) Each question has four choices

correct.
) You will be awarded 4 marks for each question, if you have darkened only the

bubble corresponding to the correct answer and zero mark if no bubble are -
darkened. In all other cases, minus one (-1) mark will be awarded. -
(iv) There is only one correct response for each question. Filling up more than one
response in each question will be treated as wrong response and marks for wrong :_}-.';
response will be deducted accordingly as per instruction (iii) above.

‘30’ objective type questions. 5
(a), (b), (c) and (d) out of which Only One is

(iii

1. Let u,v and w be three complex numbers such that lvi=lwl=1; lul<1 and " :
_V(-%) \Where z be a variable complex number. Locus of P(z) will be : '

(zu-1)
(a) straightline (b) circle (c) ellipse (d) hyperbola
2. If the equation x* — (2x2 + 1)a + a® =0 has four distinct real roots then the Ieast
integral value of ais :
(a) O () 1 (c) 2 (d) 3

3. In A ABC,BC =a,AC =b and AB=c, circumradius of A ABC is 1. Manmum

value of (@b + be + ca)is:

(13) 3 - (b) 5 3) 7 @ 9
4. e :
'cf, coi:‘l(l—:c+:c"’)dxe{luals '
1
e ®2 © 1 @ 2
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e

Lot 8y, Ggs--sseeeeees @ DO POSitive numbers in G-P. If A s the AM, G is the GM
5. Let v’

and H is the HMof a,,a,,........ +»@,.ThenA+G,2Gand H +G are in :

(a) AP (b) GP (c) HP (d) none of these

. Let Aand Bbe two square matrices of order 3 such that A2B =0. If BBT = I (isa
. unit matrix of order 3) then which of the following may be matrix A ?

2 15 000 0.0 0 000
r(a)310 ()11 0 0 ©i2 00 (d)0017
100 210 100 100

7. Ifthe lines y =x and y =0 be the tangents of a parabola with focus (3, 5) then
length of latus rectum of the parabola is -

@ :/1—% o) EJ% (c) % @ %

B.Let @,,80,smvirins a, be n(n>10) natural numberé in AP such that volunie of
parallelopiped formed by vectors a =a, ;+ a, 3‘+ a, ;e, Z =a, ;+ a, _;'+ a, ;z and
P =a, §+ a, }+ a, ;zis 54 then a; equals :
(a) 2 (b) 5 (c) 7 (d) 10

. Let y =f(x) be a function which is discontinuous for exactly 3 values of x but

defined Vxe R. Let y=g(x) is another differentiable function such that
¥=f(x)-g(x) is continuous Vx e R. Then minimum number of distinet real roots
of the equation g(x)-g'(x) =0 is : '

(a) 2 (b) 3 (c) 5 (d) more than 5

10. Let y = f(x)be a function defined as f(x) = (x - 1)(| x2 —3x + 2+l x2 —4x + 3|) then
number of points where ¥ =f(x) is not differentiable is/are :
(@ 0 (b) 1 (c) 2 d) 3

1, Lety = f(x), be a discontinuous function for exactly 3 distinct positive values of x.
Let g(x) =23 +ax2 +bx + c. If the function h(x)=g(x)-f(x) is a continuous
function then number of points where y = g(|x|)|is not differentiable is/are :
(a) 3 (b) 4 (¢) 5 (d) more than 5

12, Tim 1 —COS (L + coOg 2 )

2 E}R} — o & equals :

(a) 2g2 (b) 4x2 ' (c) 8n2

(d) 8=
+ax+5+3sinx +4cosx.If
east integral value of g, is :

(b) 7 (c) 5 (d) 8

13, Let f:R— Rbea function defined as f(x) = xa_f\- 2x2

f(x)is a bijective function then the |
(@) 6
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L —
14. Let f:A—> B and g:C - D be two bijective functions and h(x) = f(g(x)) i
defined then y = h(x) must be :
(a) bijective
(b) one-one but we can not say about onto
(c) onto but we can not say about one-one
(d) we can not say anything
15. Let f(x)=vVsin® x+4cos? x —vcos® x+4sin®x be a fanction monotonjc
increasing in (a,b) then maximum value of |a - | is :
(a) 2 b L d =
n (b) = (c) 5 (d) 1
o b -
16. Let a and b be two unit vectors then the maximum value of = 5 is
3+ + F_E
equal to :
(a) 1 (b) 2 (c) 4 (d) 6
17. From (0, 0) a tangent is drawn to the curve ¥ =e* then the area bounded by the
‘tangent, y =e* and y-axis is :
(a) 2e M) e © = =
c) 2 (d) 5 1
18. Let y =f(x) be a function defined as f:R— R such that slope of tangent at
el 1
(t.f @) is given by P Vte R,f(0) =-1then y = f(x) must be :
(a) one-one and onto (b) one-one but not onto
(c) onto but not one-one (d) neither one-one nor onto
19. Let L,:2x+3y=5 and L, be equal sides of a triangle. If L:x + y =2'be the
perpendicular bisector of third side then the equation of L, is :
@ 3x+y=4  (b) x+5y=6 © x=y (d) 3x+2y=5 .
. 2 2 > : ‘
20. If the circles x2 + ¥°-2x-2y-50=0 and x2 4+ y2 —4x +2ky + 52 =0 cut each
other orthogonally then the value of & is : o
(@) 1 (b) 2 (©) -1 (4) none of these
21.

Ifj xB (1 -x)31(3 —Tx)dy = f_p(i’.:i)_i +C where p,

constant then 'H.C.F. of (p,q,r)is :
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Sar T

(a) 8 (b) 4 (o) 2" @1
. ' ‘ 1 T 2
99, Let A and Bbe two independent events such that P(A) + P(B) = 3 & (A / B) =

then P (A N B) equals :
1 1 1 1
= b) — = d) —

98. Let A and Bbe two sets such thatn(A) =3 and n(B) = 4. Let C be a set such that

C =Ax B. From set C, the number of ways to select two subsets P and @ with
replacement such that n(P n Q) =0, is :

() 27 (b) 212 (c) 87 (d) 312 v
24. Let y=f(x),y=g(x) and y =h(x) be three differentiable function such that

flx)=x3 + x,8(f(x)) =x and h(8(g(x))) = x then k' (1) is equal to :

(a) 48 (b) 52 (c) 69 (d) 84

25. Number of solutions of the sin8 gx — cos? %x =22 —4x +5in[-2n,27], is :

(@) 0 (b) 1 () 2 (d) more than 2
2qgo _ 290 _
2. (4 cos® 9° —3)(4 cos* 27° -3) swequalito
tan9° :

(a) 4 (b) 3 (c) 2 d 1
27. In the expansion of (x2 + 1)(x® +1)(x + 1)5, the coefficient of x? is :

(a) 29 (b) 35 (c) 16 (d) 9
28. Inthe lines x;2 =2 I < 2;1 and % I4 = y;2 = 2;1 be intersectinglipes then

the length of ‘perpendicula‘r drawn from their point of intersection to the plane
2x-2y+2+4=0,is: o

(a) 3 (b) 1 () 5 d 9

29. If statement (p — q) > (g — r) is false then truth values of P.q,r respectively,
can be :
(a) FTF (b) TTT (c) FFF (d) FTT

30,

Number of ways to distribute 15 identical balls a%nong four children such that no
child will get more than 5 balls, is :

(a) 455 (b) 56 (c) 816 | (d) none of these
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1. (b)
6. (¢)
11. (d)
16. (a)
21. (a)
26. (d)

12,
17.
22.
27.

. (c)

(b)
(a)
(d)
(c)
(c)

ANSWERS
3. (d) 4. (b)
8. (d) 9. {¢)
13. (b) 14. (b)
18. (a) 19. (d)
23. (d) 24. (b)
28. (a) 29. (a)

R

5. (¢)
10. {c)
15. (c)
20. (d)
25. (a)
30. (b)

000
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"PRACTICE TEST PAPER_ -4
FOR JEE (ADVANCED]

INSTRUCTIONS :

(i) The question paper consists of ‘20’ questions.
(ii) Marking Scheme :

PART-A

(a) Q. 1to Q. 8 are Single Correct type questions. Each question has four choices
(a), (b), (c) and (d) out of which ONLY ONE is correct. For each question you will
be awarded 3 marks. In all other cases, minus one (-1) mark will be awarded.

(b) Q.9 to Q. 14 are Paragraph type questions. Based upon the paragraph 3 single
correct type questions have to be answered. Each of these questions has four
choices (a), (b), (¢) and (d) out of which ONLY ONE is correct. For each question,

you will be awarded 4 marks. In all other cases, minus one (-1) mark will be
awarded.

(c) Q. 15 to Q. 18 are Multiple Correct type questions. Each question has four
choices (a), (b), (c) and (d) out of which ONE OR MORE may be correct. Thereis a
partial marking, 1 mark for each correct option, provided NO incorrect option is
darkened and 4 marks for all correct. For each question you will be awarded 4
marks. In all other cases, minus one (-1) mark will be awarded.

PART-B | g

(d). Q. 1to Q. 2 are Matrix type questions. Each question has four statements (a, b,

¢, d) given in Column-1 and five statments (p, q, r, s, t) given in Column-II. Any
given statement in Column-I can have correct matching with one or more
statement(s) given in Column-II. For each question, you will be awarded 2 marks
for each row, thus each question carries a maximum of 8 marks. No negative
marks will be awarded in this section.
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PART-A
[SINGLE CORRECT CHOICE TYPE]

(©, () out of which ONLY ONE is correct,

Q. 1 to Q. 8 has four choices (a), (b),

1. If equation of a plane parallel to y-axis and containing the points (1, 0, 1) and @

2, -1) is ax + by + cz =2, then the value of la +b +clis:

(a) 1 (b) 2 (c) 3 (d) 4
2. If f'(6) =sin? 0| cos 6] VO e R and f| (2315) =1- %5- then the value of LisT— f(®is
“Ha
-1 4 3 d __2
(a) 3 (b) 3 (c) 3 (d) 3

3. Let a,b, ¢, d be real numbers such that b —d > 5 and all roots x,, x,, x; andx, of
the polynomial P(x) = x4 + ax® + bx? + cx + d are real. The smallest value of the
product (x% + 1)(x2 +1)(x3 + 1)(x2 +1),is:

(a) 16 (b) 8 (c) 12 (d) 24

4, A circleis inscribed into a rhombus ABCD with an angle of 60°. The distance from
the centre of the circle to the nearest vertex is equal to 1. If P be any point of the
circle, then | PA|? +| PB|% +| PCI? +| PD|? is equal to :

(a) 11 (b) 9 (e 7 | (d) none of these

5. Suppose g(x)is continuous on [-1, 1] with g(-1) =-1and g(1) =1. Which one of the ° :
following must be true ? H
(a) There is value of ¢ in (-1,1) where g(c) equals -1 or 1

(b) There is a unique value of ¢ in (-1,1) where g(c) = 1

© '{'here is a value of cin (-1,1) where g(c) equals the area of a circle with radius

2
(d) None of the above

6. Let a line with the inclination angle of 60° be drawn through the focus F of the
parahola y% = 8(x + 2). If the two intersection points of the line and the parabola
are A and B, and the perpendicular bisector of the chord AB intersects the raxis
at the pomt P, then the leng'th of the segment PF is :

(a) o (b) g © 168

(d) 83
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o Test paper - 4 | 247
prac"ce
%811+ 4 cos2x + cos 4x
{ the definite integral .
7, The value 01 12 er RL Ta— dx equals :
2 b) 6v2 -2 =z _r
@ 6773 1 © 12-2 @ 6-

g, The figure shows a point P on the parabola j= x2 and v .
.the point @ where the perpendicular bisector of OP \J b

; ntersects the y-axis. As the point P approaches the M/ P
origin along the parabola, the limiting ordinate of @ is : = et
(a) U4 (b) 1/2
[PARAGRAPH TYPE]
m to Q. 14 has four choices (a), (b), (¢), (d) out of which ONLY ONE is correct.
s s

Paragraph for Question no. 9 to 11
Let O be the origin and A be the focal point of the ¢
parabola Pty = kx2(k>0) . Let ABCD be a rhombus A B
with CD lying on the x-axis and B lying on the
parabola P;. Also area of ABCO is 4 -3 and

o2 = . 1C -
Py = 4x. — OL
9. The value of z is equal to :
(8) —— b -1 () 22 (d) 42
242 42
10. Area bounded by the curves P, and P, is :
42 8v2 162 @ 3242
© 5 ® = -3 N
11, If the line y = -5_— x + ¢ is normal to parabola P, then the value of ¢ is equal to :
2
(2) v2 (b) 242 (©) 342 (d) 442

Paragraph for Question no. i2to 14
Let f and g are two linear functions such that flx-1)=2x-3+gM-f(Q) and
glx~1)=4x +5 - g(1) - f() for all real number x.

(g . .
12. The value of Lim| =—— is equal to :
z-0\ f(x)

® e (b) e? (© e @ et

-
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248 GRB Problems in Ca';UIu: :
j__ﬁ___\

flx)+2 .
£ dx =C — ——~where h ,
J f(x) -1) f(x)+1) glx) + 7J(g(x)+11J+1 h( ) ? (")‘30“11
2 2 4 4
form of ax? + bx +c, then (a + b + ¢) equals : : i
(a) 4 (b) 5 (c) 6 (d) none of thege

14. Area enclosed by the curves y = f(x), y=g(x)and y =0,is: :
1 1 1
(a) 5 (b) 1 (c) 3 (d) l‘

[MULTIPLE CORRECT CHOICE TYPE]

Q. 15 to Q. 18 has four choices (a), (b), (c), (d) out of which ONE OR MORE mayb:I‘ |
correct. o |

15. Let zeC and 21,2,,25 be the vertices of an equilateral triangle. Then :

2, .2 .2 _
(a) 211+22 t23 =212y + 2,25 +2,2,

(b) + 1 + 1 =0 where z = m

i2n
(¢) (zl+mz2+m 2 )(z1+m 2o +wz;)=0wherew=e3 andi=+-1

1-.1 1
d) |2, z, 24|=0

A
Yl
e
e
B
]
TR
22|
P |

allmeR, thenbcanbe
(a) -2 () -1 © 28 V6
2 2

17. For the 3 events A,B and C, P (atleast one occurring) = 3 P (atleast o
4’7 Ry b

1 : R
occurring) = 2 and P (exactly two occurring) =§ . Which of the following relations:
is /are CORRECT ?

; |
(@) PABC)=— (b) P(AB)+ P(BC) + P(CA)'=%-

(¢) P(A)+ P(B)+ P(C)=2%
20

e

(d) P(ABC)+ P(ABC)+ P(ABC')=
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12 2
g 1 2| then the correct statement is :
2 21

(b) A~? =%(A—4Ia)

(d) A? is invertible

PART-B
[MATRIX TYPE]

1&Q.2has four statements (a, b, ¢, d) given in Column-I and five statements (p,
Q t) given in Column-II. Any given statement in Column-I can have correct
matching with one or more statement(s) given in Column-IL

© Al is not invertible

Column-I Column-II

Let S, and S, are two points on AB of a AABC with (p) 2
vertices A(-2,3), B(4,-6) and C@,1). CS; and CS,

divide the triangle into three parts of equal area. If

the equation of the lines through the origin drawn

parallel toCS,; and CS,, is y2 +Axy —px? =0then the

value of (A + p), is

(b) If the area enclosed by the curves (@) 4

y = x| and x? +y—2=Ois£,
q

where p and ¢ are coprime then the value of (p — @), is

(c) The curve that satisfies the differential equation (r) 6
gy— - x2 4+ yz
dx 2xy
with eccentricity e. The value of e is equal to

(d) & In(? +r?)-2ninn
Let Lim )’ =ln2+g_2 (s) 7

= oy n

is a hyperbola passing through (2, 1)

=1
IfLim ——[(n? +12)™ (% +22)™ ....... (2 +n2)m1n t) 8

n—wo n

| aver B
=72 , then the value of a, is
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2. Column-I Column.n ;
(a) If the distance of the plane passing through the point (D 1

P(1,1,1) and perpendicular to the line
x—l_y-1=z—1

3 0 4

g are coprime), then the value of (p —g) is

from the origin is £ (where p and
q

(b) The interval [0,4] is divided inton equal sub-intervals (g
by the points XgsXysXg-nX,_1,%, Where
O=xp<x; <xy<xg...<x,= 4 If &x=x, -x,, for

i=123,....n then the value of Lim )" x,&x is
dx—0 e

(c) Let f:R — R be a function satisfying ‘.(r)
xf (x) + A - x)f (-x) =22 + x + 1 for any real number x.
The greatest real number M for which f(x)2 M for all
real numbers x, is equal to ig—, where p and g are 5

coprime. The value of (g - p), is

(d) The area of the trapezium ABCD with (s)
AB|ICD,AD1AB and AB=3CD s equal to 4. A circle S
inside the trapezium is tangent to all of its sides. If ® 8 1
the radius of the circle is r then the value of 4r2, is i

ANSWERS

PART-A
Single Correct Choice Type

1L.b) 2. 3.(a) 4. (@  5.(c)

6.(a 7.@ s (b)’
Paragraph Type

8.) 10.(c0 11.(d) 32 ®b) 13.(b)
Muitiple Correct Choice Type

15.¢a, b, ¢, d) 18. (b, c, d)

14. (¢)

17.(a, c, d) 18.(a, b, d)
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" t Paper - 4 8
@C“E&E’f— P
PART-B
Matrix TYPe
1. (a) (8); (b) (@); (c) (q@); (d) (p)
2. (a) (g); (b) (t); () (p); (d) (r)
s mju]
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"PRACTICE TEST PAPER -5
FOR JEE (ADVANCED)

INSTRUCTIONS

{i} The guestion paper consisis ol 19" questions.

fa), (b}, iclana &ci?: out of which ON“LY O\'E s correct. For each question you mﬁ !
be awarded 3 marks. In all other cases, minus one (-D)mark will be awarded
Q.

2 to Q. 8 are Multiple Correct type questions. Each question has four choices

2o

-

{z}. (b}, {c} and {d} out of which ONE OR MORE mayr be correci. For eaﬁ;f
on will be awarded 4 marks. In all other cases, mmnsone(—l)m'_j

{c). Q.1 toQ. 2 are Matrix (ype quss Each question has four *tauementsia
N

i) given in Column-1 2nd five statments {p. q.T, s, t) given in Col nmp-31. Any |
matching with one or metE

ou will be awar rdedi’m

satement in Column-I can have correct

. - . —~ ™ -— - .
satementis} given in Column-Ii. For each quest tion

sl i oy ¥t 4 ; .

- » -
g s o & =1} e W* 2
aestads O Wi = o in Ry
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g
AN PART-A
[SINGLE CORRECT CHOICE TYPE]

[Q- 1 to Q. 4 has four choices (a), (b), (c), (d) out of which ONLY ONE is correct.

ir
1. If j Inl13sin x + 33 cos x| dx = knin7, then the value of ks :
0

(@) 2 () 4 (o) 8 d) 16
9, Ifthe variableline y = kx + 2his a tangent to an ellipse 2x2 + 3y2 =6 then locus of
" P(h,k) is a conic C whose eccentricity equals :

-/-5_ ﬁ 3 7
Mo, b) — el
(a) 5 ~ (b) 3 (c) 1‘3 (d) V2

3. If complex number z, satisfies argz =i- and |z -2 —-il=1and z, is the complex

number which lies on the curve |z - 25il=15 & having least positive argument
then minimum value of | 2, — z,| will be :

(a) V346 (b) 3474 (c) 274 (d) V276

4, If p,q,r are prime numbers and a, §,y are positive integers such that L.CM. of
o, P,y is p¥g%rand greatest common divisor of a, B,y is pgr, then the number of
possible triplets (o, B, y) will be:
(a) 6 (b) 12 (c) 72 (d) 96

[MULTIPLE CORRECT CHOICE TYPE]

Q.5 to Q. 9 has four choices (a), (b), (c), (d) out of which ONE OR MORE may be
correct.

5. Two soldiers X and Y shoot each other. If one or both are hit then shooting is over.
If both shot miss then they repeat the process. Suppose the results of shots are

independent and that each shot of X will hit Y with probability % and each shot of
Y will hit X with probability %

(a) The probability that X is not hit is -1%—

8
(b) The probability that X is not hit is o

(¢) The probability that both are hit is %
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: -2
(d) The probability that both are hit is T

6. If P(x) = mid. (g(x), h(x), f (x)) means the function will be second m Orde,- whey :
values of the three functions are arranged at a particular x.
(x-3)° ), x € [1,3] then for given interva] . :

If P(x) = mid. [x -1,(x-3)%,3 -

(a) Number of points of discontinuity of P(x) will be 0
(b} Number of points of discontinuity of P(x) will be 1
(c) Number of points of non-derivability of P(x) will be 1
(d) Number of points of non-derivability of P(x) will be 2

7. Let P(x) be a polynomial of least degree with leading coefficient 1 and Tathnal
coefficients, such that P( \/5 + .‘/5 + J5+ ......... oterms ) 0 then ; ; 5

(a) the value of 100 f B }+ = is equal to 99
r

(b) L
)n—lfgé (r)+3

isequal to 1
dx ; n

e | ——M -
¢ {P(x)+x+6mequalt04 i
(d) is equal to In(2 Sy
'!\/P(x)+x+4 b B2 ++3) | eyl

8. For x e(O E)
4

2n
R, = Zsm(sm‘I x¥3) 8, = Zcos(cos“1 xAT-A e

r=1
2
T, iltan(tan“1 ey U, i:cot(cot"1 x4r) :
r= =l ]

whereneNandn>4
(A R, <8, <T,=U.
(b)R >8, >T >U,

(c) lun(R +S, +T, +LL )1sequalto——-—
l1-x

(d) The value of x for Wthh R, +S, =T, +U, is2 sin
10
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practice Test Paper -5

B2,~4,3) and @ dgnotes the plane x - y + Cz =1, whereC € R.

(a) IfC =% then plane P will be parallel to @

(b) IfC =-1then plane P will be perpendicular to @

Let P be the plane consisting of all points that are equidistant from A(-4,2,1) and '

2
(c) Volume of tetrahedron formed by plane P with coordinate planes will be e

(d) Ifline L:

x-1 y+2 2z-
1 .. 8% =l
PART-B_
[MATRIX TYPE]

L intersect plane P at R(d,B, 7), thena +f +v =12

Q.1& Q. 2 has four statements (a, b, c, d) given in Column-I and five statements
(p,q, 1, 8, t) given in Column-II. Any given statement in Column-I can have correct

matching with one or more statements given in Column-II.

1.
(a)

(b)

(c)

(d)

Column-I

Total number of values of x, of the form = ,ne N
n

in the interval iii :—1-—} which satisfies
15 10

{x} +{2x}+....... +{12x} =78x,
(where { } denotes fractional part of x)

20

Let 2x2 +3x+4)° =) a, x" then the value of
. r=0

ag .

——is equal to

a1

Let G be centroid of AABC whose side length are

a,b,c.If P is a point in the plane of AABC such that

PA=1,PB=2,PC =1 & PG =1then the value of

02 +b2 + c2
9

If a derivable 'f'unction f:R* — R satisfies

fay)=fx)+f(y)Vx,ye R*.If f(16)=3

hen = + S is equal to

f2) f4)

is equal to

Column-I1
(p) 1
(q) 2
(r) 3

fa) " 4
(t) 10
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2. Column-I Column-I]
(a) I A= B VRS ,x2@2n+1) I then the . (p) 0
—-tanx 1 2

minimum value of | AT A~!|is equal to

(b) If a € (a,,a,) satisfy the condition that the point of (q) 1
local minimum and point of local maximum is less
than 4 and greater than -2 respectively for
f(x) =23 —3ax? +3(a? -Dx+1 then a,-a, is
equal to

(c) If y =3x - 8 is tangent at (7, 13) on a parabola with (r) 9
focus (-1, - 1) and length of latus rectum is /, then [/]
is equal to

(d) A hyperbola has centre at origin and one focus at 2l : 3
(6, 8). If its two directrices are 3x + 4y +10=0 and - :

3x + 4y —10 =0 and eccentricity is e, then the value | t 4
de? :
of = is equal to

[Note : [k] denotes greatest integer less than or equal to %.]

PART-C
[INTEGER TYPE]

Q. 1 to Q. 8 are "Integer Type" questions. (The answer to each of the questions are
Single digits. _

a -1 (px -l(,-x
1. LetJ'COt (e*)+cot™'(e ) dx

0

=Zin q,(@> 0) where p,q e N, then find the
tanla+tanlx x2+1 p _‘

minimum value of (p + q).

-1 " -1 S
2. Let z, and 2, be two complex numbers such that | z,|=1 and < R )
A +1 +1 sk

then find the value of |z, -1|+|2, +1l. : o
3. Let f(x) be a polynomial satisfies the relation f (f (f (x))) +A-pf (x) 3 vie R

where p is any real number. If leading coefficient of f(x)is 2, then ﬁnd the value

( (f(f))atx= p) I(2f"1(x)+l)dx
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il

4. A 3x 3 determinant has entries either 1 or -1. Let S be the set of all
determinants such that the product of elements of any row or column is -1. For

1 -1 1
example|1 1 -1]is an element of S and number of elements in S is m.
-1 1 1
3 -2 3
Let P = 2 -2 3|and trace of the matrix adj(adj P) is n then find the value of
0 -1 1
i
=

5. An ellipse has major & minor axes of length /3 and 1 respectively, slides along
the coordinate axes and always remains confined in the first quadrant. The locus

of centre of ellipse is a circle. Find the number of tangents to the director circle of
2 2 ;
this circle which are normal to ellipse —’:—)— + 14“ =1

6. Given two intersecting circles C, and C, with centres at M and N respectively.

From one of the point of intersection A, tangents are drawn to two circles meeting.
the circles at B and C respectively. Let P be any point located such that PMAN is
a parallelogram and if AB + BC + CA=k(PAsin A + PBsin B+ PCsinC),k€ R,
then find %. (where angles A, B,C are angles of AABC)
7. Ifa,b,c, p,q and r € R —{0} such that ap + bg + cr + J(az +b2 +c2)p? +q2 +r?)
=0 then find the value of 9 gF g
bp c¢cq ar

8. If a,b,c are sides of triangle ABC and a®,b3,¢® areroots of x3 — px? + qx -r=0

where p,q,r € N and sin3 A +sin3 B +sin® C -3sin Asin Bsin C =8A°%.
(where A is area of triangle ABC) then find minimum value of (p +r).
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258 GRB Problems in Calculyg
ANSWERS
PART-A
Single Correct Choice Type
L 20 8@ 4©
Multiple Correct Choice Type
5.(a,d). 6.(a,d) 7.(a,c,d) 8.(b,0 9.(ad)
| PART-B
Matrix Type .
L@ @), (b) (@), (©) (p), (@) (@
2. (,a) (q), (b) (1), (c) (1), (d) (t)
_ PART-C
Integer Type | |

1.4 2.2 384 4.8 50 6.2 7.3 8.5

Qaa

|
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